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Multivariate EWMA Control Chart for Means of Multiple Quality 

Variableswith Two Sampling Intervals

Duk-Joon Chang1 and Sunyeong Heo2†

Abstract

Because of the equivalence between control chart procedures and hypothesis testing, we propose to use likelihood ratio

test (LRT) statistic  as the multivariate control statistic for simultaneous monitoring means of the multivariate normal

process. Properties and comparisons of the proposed control charts are explored and conducted for matched fixed sampling

interval (FSI) and variable sampling interval (VSI) with two sampling interval charts. The result of numerical comparisons

shows that EWMA chart with two sampling interval procedure is more efficient than the corresponding FSI chart for

small or moderate changes. When large shift of the process has occurred, we also found that Shewhart chart is more

efficient than EWMA chart.
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1. Introduction

Monitoring a production process over a time using a

control chart allows quick detection of unusual causes

of variation. And, statistical process control has been

widely used for monitoring process parameters in indus-

try. Therefore, ability of a control chart to detect process

changes is determined by the length of time required for

the chart to signal when the process is out-of-control

state while producing few false alarms.

Since Shewhart introduced the control chart tech-

nique in 1924, control procedures have found wide-

spread application in improving the quality of

production processes. The Shewhart control chart is

simple to understand and easy to construct. But the

basic Shewhart chart uses only the information in the

current sample and is thus relatively inefficient in

detecting small or moderate changes in the process. In

other words, the main disadvantage of the Shewhart

chart is that it uses only the information from the last

sample and is insensitive to small or moderate shifts in

the process.

Exponentially weighted moving average (EWMA)

control chart was first introduced by Roberts[1]. Like

Shewhart control chart, an EWMA chart is easy to

implement and interpret the process. In the EWMA

scheme, the more recent observations are assigned more

weights and the older observations are assigned less

weights. Roberts showed that the EWMA chart is effi-

cient in detecting small shifts in the process but is not

efficient at large shifts. An EWMA has alternately been

referred to as a geometric moving average because a

function of current sample statistic Zi can be equiva-

lently written as a moving average of the current and

past samples as 

(1.1)

i = 1,2,... where  is a smoothing constant.

One traditional practice in using a control chart is to

take samples from the process at FSI and properties of

control charts have been developed when the sampling

interval between samples is fixed. The basic idea of VSI

control chart is that the time interval should be short if

there is some indication of a process change and should

be long if there is no indication of a process change.

VSI procedures were first investigated by Arnold[2].

Extension of Arnold’s work was presented by Smeach
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and Jernigan[3]. They derived equations for the variance

of the sample size and approximation schemes that

could enhance the implementation of this sampling pro-

cedure.

Reynolds and Arnold[4] developed general expres-

sions for properties of a VSI Shewhart chart such as the

average time to signal and the average number of sam-

ples to signal when the process is in-control or out-of-

control. Amin[5] and Reynolds et al.[6] investigated VSI

CUSUM charts, and Cui and Reynolds investigated VSI

Shewhart  charts with runs rules. Vargas et al.[7] con-

cluded the properties of EWMA schemes are similar to

those of CUSUM schemes in terms of time to signal.

Zou and Tsung[8] investigated likelihood ratio- based

distribution-free EWMA control charts.

In this paper, we investigate the properties and per-

formances of multivariate EWMA charts for monitoring

means of multiple quality variables simultaneously in

terms of ANSS, ATS, ANSW, ASI and P (switch). The

numerical performances of the proposed multivariate

Shewhart and EWMA charts are obtained by markov

chain method or simulation.

2. Results and Discussion

2.1. Multivariate Shewhart Chart

In many industrial quality control procedure, the

quality of a product is usually characterized by joint lev-

els of several correlated quality characteristics rather

than a single characteristics. To monitor several corre-

lated quality variables simultaneously, we assume that

the quality of a product has p(p ≥ 2) quality variables

represented by the random vector X=(X1,...,Xp)'. Let us

assume that successive observation vectors represent a

random sample from a multivariate normal population

Np(µ, Σ0) with mean vector µ and variance-covariance

matrix Σ.

