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Application of ADE-PML Boundary Condition to SEM using Variational
Formulation of Velocity-Stress 3D Wave Equation
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Abstract: Various numerical methods in simulation of seismic wave propagation have been developed. Recently an
innovative numerical method called as the Spectral Element Method (SEM) has been developed and used in wave
propagation in 3-D elastic media. The SEM that easily implements the free surface of topography combines the flexibility
of a finite element method with the accuracy of a spectral method. It is generally used a weak formulation of the equation
of motion which are solved on a mesh of hexahedral elements based on the Gauss-Lobatto-Legendre integration rule.
Variational formulations of velocity-stress motion are newly modified in order to implement ADE-PML (Auxiliary
Differential Equation of Perfectly Matched Layer) in wave propagation in 3-D elastic media, because a general weak
formulation has a difficulty in adapting CFS (Complex Frequency Shifted) PML (Perfectly Matched Layer). SEM of
Velocity-Stress motion having ADE-PML that is very efficient in absorbing waves reflected from finite boundary is
verified with simulation of 1-D and 3-D wave propagation.
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Fig. 1. Comparison of the numerical simulation results using
general variational form and velocity-stress variational form at 0.8
sec for 1D acoustic model. Velocity is 3465 my/s.
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Fig. 2. 3-D homogeneous elastic model with free surface.
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Fig. 3. Comparison of x-horizontal (a, ¢) and vertical (b, d) components between semianalytic (Garémore6D) and numerical solutions of elastic
waves using velocity-stress SEM with surface boundary at 200 m (a, b) and 500 m (c, d).
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Fig. 4. Comparison of snapshots. from the 1-D acoustic wave
propagation. The black solid line is the results with the Dirchlet
boundary, and the red dotted line is the result with the absorbing
boundary condition, and the blue solid line is the result with the
ADE-PML.
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Fig. 5. 3-D snapshots of the vertical component at 10 sec with (a)
the absorbing boundary condition and (b) ADE-PML. The model
ranges from 36° to 37° in the latitude and from 126° to 127° in the
longitude, and the depth of model is 40 km.
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(a) (b)

Fig. 6. 2-D snapshots of vertical component of wave propagation
simulation using (a) the absorbing boundary condition and (b) ADE-
PML at 10 sec at surface. Artificial waves reflected from finite
boundary was shown when absorbing boundary condition was
applied. The marks of arrow show waves reflected from finite
boundary.

(a) (b)

Fig. 7. 2-D snapshots of vertical component of wave propagation
simulation using (a) the absorbing boundary condition and (b) ADE-
PML at 10 sec sliced along x-axis. Artificial waves reflected from
finite boundary was shown when absorbing boundary condition was
applied. The marks of arrow show waves reflected from finite
boundary.
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Fig. 8. Energy that is summed with potential and kinetic energy
inside a model calculated at each time step. ADE-PML reduced
energy very efficiently and was stable at the long time simulation.
Simulation with the 1% order absorbing boundary was finished at
80,000 time steps although 7 GLL points were used. Simulation
with ADE-PML gradually blew up with linear trend of logarithm
of energy after energy was decreased dramatically until about 16000
time steps.
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Fig. 9. Velocity structure (a) and locations of nuclear explosion test
and receivers on the map of topography (b).
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efficiently eliminated by ADE-PML.
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Fig. 11. Snapshots at 3.6 sec (a), 4.2 sec (b), 4.8 sec (c¢) were sliced
along west-east direction through source point. Rayleigh waves
were scattered by topography of surface and converted into S-
waves.
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Fig. 12. X, Y, Z components of Synthetic seismograms at stations near source to simulate the wave propagation by nuclear explosion of north
korea were transformed into transverse, radial and vertical components. Receivers are located at RCV1 (a), RCV2 (b), RCV3 (c) and RCV4

(d), respectively.

™
p

2]

™

2
.
o
x

AHH73A



S22 MRS 0§ 339 SEM B3 51 AW thet ADEPMLAAEAS] A& 63

Aaljel Aol R8Tt
(2) ADE-PMLA &% SEM3} Clayton?} Enquist(1977)¢] &
FRAAZAE Agste] BYol| ot e AUAE Blawskd
= W, ADE-PMLo] "3~ S&H 02 3P of gk vhALa
£ & AAst AEE 731 s 45 F A}k
(3) ADE-PML®] H&%H &% |
3 A QA oA Fdd FALS o83 FAEY
o

eg Alaigda A wel ola) e} wag
L g%l AHBE HAT 5 U

5 288 dueFe AvkY Aol £H) AL 5
A5k Aol glo} §-83P1 AR & 9 Zow melth

o e FHALALATY FaMel T FA
o A 919 AN I ARz SRk

o

e

D23

234, 013]4, 2009, M E A AAE o] &5 ST B
gl o] CPML Az A8, AFEelst Eelgr
183-191.

