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ON w-LIMIT SETS AND ATTRACTION OF
NON-AUTONOMOUS DISCRETE DYNAMICAL SYSTEMS

LEr Liu AND BIN CHEN

ABSTRACT. In this paper we study w-limit sets and attraction of non-
autonomous discrete dynamical systems. We introduce some basic con-
cepts such as w-limit set and attraction for non-autonomous discrete sys-
tem. We study fundamental properties of w-limit sets and discuss the
relationship between w-limit sets and attraction for non-autonomous dis-
crete dynamical systems.

1. Introduction

Throughout this paper, N denotes the natural number set and let Z; = NU
{0}. Let X be a topological space, f,, : X — X for each n € N be a continuous
map and fi . be the sequence (f1, f2, ..., fn,...). The pair (X, f1,00) is referred
to as a non-autonomous discrete dynamical system [12]. If X is compact, then
(X, f1,00) is called a compact non-autonomous system. Define

i =fnofn-10--0fr0 fiforallneN,

and f{ := idy, the identity on X. In particular, when fi . is a constant
sequence (f,..., f,...), the pair (X, fi o) is just classical discrete dynamical
system (autonomous discrete dynamical system) (X, f). The orbit initiated
from x € X under fi o is defined by the set

V(xa fl,oo) = {.73, fl(x)7 ff(l‘), B f{l('r)a - }
Its long-term behaviors are determined by its limit sets.

In past ten years, a large number of papers have been devoted to dynamical
properties in non-autonomous discrete systems. Kolyada and Snoha [12] gave
definition of topological entropy in non-autonomous discrete systems, Kolyada,
Snoha and Trofimchuk [13] discussed minimality of non-autonomous dynamical
systems, Kempf [11] and Canovas [5] studied w-limit sets in non-autonomous
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discrete systems respectively. Krabs [14] discussed stability in non-autonomous
discrete systems, Huang, Wen and Zeng ([9, 10]) studied topological pressure
and pre-image entropy of non-autonomous discrete systems, Shi and Chen [21]
and Oprocha and Wilczynski [19] discussed chaos in non-autonomous discrete
systems.

The w-limit sets give fundamental information about the asymptotic be-
havior of a dynamical system and its concept for classical discrete dynamical
system (autonomous discrete dynamical system) was introduced by Block and
Coppel ([1, 3]). The attraction is an important property in dynamical system,
for example, asymptotically stable set [3] and attractor ([8, 20, 22]) belong to
the problem of attraction. In recent years, Mimna and Steele [17] discussed w-
limit sets and asymptotically stable sets for semi-homeomorphisms, Aniello and
Steele [2] discussed the stability of w-limit sets, Oprocha [18] studied asymp-
totically stable sets in continuous dynamical systems and Braga and Souza [4]
studied attraction for semigroup actions. There are classes of dynamical sys-
tems for which the behavior of trajectories of sets seems in some sense much
simpler than that of trajectories of points. For example, Marzocchi and Necca
[15] gave the definition of w-limit set which describes the long-term behavior of
trajectories of sets. Let (X, f) be an autonomous discrete system and let B be
a nonempty subset of X. Define w(B, f) as the set of limit points of the orbit
v(B, f), i.e,, w(B, f) = ﬂmez+ Ym (B, f), where v,,,(B, f) denotes the positive
orbit through B starting at time m.

Motivated by the idea of Marzocchi and Necca’s concept of w-limit set, in this
paper we give the concepts of w-limit set and attraction for non-autonomous
discrete system. The definition of w-limit set describes the long-term behavior
of trajectories of sets but not points. Our purpose is to study the fundamental
properties of w-limit sets and attraction for non-autonomous discrete dynamical
systems, e.g., the set operations of w-limit set (Proposition 3.1) and attraction
is preserved by the conjugated systems (Theorem 3.1). In particular, we give
a sufficient condition for w-limit set of non-autonomous discrete system is a
nonempty compact set. Also, we discuss the relationship between the attrac-
tion and w-limit sets for non-autonomous discrete systems in regular spaces
(Theorem 4.2).

2. Preliminaries

Definition 2.1. Let (X, f1,») be a non-autonomous discrete system. For
every B C X and m € Zy, the set v, (B, f1,00) = UpeplfT'(x) : n > m} is
called positive orbit through B starting at time m. If B = {a}, we will write
Ym(Z, f1,00) instead of v, ({2}, f1,00)- If m =0, we will omit time index.

