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Abstract

Multivariate cumulative sum (CUSUM) control charts for simultaneously monitoring both means and variances under 

multivariate normal process are investigated. Performances of multivariate CUSUM schemes are evaluated for matched fixed 

sampling interval (FSI) and variable sampling interval (VSI) features in terms of average time to signal (ATS), average number 

of samples to signal (ANSS). Multivariate Shewhart charts are also considered to compare the properties of multivariate 

CUSUM charts. Numerical results show that presented CUSUM charts are more efficient than the corresponding Shewhart chart 

for small or moderate shifts and VSI feature with two sampling intervals is more efficient than FSI feature. When small changes

in the production process have occurred, CUSUM chart with small reference values will be recommended in terms of the time to 

signal. 
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1. Introduction

There are many situations in which the quality of a 

product or constancy of a process is determined by joint 

levels of several related quality variables. In this case, the 

quality of a product is usually characterized by joint 

levels of several related variables and a multivariate 

quality control procedure for simultaneously monitoring 

several related variables is needed. 

The multivariate approach to quality control was first 

introduced by Hotelling
[1]

. Jackson
[2]

, and Ghare and 

Togersen
[3]

 presented multivariate Shewhart control 

charts based on Hotelling's  statistic. Alt
[4]

 described 

various types of Shewhart type  charts and provided 

recommendations for implementation. Woodall and 

Ncube
[5]

 considered a single multivariate CUSUM 

procedure for controlling the means of multivarite 

normal process. They described how a  dimensional 

multivariate normal process can be monitored by using 
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two-sided univariate CUSUM charts. 

The ability of a control chart to detect process changes 

is determined by the length of time required for the chart 

to signal. In FSI chart, the expected time to signal is 

simply the product of the average run length (ARL) and 

the length of the fixed sampling interval.

Reynolds and Arnold
[6]

 investigated the theoretical 

aspects of one-sided VSI univariate Shewhart charts in 

detail. One disadvantage of VSI scheme is that frequent 

switching between different sampling intervals requires 

more cost and effort to administer the production process 

than corresponding FSI scheme. Amin and Letsinger
[7]

showed that average number of switches to signal 

(ANSW) of the CUSUM procedure exists far fewer than 

that of the Shewhart procedure. According to the 

numerical performances of the considered charts, we also 

found that CUSUM procedure is more efficient than 

Shewhart procedure in terms of switching behaviors for 

both means and variances on multivariate procedure. 

Most of the studies on multivariate control charts have 

been concentrated on monitoring mean vector of 

multivariate normal process. Before recent years, the use 

of multivariate quality control techniques was hampered 

by the lack of adequate computational resources. In this 

paper, we present multivariate control schemes to 
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simultaneously monitor both means and variances of 

related quality variables, and evaluate and compare the 

performances of considered multivariate control charts. 

2. Multivariate Sample Statistics 

Assume that the process of interest has 

related quality variables represented by the random 

vector and we obtain a sequence 

of random vectors  where 

 is a sample of observations 

at the sampling point  and 

. Thus,  is an 

vector. It will be assumed that the sequential observation 

vectors between and within samples are independent and 

identically distributed.

In this paper, we assume that process quality variables 

have a multivariate normal distribution. Hence, the 

distribution of  is indexed by a set of parameters 

 where  is the mean vector and  is the 

variance- covariance matrix of . Let  be 

the known target values for  of  related 

quality variables and  is represented as 

and  

where the target covariance of variables  and  is 

 for . For simplicity in 

our computation, we assume that , ,

 for .

To control both  and  of single quality variable, 

Reynolds and Ghosh
[8]

 proposed an obvious method to 

use the statistic  and the chart signals if 

                                     

,

where  is the  percentile of a 

chi-square distribution with  degrees of freedom. 

Extending the sample statistic  to multivariate case, 

we obtain the sample statistic  for multivariate control 

chart

                                

            (2.1)

If the process is in control,  has a chi-squared 

distribution with  degrees of freedom. When the 

process has shifted to  from the target ,  has a 

non-central chi-squared distribution with  degrees of 

freedom with noncentrality parameter 

.

Another control chart for both  and  can be 

constructed by using both of the likelihood ratio test 

(LRT) statistic for testing  vs 

, where  is known, and  vs 

 where  is known, respectively.

By simple calculation about likelihood ratio  at the 

th sample  for testing  vs 

 where  is known, we obtain 

multivariate sample statistic  for monitoring means. 

The LRT statistic  is given by 

                          

.                 (2.2)

Similarly, LRT statistic  for variances is 

                

.               (2.3)

where .

