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Abstract – In this paper, the three-dimensional magnetic field created by non-periodic 

magnet arrays is calculated analytically. The analytical expression of the magnetic field is 

derived by using a magnetic charge model. The influence of ferromagnetic boundaries is 

formulated with an image method. Finally, we compare the results determined by analytical 

calculations to those from a finite element simulation. 
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1. Introduction 

 

Permanent magnet arrays are widely used in some 

operating actuators such as linear motors and planar motors. 

These devices often consist of a periodic permanent magnet 

array as shown in Fig. 1 (a) (b) in order to obtain a large 

traveling range. A common method to analyze this type of 

permanent magnetic array is to solve the Laplace equation 

under the assumption that the magnetic array is infinite [1]. 

However, this method is not accurate enough for some 

short-stroke precision actuators with non-periodic arrays as 

shown in Fig. 1 (c) (d) due to disregard of the real fringe 

field. In this paper, an analytical method based on the 

concept of magnetic charge and the method of image [2-7] 

is employed for calculating the magnetic field of non-

periodic arrays. 

 

 

2. Analytical Model 

 

2.1 Magnetic Field Due to a Parallel Magnetized PM 

 

According to equivalent magnetic charge method, the 

effect of magnetization for a parallel uniform magnetized 

magnet can be represented by two magnetic charge surfaces 

on the sides of the permanent magnet, which are 

perpendicular to the magnetization direction. Fig. 2 shows 

the equivalent magnetic charge model of the magnet which 

is magnetized in the z direction. The expression of the 

magnetic charge surface density σm is 

N
S

N
S

N
S

N
S

z

y x

       

N

N

N

N

N

N

N

N

N

N

N

N

S

S

S

S

S

S

S

S

S

S

S

S

 
(a)                          (b) 

N
S

z

y x

      

N

N

N
N

N

N

S

S

S

S S

S

 
(c)                         (d) 

Fig. 1. Permanent magnet arrays. (a) periodic linear. (b)  

periodic planar. (c) non-periodic linear. (d) non- 

periodic planar 

 

 
Fig. 2. The equivalent magnetic charge model 

 

0m rM n                    (1) 

 

where Mr is the magnetization of the permanent magnet. 

Differential magnetic charge is expressed as 

 

m mdQ ds                   (2) 
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where ds is the cross section of magnetization direction. 

 

 
Fig. 3. Geometrical illustration of the magnetic field  

calculation 

 

Differential magnetic field intensity is 
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where r is the distance between the origin and an arbitrary 

observation point. 

As shown in Fig. 3, the z axis component of magnetic 

field intensity is 

 

coszdH dH                  (4) 

 

where 
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The magnetic field intensity in the point P(x, y, z) created 

by the positive charge surface 2a×2b can be obtained as 
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Through mathematical derivation, Eq. (6) can be 

expressed as 
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By adding the negative charge surface, the analytical 

expression of the three dimensional magnetic field created 

by a parallel magnetized PM can be obtained as 
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Fig. 4. Concept of image method. (a) Single side and (b) 

 Double sides 

 

2.2 Method of Images 

 

In a linear or planar motor, each magnetic pole is 

sandwiched between the surfaces formed by the iron cores. 

The final air-gap field distribution is determined by both 

permanent magnets and ferromagnetic boundaries. If each 

elemental magnetization at the magnet surface is regarded 

as a magnetic charge, the flux density in the air space can 

be computed by applying the method of images. Fig. 4 

shows the concept of the image method. The effect of 

boundaries on fields may be replaced by a series of images. 

The major assumptions used in deriving the analytical 

model are as follows: 

1) The area and thickness of the ferromagnetic 

boundaries are infinite; 

2) Permeability of the back iron is infinite; 

3) The magnetization curve of the permanent magnet is 



He Zhang, Baoquan Kou, and Liyi Li                                     291 
 

 

 

linear; 

 

4) Relative recoil permeability of the permanent magnet 

μr is equal to 1. 