Definition 2.2. Let (X, fi o) be a non-autonomous discrete system and let
B be a nonempty subset of X. Define w(B, fi1,00) as the set of limit points of

the OI‘bit ’Y(Ba fl,oo)7 i-e-7 W(B7 fl,oo) = nm€Z+ me(Ba fl,oo)7 Where ’Ym(B7 fl,oo)
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denotes the closure of 4, (B, f1,00). If B = {x}, we write w(z, f1,00) instead of
w({z}, f1,00)-

Remark 1. Let (X, fi,00) be a non-autonomous discrete system and X be a
compact metric space. Then by [7] we may define &(B, f1 o) as follows:

W(B, f1,00) = {A C X : there exists ny — oo such that A = Lty f1*(B)},

where Lt is for the operation of going to topological limit (Ltx_ oYy = Y if
dg(Y,Y:) — 0 as k — oo with dy standing for the Hausdorff metric given
by dg(A,B) = inf{é6 > 0: A C Us(B),B C Us(A)}, where Us is the o-
neighborhood of a set). If B = {x}, then we will write @(z, f1,00) instead of
w({z}, f1,00). Furthermore,

&(z, f1,.00) = {y € X : there exists ny — oo such that y = klim fi (x)}
—00

By Definition 2.2, the sets w(DB, f1,00) € X and w(B, f1,00) may be empty,
but by Ref. [7], &(B, f1,00) does not belong to the phase space X and is a subset
of the set 2% of all closed subsets of X. If X is a compact metric space, then 2%
is a compact metric space from Michael [16] and Engelking [6]. Furthermore,
we have w(B, f1.00) # 0, O(B, f1,00) # 0 and w(z, f1,00) = (2, f1,00)-

Definition 2.3 ([13]). Let (X, f1,00) be a non-autonomous discrete system.
Set A C X is said to be invariant if f7*(A) C A for every n € N.

For an autonomous system (X, f), by Block and Coppel [3], if X is a com-
pact space, then w(zx, f) is invariant for every z € X. However, for a non-
autonomous system (X, f1 ), we have w(B, f1 ) cannot be invariant for any
BCX.

Example 2.1. Let X = [0,1], f, : [0,1] — [0, 1] be a sequence of continuous
maps and

- for x = £ and n even
n+1 n )

fulz) = n%rl for 2 =1—1 and n odd,
0, otherwise

for every n € N. Then w({0}, f1,00) is not invariant.

From the definition of f,(z), we have

L for n odd
o ={ 5 ’

- for n even.

Hence, w({0}7f1,oo) = w(ovfl,oo) = {071}' As fll(w(oafl,oo)) = fll({ovl}) =
{0, 3}. Therefore, w({0}, f1,00) is not invariant.

Definition 2.4 ([21]). Let (X, f1,00) be a non-autonomous discrete system.
f1,00 is said to be k-periodic discrete system if there exists £ € N such that
frtx(x) = fr(x) for every z € X and n € N.
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Let (X, f1,00) be a k-periodic discrete system for a k& € N. Define g :=
frofu—10---0f1, wesay that (X, g) is induced an autonomous discrete system
by k-periodic discrete system (X, f1,00)-

Finally, we need some topological definitions and properties.

Definition 2.5 ([6]). Let X be a topological space. The family {Y;};c; has
the finite intersection property if, for every finite subset J of I, the intersection
mjeJ Y; is a nonempty set.

By Engelking [6], a topological space X is compact if and only if any family
of closed subsets of X satisfying the finite intersection property has a nonempty
intersection.

Theorem 2.1 ([6]). Let X be a regular space and let K be a compact set in X
and C be a closed set in X with KN C = 0. Then there exist two open sets U
andV in X, with K CU,CCV and UNV = 0.

Corollary 2.1. Let X be a regular space and let K be a compact set in X and
U be a neighborhood of K. Then there exists a closed neighborhood V' of K
with V C U.

Remark 2. Since {z} is compact set, every neighborhood of a point in regular
space contains a closed neighborhood.

3. Fundamental properties of the w-limit sets and attraction

In this section, we give the definition of attraction and discuss fundamental
properties of the w-limit set and attraction for non-autonomous discrete system.