Thus, LRT statistics  and  can be used as 

sample statistics for monitoring  and , respectively. 

Since the statistic  has a chi-square distribution with 

 degrees of freedom, the percentage point of  can 

be obtained from a chi-square distribution. But it is 

difficult to obtain the exact distribution of . Thus, 

the percentage points of  can be obtained by 

simulations. 

A multivariate Shewhart chart based on  signals 

whenever . And a multivariate 

Shewhart control chart based on  uses the 

separate chart for  and , and signals if one of the two 

charts signals when 
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 or ,

where the parameter  can be obtained by simulation.

3. FSI Schemes

Shewhart chart, although simple to understand and 

apply, uses only the information in the current sample 

and is thus relatively inefficient in detecting small 

changes on process parameters. 

To overcome this difficulty, Page
[9]

 investigated the 

properties of warning lines used within the control limits 

of a Shewhart chart in order to incorporate the 

information from the past few samples. He suggested that 

if  out of the last  samples fell between the warning 

lines and control limits, an action should be taken. He 

showed that the Shewhart chart with warning lines is 

more efficient in detecting small shifts than the standard 

Shewhart chart. 

The CUSUM control chart was first proposed by 

Page
[9]

. Page
[10,11]

 and Barnard
[12]

 developed the CUSUM 

procedure as a sequential likelihood ratio test for testing 

the hypothesis that the process mean is equal to the target 

value against the alternative that it is not. Hawkins
[13]

proposed a CUSUM chart for monitoring a standard 

deviation, primarily for the case in which only individual 

observation at each occasion is available. 

The CUSUM control chart is a good alternative to the 

Shewhart control chart when small shifts are important. 

The CUSUM chart directly incorporates all of the 

information in the sequence of sample values by plotting 

the cumulative sums of the deviation of the sample 

values from the target value. 

One traditional practice in using a control chart is to 

take samples from the process at FSI and properties of 

control charts have been developed when the sampling 

interval between samples is fixed. In FSI control chart, 

the length of the sampling interval between sampling 

times  and , is constant for all .

A multivariate FSI CUSUM based on the statistic 

at the th sample is 

                       

,                  (3.1)

where , . This chart signals 

whenever .

When the parameters are on-target or  has shifted, 

the properties of the multivariate CUSUM chart based on 

 can be evaluated by the Markov chain approach or 

integral equation method. When the process shifts in ,

or  and , the properties of the chart can be evaluated 

by simulation.

For simultaneous use of LRT statistics 

given in (2.2) and (2.3), the multivariate FSI CUSUM 

control scheme for  at the th sample is

        (3.2)

and for  at the th sample is

                       

,         (3.3)

where ,  and 

. This chart signals whenever 

 or .

Since it is difficult to obtain the exact joint 

distribution of (3.2) and (3.3), the performances of this 

scheme can be evaluated by simulation when the 

parameters of the process are on-target or changed.

4. VSI Schemes

Recent years, application of VSI control procedure 

has become quite frequent and several papers have been 

published. The basic idea of a VSI control chart is that 

the time sampling interval should be short if there is an 

indication of a process change and should be long if there 

is no indication of a process change. In VSI chart, it is 

necessary to keep track of both ATS and ANSS. 

Following the definition of Reynolds et al.
[14]

, the 

number of samples to signal (NSS) is taken from the start 

of the process to the time when the chart signals and 

ANSS is the expected value of the number of samples to 

signal (NSS). Also, they defined that the time to signal 

(TS) is taken from the start of the process to the time 

when the chart signals and ATS is the expected value of 

the TS. Therefore, NSS in VSI scheme has the same 

definition as run length (RL) in FSI scheme. 

For the VSI CUSUM chart based on  in (2.1), 

suppose that the sampling interval ;
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Table      1. Performances of multivariate charts based on  when  has changed

Shewhart CUSUM ( ) CUSUM ( ) CUSUM ( )