In this paper, we assume that  be the

known target process values for . We take a

sequence of random vectors X1, X2, ... where Xi =

(X'i1,...,X'in)' is a sample of observations at the sampling

time i(i = 1,2,...) and Xij = (Xij1,Xij2,...,Xijp)'. Then the

joint density function of all observations is given by

.

Because a control chart can be viewed as repeated

tests of significance, we can obtain multivariate control

statistic by using the LRT statistic for testing

H0 :  vs H1 :  where Σ0 is known.

Likelihood ratio λ at the ith sample can be expressed

as

. (2.1)

Let  be −2lnλ. Then

(2.2)

Thus, the test statistic  under  can be

used as the control statistic for monitoring means of p

related quality variables.

A multivariate FSI Shewhart chart for means based

on the LRT statistic  signals whenever

. (2.3)

For two sampling interval VSI Shewhart chart based

on LRT statistic , suppose that the sampling interval ;

d1 is used when ,

d2 is used when ,

where  and d1 < d2.

In FSI chart, the length of the sampling interval

between sampling times is constant for all sampling

occasion i(i = 1, 2,...). But for a VSI control chart, the

sampling times are random variables and the sampling

interval ti+1−ti depends on the past sample informations

of X1, X2,...Xi. In VSI chart, it is necessary to keep track

of both ATS and ANSS. Following the definition of

Reynolds et al., the number of samples to signal (NSS)

is taken from the start of the process to the time when

the chart signals and ANSS is the expected value of the

NSS. Also, they defined that the time to signal (TS) is

taken from the start of the process to the time when the

chart signals and ATS is the expected value of the TS.

One disadvantage of VSI scheme is that frequent

switching between different sampling intervals requires

more cost and effort to administer the process than cor-

responding FSI scheme.

When two sampling interval VSI procedure is used,

let ψi represent the expected number of samples before
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the signal that di(i = 1,2) is used and the sampling inter-

val before the first sample d0 is either d1 or d2, then

ANNSS = 1 + ψ1 + ψ2 (2.4)

and

, (2.5)

where d can be interpreted as the average sampling

interval (ASI).

Because a VSI chart switches between different sam-

pling intervals, properties such as the time required to

signal will be more difficult to evaluate than for the cor-

responding FSI chart. In addition, it will be desirable to

evaluate properties, such as the amount of switching

done by the VSI chart, which are not issue in FSI charts.

Therefore, it is necessary to consider a new quantity

which measures the frequency of switches in VSI con-

trol procedures. Define the average number of switches

(ANSW) to be the expected value of the number of

switches made from the start of the process until the

chart signals. The ANSW can be obtained as follows

(2.6)

And, the probability of switch is given by 

P(switch) = P(d1) · P(d2|d1) + P(d2) · P(d1|d2) (2.7)

where P(di) is the probability of using sampling interval

di, and P(di|dj) is the conditional probability of using

sampling interval di in the current sample given that the

ATS d0 d1ψ1 d2ψ2+ + d ASNN⋅= =

ANSW ANSS d0–( ) P switch( )⋅=

Table 1. Performances of multivariate EWMA chart (p = 5, λ = 0.1)

FSI VSI : (d1,d2) = (0.7,1.3) VSI : (d1,d2) = (0.1,1.9)

ARL ATS ANSW ASI P(sw) ATS ANSW ASI P(sw)