Proposition 3.1. Let (X, f1») be a non-autonomous discrete system and
A, B C X. The following properties hold:

(1) if AC B, then w(A, fi,00) C w(B, f1,00);

(2) W(AN B, f1,00) € W(A; f1,00) NW(B, f1,00);

(3) w(AUB, f1,00) = w(A, f1,00) Uw(B, fi,00)-

Proof. (1) Since A C B, then for every m € Zy, v (A, fi,00) € Ym(B, f1,00)-
Furthermore, we have

’Ym(Aafl,oo)g’Ym(Bafl,OO) and m 'Vm(Aafl,oo)g m 'Ym(B7fl,<>0)-

meZy meZy

HGDCG, W(A7f1,oo) g w<B7f1,oo)~
(2) Since ANB C A and AN B C B, by above (1), we have
W(A N vilpo) g W(A7 fl,oo) and (U(A N B?fl,oo) g W(Bafl,oo)-
HGDCG, W(A N B>f1,oo) - w(Aafl,oo) ﬂw(B>f1,oo)~
(3) Since A C AU B and B C AU B, by above (1), w(4, f1,00) € w(AU

B, f1.00) and w(B, f1,00) C w(AU B, f1.00). Hence, w(A4, fi1,00) Uw(B, f1,00) C
CU(A U B7 fl,oo)'



NON-AUTONOMOUS DISCRETE DYNAMICAL SYSTEMS 707

To verify w(A, f1,00)Uw(B, f1,00) 2 W(AUB, f1,00), We suppose by contradic-
tion that there exists € w(AUB, f1,) such that « ¢ w(A, f1,00)Uw(B, fi1,00)-
Since ¢ w(A, fico) = ﬂm€Z+ Ym (A, fi,00), there exists m; € Z, such

that ¢ v, (A, f1,0). Furthermore, there exists a neighborhood U of x
such that for every y € U, y € Ym, (4, fi,c0). Similarly, z ¢ w(B, fi,00) =
Nmez, Ym(B, fi,00), there exists mo € Z, such that & & Y, (B, f1,00). Fur-
thermore, there exists a neighborhood V' of x such that for every y € V, y ¢
’Ymg (Ba fl,oo)' Take m = max{mlva}' We have ’Ym(Av fl,oo) g 'le (Aa fl,oo)
and Wm(Bafl,oo) c ’sz(vil,oo>‘ Hence7 Uun ’Vm(Amfl,oo) = [Z) and V N
Ym(B, f1,00) = 0. Since U NV is a neighborhood of z and ~,,(A4, f1,00) U
Y (B, f1,00) = Ym (AU B, f1.50), it follows that (UNV) N7, (AUB, f1,00) = 0.
This is a contradiction because z € w(A U B, f1 o). O

We give an example to show that the inclusion in (2) of Proposition 3.1 can
be strict.

Example 3.1. Let X = [0,1] and f,, : [0,1] — [0,1], fn(z) = e "a for every
n € Nandz € [0,1]. Let A=1[0,3] and B = [1,1]. Then w(AN B, f1,c) &
W(Aa fl,oo) N W(Bv fl,oo)-

Since ANB = [0, 5]N[%,1] =0, then w(AN B, f1,) = 0. For z € [0,1] and

n(n+1)

n € N, we have fI'(z) = e~ 2z x. Hence, w(4, fi,00) = {0} and w(B, f1,00) =
{0}. Furthermore, we have w(A, f1,00) Nw(B, f1,00) = {0}. Therefore, w(AN
B, fi,) % w(A, fi,00) NW(B, f1,00)-
Definition 3.1. Let (X, fi ) be a non-autonomous discrete system and A and
B be two subsets of X. A f -attracts B if for every open set U containing A
there exists m € Z such that v, (B, f1,00) C U. When the reference to fi o
is evident, we will omit this dependence.

(X, f1,00) is said to have attraction if there exist two subsets A and B of X
such that A attracts B.

It is clear that A attracts B if and only if for every open set U containing
A there exists m € Z such that for every n > m it is true f{'(B) C U.

Example 3.2. Let X = [0,1] and f,, : [0,1] — [0,1], fn(z) = e "a for every
n € Nand z € [0,1]. Then (X, f1 ) has attraction.

Take A = [0,1] and B = [0,1]. Let U be any open set of X with A C U.
We will show that A attracts B. Since for every n € Z,, we have f,(B) C B.
Hence, f{'(B) C B for every n € N. Moreover, B C A. Furthermore, we have
f(B) C A for every n € Z,. This means that f{*(B) C U for every n € Z.
Hence, v, (B, f1,00) C U for every n € Z. This shows A attracts B. Therefore,

(X, f1,00) has attraction.