ANSS ATS ANSS ATS ANSS ATS ANSS ATS

in control 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 

159.11 152.87 124.14 110.47 129.60 117.84 134.62 124.28 

88.67 75.54 46.61 31.86 48.80 34.32 52.65 38.58 

41.70 29.17 20.16 11.92 19.23 10.91 19.77 11.32 

19.03 10.38 11.08 6.50 9.84 5.43 9.46 5.11 

9.14 4.00 7.09 4.34 6.08 3.60 5.62 3.31 

4.83 1.97 4.99 3.26 4.21 2.78 3.81 2.59 

2.86 1.34 3.75 2.67 3.14 2.37 2.82 2.26 

1.92 1.13 2.96 2.33 2.48 2.15 2.21 2.09 

1.44 1.05 2.43 2.14 2.03 2.04 1.81 2.00 

1.20 1.02 2.05 2.04 1.72 1.98 1.53 1.96 

1.08 1.01 1.77 1.99 1.47 1.95 1.32 1.93 

1.03 1.00 1.55 1.96 1.28 1.93 1.17 1.92 

Table         2. Performances of multivariate charts based on  when  has changed

Shewhart chart CUSUM CUSUM CUSUM

ANSS ATS ANSS ATS ANSS ATS ANSS ATS

in control 200.02 200.00 199.99 200.00 199.96 199.98 199.96 199.97 

152.55 146.06 116.09 103.81 127.13 115.63 134.13 123.84 

73.60 62.01 34.05 24.35 38.11 26.94 43.56 31.90 

30.49 20.69 13.20 8.56 12.76 7.43 13.68 7.75 

12.46 6.62 7.15 4.35 6.34 3.44 6.28 3.20 

5.80 2.64 4.60 2.74 3.93 2.13 3.72 1.92 

3.17 1.50 3.29 1.91 2.77 1.54 2.57 1.43 

2.02 1.17 2.52 1.47 2.12 1.26 1.95 1.19 

1.47 1.06 2.02 1.24 1.70 1.12 1.56 1.09 

1.20 1.02 1.68 1.11 1.42 1.06 1.32 1.04 

1.08 1.01 1.43 1.06 1.23 1.03 1.16 1.02 

1.03 1.00 1.25 1.03 1.11 1.01 1.06 1.01 

1.01 1.00 1.12 1.01 1.04 1.00 1.02 1.00 

Table        3. Performances of multivariate charts based on  when  has changed

Shewhart CUSUM ( ) CUSUM ( ) CUSUM ( )

ANSS ATS ANSS ATS ANSS ATS ANSS ATS
in control 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 

109.71 99.54 68.97 51.40 72.20 56.28 76.44 61.74 

58.55 48.04 33.84 21.13 34.11 21.49 35.78 23.64 

33.29 24.85 21.09 11.94 20.09 11.06 20.26 11.47 

20.32 13.95 14.83 8.20 13.50 7.10 13.19 6.98 

13.46 8.62 11.29 6.26 10.01 5.17 9.52 4.86 

9.40 5.71 9.04 4.92 7.91 4.01 7.36 3.73 

6.90 4.08 7.47 4.10 6.45 3.33 5.97 3.05 

5.43 3.16 6.35 3.53 5.46 2.88 5.02 2.62 

4.37 2.54 5.52 3.12 4.71 2.55 4.30 2.30 

3.66 2.15 4.86 2.78 4.13 2.28 3.76 2.06 

3.15 1.89 4.34 2.53 3.69 2.08 3.37 1.89 

2.76 1.70 3.91 2.30 3.35 1.92 3.04 1.76 
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Table         4. Performances of multivariate charts based on  when  has changed

Shewhart chart CUSUM CUSUM CUSUM

ANSS ATS ANSS ATS ANSS ATS ANSS ATS
in control 200.02 200.00 199.99 200.00 199.96 199.98 199.96 199.97 

149.62 143.97 122.06 109.41 128.95 117.81 133.68 123.83 

102.88 94.53 71.14 57.26 76.39 62.84 81.85 69.01 

68.04 59.58 45.16 33.14 47.35 35.03 50.36 38.37 

46.44 38.56 31.06 22.01 31.12 21.27 32.75 22.72 

32.42 25.49 22.87 15.79 22.30 14.46 23.00 14.82 

23.35 17.45 17.90 12.20 16.88 10.59 17.05 10.40 

17.53 12.48 14.48 9.88 13.29 8.18 13.15 7.77 

13.36 9.12 12.13 8.30 10.85 6.63 10.52 6.13 

10.70 7.01 10.35 7.04 9.10 5.61 8.73 5.07 

8.70 5.51 8.98 6.15 7.85 4.88 7.40 4.33 

7.25 4.49 7.92 5.52 6.85 4.33 6.45 3.79 

6.17 3.75 7.08 4.98 6.12 3.83 5.69 3.35 

Table           5. Performances of multivariate charts based on  when  and  have changed

Shewhart CUSUM ( ) CUSUM ( ) CUSUM ( )

ANSS ATS ANSS ATS ANSS ATS ANSS ATS
in control 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 