in-control 370.40 370.40 51.81 1.00 0.14 370.40 51.81 1.00 0.14 

τ = 0.50 194.11 187.43 25.83 0.97 0.13 164.26 25.83 0.85 0.13 

τ = 1.00 59.36 55.26 6.17 0.93 0.11 44.44 6.17 0.75 0.11 

τ = 1.50 25.56 24.98 2.75 0.98 0.11 23.34 2.75 0.92 0.11 

τ = 2.00 14.76 15.09 2.21 1.02 0.16 15.92 2.21 1.08 0.16 

τ = 2.50 9.92 10.35 2.05 1.04 0.23 11.71 2.05 1.18 0.23 

τ = 3.00 7.24 7.63 1.99 1.05 0.32 9.01 1.99 1.25 0.32 

τ = 3.50 5.58 5.88 1.94 1.05 0.42 7.19 1.94 1.29 0.43 

τ = 4.00 4.44 4.68 1.88 1.05 0.55 5.90 1.88 1.33 0.55 

τ = 4.50 3.66 3.84 1.79 1.05 0.68 4.97 1.79 1.36 0.68 

τ = 5.00 3.08 3.21 1.67 1.04 0.81 4.27 1.67 1.39 0.81 

Table 2. Performances of multivariate EWMA chart (p = 5, λ = 0.3)

FSI VSI : (d1,d2) = (0.7,1.3) VSI : (d1,d2) = (0.1,1.9)

ARL ATS ANSW ASI P(sw) ATS ANSW ASI P(sw)

in-control 370.40 370.40 92.66 1.00 0.25 370.40 92.66 1.00 0.25 

218.62 213.57 54.19 0.98 0.25 194.85 54.19 0.88 0.25 

70.51 63.04 15.50 0.89 0.22 44.66 15.50 0.63 0.22 

23.58 19.98 4.32 0.85 0.19 11.93 4.32 0.51 0.19 

10.30 8.91 2.28 0.87 0.25 6.31 2.28 0.61 0.24 

5.96 5.31 1.85 0.89 0.37 4.55 1.85 0.76 0.37 

4.04 3.66 1.60 0.91 0.53 3.59 1.60 0.89 0.53 

3.00 2.74 1.34 0.91 0.67 2.96 1.34 0.99 0.67 

2.37 2.16 1.09 0.91 0.80 2.53 1.09 1.06 0.79 

1.95 1.78 0.84 0.91 0.88 2.23 0.84 1.14 0.88 

1.66 1.51 0.62 0.91 0.95 2.05 0.62 1.24 0.95 
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sampling interval  was used in the previous

sample. To quantify the amount of switching, average

switching rate (ASWR) can be defined as 

ASWR = ANSW/ANSS. (2.8)

A low value of the ASWR will usually be desirable

from the administrative point of view, but a value of the

ASWR very close to zero may not be achievable in a

chart that is responsive to changes in the process. 

Since the statistic  has a chi-square distribution

with p degrees of freedom, the percentage point of 

can be obtained from a chi-square distribution. When the

process has shifted to µ from the target µ0,  has a non-

central chi-square distribution with p degrees of freedom

and noncentrality parameter .

The numerical performances of the matched FSI and

two sampling interval VSI Shewhart charts based on

 can be obtained by markov chain or integral equa-

tion approach.

2.2. Multivariate EWMA Chart

The EWMA control chart is a good alternative when

we are interested in detecting small shifts. The perform-

ance of the EWMA control chart is approximately

equivalent to that of the CUSUM chart, and in some

ways, it is easier to implement and interpret than the

CUSUM chart. In univariate control chart for mean of

a variable, Lucas and Saccucci[9] showed that the ARL's

of EWMA are usually smaller than those of CUSUM

up to a value of the shift near the one that the scheme

was designed to detect for a normally distributed proc-

ess. Beyond this shift, the ARL's of EWMA are larger

than those of corresponding CUSUM. 

A multivariate FSI EWMA control chart for the proc-

ess mean vector µ based on LRT statistic (i=1,2,...)

in (2.2) is given by

, (2.9)

where Y0 = ω (ω ≥ 0) and λ (0 < λ ≤ 1) is a smoothing

constant. The statistic  is a function of the current

sample Xi, and Yi is the value of the EWMA after the

observation at the ith sample. This chart signals when-

ever Yi ≥ hE. 