Definition 3.2 ([23]). Let (X, fi,00) and (Y, g1,00) be two non-autonomous
discrete systems and let h : X — Y be a continuous map and

gn(h(z)) = h(fn(z)) forallm € N and z € X.
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(1) f h: X — Y is a surjective map, then f1 . and g1 o are said to be
topologically semi-conjugate.

(2) f h: X - Y is a homeomorphism, then fi o, and g1 . are said to be
topologically conjugate.

Example 3.3. Let f,, : R — R with f,,(z) = nz for all n € Nand z € R, where
R is a real line, and g,, : S* — S! with g, (e?) = ¢ for all n € N, where S*
is the unite circle. Define h : R — S* by h(x) = €?™@. It can be easily verified
that h is a continuous surjective map and ho f,, = g, o h. Therefore, (R, f1,00)
and (S', g1 00) are topologically semi-conjugate.

Theorem 3.1. Let (X, f1,00) and (Y, g1,00) be two non-autonomous discrete
systems and let h : X —'Y be a semi-conjugate map. If (X, f1,00) has attrac-
tion, then (Y, g1,00) has attraction.

Proof. Since (X, f1 ) has attraction, then there exist two sets A and B in X
such that A fi -attracts B. Moreover, h : X — Y is a continuous map, thus
h(A), h(B) € Y. We will prove that h(A) g1 .o-attracts h(B).

Let U be an open set of Y such that h(A) C U. Then h=!(U) is an open set
of X and A C h=}(U). Since A f -attracts B, there exists m € Z, such that
Y (B, f1,00) € h™1(U). Furthermore, we have h(ym(B, fi.0)) C h(h=1(U)).
Moreover, h is a semi-conjugate map, i.e., h is a surjective map and gi(h(x)) =
h(fr(x)) for every k € N and « € X. Furthermore,

h(m (B, fr,00)) = h( | {7 (2) : n = m}) = | {h(f7'(2)) : 0= m}

zeB zEB
= Ul h@)in=m} = |J {of(2):n=m}.
r€B z€h(B)

Hence, h(ym (B, f1,00)) = Ym(h(B), 91,00 ). Furthermore, we have

This shows h(A) g1,cc-attracts h(B). Therefore, (Y, g1 o) has attraction. O

Corollary 3.1. Let (X, f1,00) and (Y, g1,00) be topologically conjugate. Then
(X, f1,00) has attraction if and only if (Y, g1.00) has attraction.

Theorem 3.2. Let (X, f1,0) be a k-periodic discrete system and (X, g) be its
induced autonomous discrete system, where g = fro fr—10---0 f1. If (X, f1,00)
has attraction, then (X, g) has attraction.

Proof. Since (X, f1,00) has attraction, there exist two sets A and B in X such
that A fi o-attracts B. Furthermore, for every open set U of X containing A,
there exists m € Zy such that 7, (B, f1,00) € U. We will prove A g-attracts
B.

As (X, f1,00) is a k-periodic discrete system and g = fr o fr_10---0 f; =
fF, we have f,ir(x) = fn(x) for every x € X. Furthermore, g™ (z) =
(fBy™(z) = fi*k(z). Moreover, for every z € X, {¢g"(x) : n > m} =
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m m m m k n
{97 (@), g™ (@),...} = {fi™* (@), /7" (@), ), thus, {g"(@) s n > m) C
{f(e) n > m}. Hence, Uy cp{d(z) 10 > m} C Upep(f7(2) s n > mh, ie.
Ym(B,g) € Ym (B, f1,00). Furthermore, we have v,,,(B,g) C U. This shows A
g-attracts B. Therefore, (X, g) has attraction. O

4. Main results

Theorem 4.1. Let (X, f1,00) be a non-autonomous discrete system, where X
is a regular topological space. Let K be a compact set of X and B C X. Then
K fi -attracts B if and only if for every closed neighborhood V' of K, there
exists m € Z such that vy (B, f1,00) C V.

Proof. Necessity. Let V be a closed neighborhood of K, then K C int(V),
where int(V') denotes the interior of V. Since K fi -attracts B and int(V) is
an open set containing K, there exists m € Z such that v, (B, f1,00) C int(V).
Furthermore, we have v,,(B, fi,00) C V.