87.71 76.60 51.37 35.48 53.71 38.28 57.53 42.87 

30.94 22.36 19.17 10.75 17.99 9.71 18.05 9.88 

12.17 7.33 10.18 5.45 8.92 4.40 8.48 4.10 

5.97 3.24 6.46 3.43 5.55 2.77 5.11 2.52 

3.49 1.93 4.59 2.49 3.90 2.03 3.52 1.85 

2.41 1.45 3.50 1.96 2.98 1.65 2.70 1.50 

1.86 1.24 2.81 1.62 2.40 1.41 2.19 1.33 

1.54 1.14 2.35 1.43 2.02 1.28 1.84 1.21 

1.36 1.08 2.02 1.30 1.74 1.19 1.61 1.14 

1.25 1.05 1.77 1.21 1.55 1.13 1.44 1.10 

1.17 1.04 1.59 1.15 1.42 1.09 1.33 1.07 

1.12 1.03 1.45 1.11 1.32 1.07 1.24 1.05 

Table           6. Performances of multivariate charts based on  when   and  have changed

Shewhart chart CUSUM CUSUM CUSUM

ANSS ATS ANSS ATS ANSS ATS ANSS ATS
in control 200.02 200.00 199.99 200.00 199.96 199.98 199.96 199.97 

108.75 100.38 72.72 58.99 79.62 66.52 85.28 73.16 

36.35 29.01 21.44 15.11 21.76 14.55 23.47 15.80 

13.57 9.20 9.95 6.72 9.05 5.66 9.08 5.46 

6.42 3.93 5.97 4.07 5.23 3.31 5.04 3.06 

3.79 2.26 4.12 2.83 3.55 2.32 3.34 2.12 

2.59 1.63 3.11 2.18 2.67 1.81 2.50 1.67 

1.99 1.34 2.48 1.79 2.16 1.53 2.02 1.43 

1.65 1.20 2.08 1.55 1.83 1.37 1.72 1.29 

1.45 1.13 1.80 1.39 1.60 1.26 1.52 1.20 

1.31 1.08 1.60 1.28 1.45 1.18 1.39 1.14 

1.22 1.05 1.46 1.21 1.33 1.13 1.28 1.10 

1.16 1.04 1.35 1.15 1.25 1.09 1.21 1.07 
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 is used when ,

 is used when ,

where  and . And for the VSI 

scheme based on  in (2.2) and (2.3), the 

sampling interval ;

 is used when 

        or ,

 is used when 

        or ,

where the parameters  and 

. The parameters , ,  and 

 can be obtained by Markov chain approach, and the 

parameters  and  can be obtained by simulation. 

5. Numerical Results and Conclusion

In order to evaluate the performances and compare the 

matched FSI and VSI multivariate CUSUM and 

Shewhart charts, some kinds of standards for comparison 

are necessary. 

For convenience, we let that the sampling interval of 

unit time  be  in FSI charts and two sampling 

intervals used as  and  for the VSI 

charts. And we let the sampling interval used before the 

first sample, say  be  for all considered VSI 

schemes. In our computation, ANSS and ATS of the 

considered charts when the process is in controlwere 

fixed to be 200 and the sample size  for each variable is 

3 for . The types of shifts in the process parameters 

when the process is out of control for comparison can be 

stated as follows :

1) Shifts in means : , one mean  is shifted to 

, .

2) Shifts in variances : , one variance  is 

increased to , .

3) Shifts in means and variances : ,

.

After the reference values of the multivariate CUSUM 

schemes have been determined, the parameters  and 

values based on  and  were calculated by Markov 

chain method with transition states . And the 

parameters  and  values based on LRT statistic ,

and ANSS and ATS for the proposed types of shifts for 

Shewhart and CUSUM charts were obtained by 

simulation with 10,000 iterations. The numerical results 

were stated in Table 1 through Table 6. 

According to the numerical performances in Table 1 

through Table 6, we can notice the followings. When 

some shifts of the peocess means have occurred, the 

multivariate chart based on statistics  is 

more efficient than the multivariate chart based on  but 

the difference is small. When some shifts of the peocess 

variances have occurred, the multivariate chart based on 

statistic  is more efficient than the chart based on 

statistics , and the difference in this case is 

larger than the difference in the shift of means.

When small or moderate changes for both means and 

variances in the process have occurred, multivariate 

CUSUM chart based on  is more efficient than 

multivariate Shewhart chart in our computation. 

Numerical results for various reference values show that 

large reference values are efficient for large shifts and 

smaller reference values are efficient for small shifts in 

multivariate CUSUM charts. And for the proposed 

multivariate control charts and all kinds of shifts, VSI 

scheme is more efficient than FSI scheme.
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