For multivariate two sampling interval VSI EWMA

chart based on , suppose the two sampling interval;

d1 is used when ,

d2 is used when ,

where  and d1 < d2. Since the distribution of con-

trol statistic  is known, the design parameters gE, hE

can be obtained to satisfy a specified ANSS and ATS

by Markov chain approach or integral equation

approach. And when the parameters are on-target or

changed, the performances of the proposed EWMA

charts can be evaluated by the Markov chain approach

or integral equation approach. And P(switch) and

ANSW values of the VSI chart were obtained by sim-

ulation.
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Table 3. Performances of multivariate Shewhart chart (p = 5)

FSI VSI : (d1,d2) = (0.7,1.3) VSI : (d1,d2) = (0.1,1.9)

ARL ATS ANSW ASI P(sw) ATS ANSW ASI P(sw)

in-control 370.39 370.39 183.70 1.00 0.50 370.40 183.70 1.00 0.50 

259.43 254.99 127.80 0.98 0.49 246.12 127.80 0.95 0.49 

114.38 107.17 53.20 0.94 0.47 92.73 53.20 0.81 0.47 

44.42 38.95 17.09 0.88 0.39 28.02 17.09 0.63 0.39 

17.93 14.76 4.60 0.82 0.27 8.41 4.60 0.47 0.27 

8.07 6.40 1.04 0.79 0.15 3.07 1.04 0.38 0.15 

4.16 3.32 0.19 0.80 0.06 1.63 0.19 0.39 0.06 

2.48 2.06 0.03 0.83 0.02 1.22 0.03 0.49 0.02 

1.70 1.50 0.00 0.88 0.00 1.08 0.00 0.64 0.00 

1.32 1.23 0.00 0.93 0.00 1.04 0.00 0.78 0.00 

1.14 1.10 0.00 0.96 0.00 1.01 0.00 0.89 0.00 
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3. Conclusion

The purpose of this paper is to investigate the per-

formances and compare the proposed multivariate

Shewhart and EWMA charts. In order to obtain the pur-

poses, some kinds of standards for comparison are

required both the process is in-control or out-of-control

states. For simplicity in our computation for compari-

son, we assume that , and all diagonal and off-

diagonal components of Σ0 are 1 and 0.3, respectively.

We put the sampling interva d = l in FSI procedures and

(0.7, 1.3) or (0.1, 1.9) in two sampling interval (d1, d2)

in VSI procedure. The numerical results were obtained

when the ANSS and ATS of the in-control state was

approximately equal to 370.4, and n = 5 for p = 2~5. All

numerical vaues of the Figures are obtained with the

sampling intervals d = 1 or (d1, d2) = (0.1, 1.9).

The design parameters hE and gE of the EWMA charts

were calculated by Markov chain method with the

number of transient states r = 100. And the ANSS, ATS,

and ANSW values of the EWMA chart when the proc-

ess has changed were also obtained by Markov chain

method or simulation with 10,000 runs. When r is greater

than 100 for various p, we found that asymptotic values

using Markov chain method tends to be stabilized.

When small shifts in the process have occurred, the

ATS and ANSW values of two sampling interval

EWMA procedure with small smoothing constant is

more efficient than the other proposed procedures. And

when large shifts in the process have occurred, Tables

show that the ATS of two sampling interval Shewhart

procedure is more efficient than the other proposed

EWMA procedures. And we also found that small val-

ues of smoothing constant λ are more effective in

detecting small or moderate changes in multivariate

EWMA chart. 

From the results of Tables and Figures for various p,

two sampling interval charts are efficient for the corre-

sponding FSI charts, and two sampling interval chart

with (d1, d2) = (0.1, 1.9) is more efficient than (d1, d2) =

(0.7, 1.3) chart for small or moderate changes.

We also found that the EWMA procedure exhibits far

fewer switches when compared to the Shewhart proce-

dure. Also, it was established that smaller values of the

parameter λ for EWMA procedure will reduce the

ANSW between two sampling intervals, respectively.

And, We can notice that the optimal selection of the

smoothing constant λ in EWMA procedure mainly

depends on the size of the shifts to be detected quickly. 

µ
0

0′=

Fig. 1. ATS for small shifts (p = 3).

Fig. 2. P(switch) values for p = 3.

Fig. 3. ANSW values for p = 2.
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