Sufficiency. Let U be any open set containing K. Since X is a regular
topological space and U is an open neighborhood of K, then by Corollary 2.1
there exists a closed set V of X such that V' C U and V is a closed neighborhood
of K. Furthermore, we have K C int(V). Hence, there exists m € Z, such
that v (B, fi,00) € V, implying v, (B, f1.0c) € U. This shows K attracts
B. O

Proposition 4.1. Let (X, f1.00) be a non-autonomous discrete system and let
A, B, F,K C X and K be a compact set. Then the following properties hold:

(1) if AC B and F attracts B, then F attracts also A;

(2) if F attracts A and B, then F attracts AN B;

(3) if F attracts A and B, then F attracts AU B;

(4) if X is a regular space and K attracts A, then K attracts also A.

Proof. (1) Since F attracts B, then for every open set U containing F' there
exists m € Z4 such that v, (B, fi,.0) CU. As A C B, we have v, (4, f1,00) C
Ym (B, f1,00), which implies v, (4, f1,00) € U. Hence, F attracts A.

(2) Since ANB C A, AN B C B and F attracts A and B, then by (1), F
attracts AN B.

(3) Let U be any open neighborhood of F. Since F attracts A and B,
there exist mq,mo € Z4 such that v, (4, fi,eo) € U and i, (B, fi,00) €
U. Take m = max{mi,ma}. Thus, 7m(4, fi,cc) C Ym, (4, f1,00) € U and
'Ym(B7f1,oo) - ’Vmg(Bafl,oo) C U. Since yn(AU B, fl,oo) = 'Ym(A7f1,oo) )
Ym(B, f1,00), it follows that v,,(AU B, f1,0) € U. Hence, F attracts AU B.

(4) Let V be a closed neighborhood of F'. Since A is attracted by K, there
exists m € Z4 such that for any m > m we have f{"(A4) C V. Let m > m, we
have A C (f)~%(V) and (fI*)~1(V) is closed because it is the inverse image
of a closed set through a continuous mapping. Hence, A C (f)~1(V), which
implies f*(A) C V. Furthermore, we have 7y, (A, f1,00) € V. Therefore, if X
is a regular space, then by Theorem 4.1, K attracts A. O
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Lemma 4.1. Let (X, f1,00) be a non-autonomous discrete system and let E C
X and K be a compact set of X such that K attracts E. Then for every open
cover of K there exists m € Zy such that v (E, f1,00) UK has a finite subcover.

Proof. Let U be an open cover of K. Since K is compact, it admits a finite sub-
cover. Let {V1,Va,...,V,} be such subcover, i.e., V; € Y and K C U?Zl V;. Let
U= U?:l V;i. Since U is an open neighborhood of K and K attracts F, there
exists m € Z4 such that v, (E, fi.00) CU = U?zl Vi. Hence, {V1,Va,...,V,}
is also a finite subcover of v, (E, f1,00), which implies {V1, Va,...,V,} is a finite
subcover of vy, (E, f1,00) U K. O

The next theorem contains the main properties of the w-limit sets of non-
autonomous discrete systems in regular spaces.

Theorem 4.2. Let (X, f1,00) be a non-autonomous discrete system, where X
is a regular topological space. Let E C X and K be a compact set of X such
that K attracts E. Then the following properties hold:
(1) w(E, f1,00) is a nonempty compact set;
(2) if F C X is a closed set, then F' attracts E if and only if w(E, f1,00) C
F;
(3) w(FE, fi,00) attracts E.

Proof. (1) We first show that w(E, f1 o) is a nonempty compact set. To simply
the proof we divide it in some steps.

Step 1. Let {x,} C F be a sequence and {n} be a positively divergent
sequence. Then we have that {f}"(z,) : n € Z;} UK is a compact set. In fact,
let U be an open cover of {f{'(x,) : n € Z4+} UK. Since K is a compact set and
K attracts E, by Lemma 4.1, for every open cover U of K there exist m € N and
a finite subcover V C U such that v, (E, f1,00) UK C Uy ¢y, V. Clearly, since
n — 00, there exists n > m such that (z,,n) € E x [m, +00). Therefore, V is a
finite subcover of { f{'(x,,) : n > m}UK, ie., {f{'(xn) :n > m}UK C Jycy V.
Since U is also an open cover of {f*(x,) : n € Z,}, there exists a finite
subcover W of {f{"(x,,) : 0 < n < m}. Further, V UW is a finite subcover
{fi(xp) :n € Zy+} UK. Hence, {f1*(z,) : n € Z,} UK is compact.

Step 2. We will show that (N, ;. {f{(q) : ¢ =1} C w(E, fi,00).