A, w5, A2, AL, s
2010, 53 AHH RUEH: 1, 23} v, A= 2
A}, 13, 243-248.

Appelo, D., and Petersson, N. A., 2008, A stable finite
difference method for the elastic wave equation on complex
geometries with free surfaces, Comm. Comput. Phys., S, 84-
107.

Basabe, J. D. D., and Sen, M. K., 2007, Grid dispersion and
stability criteria of some common finite-element methods for
acoustic and elsatic wav equations, Geophyscis, 72, T81-T95.

Brenger, J. P, 1994, A perfectly matched layer for the
absorption of electromagnetic waves, J. Comput. Phys., 114,
185-200.

Cerjan, C., Kosloff, D., Kosloff, R., and Reshef, M., 1985, A
nonreflecting boundary condition for discrete acoustic and
elastic wave equations, Geophysics, 50, 705-708.

Clayton, R., and Enquist, B., 1977, Absorbing Boundary
Conditions for Acoustic and Elastic Wave Equations, BSS4,
67, 1529-1540.

Correia, D., and Jin, J.-M., 2005, On the Development of a
Higher-Order PML, IEEE Trans. Antennas Propag., 53,

4157-4163.

Diaz, J., Ezziani, A., and Le Goff, N., 2011, Version 2.0
Gar6more3D, http://web.univ-pau.fi/~jdiaz1/gar63DCecill.html.

Ely, G P, Day, S. M., and Minster, J.-B., 2008, A support-
operator method for visco-elastic wave modeling in 3D
heterogeneous media, GJI, 172, 331-344.

Festa, G.,, and Vilotte, J. P, 2005, The newmark scheme as
velocity-stress time-staggering: and efficient PML implemen-
tation for spectral element simulations of elastodynamics,
GJI, 161, 789-812.

Kanamori, H., 1977, The energy release in great earthquakes, J.
Geoph. Res., 82, 2981-2987.

Komatitsch, D., and Martin, R., 2007, An unsplit convolutional
perfectly matched layer improved at grazing incidence for the
seismic wave equation, Geophysics, 72, SM155-SM167.

Komatitsch, D., and Tromp, J., 1999, Introduction to the
spectral-element method for 3-D seismic wave propagation,
GJI, 139, 806-822.

Komatitsch, D., and Vilotte, J.-P., 1998, The spectral element
method: an efficient tool to simulate the seismic response of
2D and 3D geological structures, BSS4, 88, 368-392.

Li, Y. F.,, and Bou Matar, O., 2010, Convolutional pefectly
matched layer for elastic second-order wave equation, J.
Acoust. Soc. Am., 127, 1318-1327.

Martin, R., Komatitsch, D., and Gedney, S. D., 2008, A
variational formulation of a stabilized unsplit convolutional
perfectly matched layer for the isotropic or anisotropic
seismic wave equation, Comput. Model. Eng. Sci., 37, 274-
304.

Martin, R., Komatitsch, D., Gedney S. D., and Bruthiaux, E.,
2010, A high-order time and space formulation of the unsplit
perfectly matched layer for the seismic wave equation using
Auxiliary Differential Equations (ADE-PML), Comp. Model.
Eng. Sci., 56, 17-42.

Meza-Fajardo, K.-C., and Papageorgiou, A.-S., 2008, A non-
convolutional, split-field, perfectly matched layer for wave
propagation in isotropic and anisotropic elastic media:
stability analysis, BSSA4, 98, 1811-1836.

Roden, J. A., and Gedney, S. D., 2000, Convolution PML
(CPML): An efficcient FDTD implementation of the CFS-
PML for arbitrary media, Microwave and Optical Technology
Letters, 27, 334-339.

Rodgers, A. J., and Pettersson, N. A., and Sjogreen, B., 2010,
Simulation of topographic effects on seismic waves from
shallow explosions near the North Korean nuclear test site
with emphasis on shear wave generation, J. Geoph. Res., 1185,
B11309, doi:10.1029/2010JB007707.