Define the closed sets C,, = {f{(z,):q>m} for each m € Z,. Since
X is a regular topological space and {f{*(z,,) : n € Z4+} U K is compact by
Step 1, we have {f]'(z,) : n € Z4+} UK is a closed set of X. Furthermore,
Cr C{f1(xn) :n € Z1} UK for each m € Z;. Hence, C,, are compact sets
for all m € N. Since {C,,} is a decreasing sequence and C,, are compact sets
for all m € N, so by the finite intersection property, we have ﬂm€Z+ C # 0.
Let z € ﬂm€Z+ Cy,. Since ¢ — oo, so for every m € N there exists ¢ €

Zy such that ¢ > m. Since {zq} is a sequence in F, we have (,c;, Cn C

{fi(xq) :q=m} C ym(E, f1,00), implying = € ¥, (E, fi0c). As m € Zy is
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arbitrary, which implies = € ﬂm€Z+ Ym(E, f1,00) = W(E, f1,00). Furthermore,

we have ﬂneh {fi(xq) : ¢ >n} Cw(E, f1,00). Therefore, w(E, f1,00) # 0.

Step 3. We will prove that w(E, f1 o) C K, which implies w(FE, fi o) is
compact.

We suppose by contradiction that w(E, f1,00) ¢ K, thus there exists z €
w(E, fi,0) and = ¢ K. Since X is a Hausdorff space, there exist an open
neighborhood U of x and an open set V containing K such that U NV = §.
Moreover, K attracts E, there exists m € Z4 such that v, (E, fi,) C V.
Furthermore, we have U N v, (E, f1,00) = 0. Hence, © ¢ v, (E, f1,00). As
x € w(E, f1,00), then © € v, (E, f1,00) for every n € Z,. In particular, we take
n = m, implying & € ¥, (E, f1,00). This is a contradiction. Hence, we have
w(E, f1,00) C K. Since K is compact and w(E, f1 ) is closed, it follows that
w(E, f1,00) is a compact set of X.

(2) We show that, if ' C X is closed and F attracts E, then w(E, f1 o) C F.

We suppose by contradiction that w(E, f1 o) g F, ie., there exists x €
w(E, fi1,0) and & ¢ F. By the regularity property of X, there exist an open
set U containing F' and an open set V of x such that U NV = (). Since F
attracts E, there exists m € Z, such that vy, (E, fi,) € U, which implies
Ym(E, f1,00) NV = 0. Hence, x ¢ vn(E, f1,00). As & € w(E, f1,00), we have
2 € Ym(F, f1,00). This is a contradiction. Therefore, w(E, f1 ) C F.

Conversely, we prove that, if w(E, f1 o) C F, then F attracts E.

We suppose by contradiction that there exists an open set U containing
F such that for every n € Zy, vn(E, fi,00) € U. Hence, for every n € Z4
there exist g, > n and z,, € E such that f"(z,,) ¢ U, we have fi"(z,,) €
X\ U, where X \ U is a closed set of X. Therefore, {f{™(z4,,):m >n} C
X\U = X \U. Furthermore, oz, {f{"(2q,):m =n} € X\U, by the
finite intersection property, we have

ﬂ {fl(xg,,) : m >n} # 0.

neZy

From above Step 2 of (1), we have (,cz, {f{"(zm):m =n} C w(E, f1x),
which implies (,,cz, {f{" (2q,,) : m >n} C W(E, fi,0). Since for every y €

Nnez, {f"(zq,) :m >n}, wehavey ¢ U, implyingy ¢ F. Asy € w(E, f1,00)
and w(E, f1,.0) C F, we have y € F. This is a contradiction. Therefore, F
attracts E.

(3) By the result of (1), w(E, f1,00) is a nonempty closed set of X. Since
W(E, fi,00) Cw(E, f1.00), then by the result of (2), w(E, fi,00) attracts E. O

Corollary 4.1. Let (X, f1.0) be a non-autonomous discrete system, where
X is a regular space. If B is a nonempty subset of X such that ¥(B, f1,00)

is a compact set, then w(B, f1,00) is a nonempty compact set and w(B, f1 o)
attracts B.
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Proof. Since (B, f1,00) = Uyepl{fi'(z) : n € Z,}, then for every m € Z,
we have f{"(B) C (B, f1,00). Furthermore, for any open neighborhood U of
v(B, f1,00), we have f{"(B) C (B, fi,.0) € U. Hence, v(B, f1,00) attracts
B. By (1) of Theorem 4.2, we have w(B, fi ) is a nonempty compact set.
Therefore, by (3) of Theorem 4.2, w(B, f1,00) attracts B. O
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