Making use of coordinate transformation and the 

superposition principle, we can derive the image field. The 

real magnetic field is the sum of the contributions of each 

image charge and the original charge. The analytical 

expression of magnetic field created by a magnet under two 

parallel ferromagnetic boundaries in Fig.4 a) is derived as 
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The field created by a couple of magnets in Fig.4 b) is 

derived as 
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3. Model Verification 

 

In order to verify the accuracy of the analytical 

expression, a comparison between the analytical calculation 

and simulation is carried out. The simulation results of the 

magnetic field are obtained by the FEM software--

Ansoft3D. 
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Fig. 5. Magnet array examples. (a) One-dimension single- 

    sided array and (b) Two-dimension double-sided array 

 

Table 1. Dimensions and material properties of magnet  

arrays 

 

Symbol Value Unit 

l 20 mm 

w 15 mm 

e 20 mm 

hM 5 mm 

h1 5 mm 

h2 10 mm 

Br 1.118 T 
 

Table 2. Coordinate values of auxiliary lines 

 

 lines x y z Unit 

array 1 1 [-40,40] 0 6 mm 

 2 [-40,40] 0 7.5 mm 

 3 [-40,40] 5 7.5 mm 

 4 [-40,40] 10 7.5 mm 

array 2 1 [-40,40] 0 0 mm 

 2 [-40,40] 0 1 mm 

 3 [-40,40] 0 2.5 mm 

 4 [-40,40] 0 4 mm 

 5 [-40,40] 5 2.5 mm 

 6 [-40,40] 10 2.5 mm 
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3.1 Two Magnet Array Examples 

 

Two non-periodic magnet array examples are adopted to 

verify the field equations discussed above. The first single-

sided array consists of 2 alternating-pole magnets. The 

second double-sided array, which is a two-dimensional 

array, consists of 4 square magnets. The uniform 

magnetization is along the z direction, and l, w, e and hM 

are the dimensions of the magnets. The magnet 

arrangement and parameters are shown in Fig. 5. The 

coordinate system of magnet array 1 is located at the centric 

of the back iron surface. The coordinate system of magnet 

array 2 is located in the center of the air-gap. Table I lists 

the geometric values and magnetic properties. 

 

3.2 Comparison with FE Analysis 

 

Fig. 6 and Fig. 7 show the 3D magnetic field distribution 

of the two magnet arrays respectively. The calculated 

magnetic flux densities are obtained by employing Eq. (11) 

and Eq. (12).  

In order to better illustrate the agreement between 

calculating and simulating values, several auxiliary lines 

are set for field comparison. This is shown in table II. Fig. 8 

and Fig. 9 show the comparison curves of magnetic field 

for the auxiliary lines. By contrast, it can be concluded that 

the magnetic field analysis using the magnetic charge 

method and the image method is in good agreement with 

FEM. 

 

   
 

(a)                      (b) 

  
(c)                      (d) 

Fig. 6. 3D magnetic field distribution of magnet array 1. 

      (a) calculation result. (b) FE simulation result. (c) 

       side view of calculation result. (d) side view of FE 

 simulation result. 

 

  
(a)                      (b) 

  
(c)                      (d) 

 

Fig. 7. 3D magnetic field distribution of magnet array 2. (a)  

calculation result. (b) FE simulation result. (c) side  

view of calculation result. (d) side view of FE 

simulation result. 

 

 
(a)                      (b) 

 
(c)                      (d) 

Fig. 8. Comparison of analytical calculation and FE sim 

ulation of the magnetic field created by 

magnet array 1. (a) y=0mm, z=6mm. (b) y=0mm, 

z=7.5mm. (c) y=5mm, z=7.5mm. (d) y=10mm, z

=7.5mm. 
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(a)                      (b) 

 
(c)                      (d) 

 
 

(e)                      (f) 

Fig. 9. Comparison of analytical calculation and FE sim 

ulation of the magnetic  field  created by 

magnet array 2. (a) y=0mm, z=0mm. (b) y=0mm,

z=1mm. (c) y=0mm, z=2.5mm. (d) y=0mm, z=4

mm. (e) y=5mm, z=2.5mm. (f) y=10mm, z=2.5m

m. 

 

4. Conclusion 

 

In this paper, an analytical method for computing the 3D 

magnetic field of non-periodic permanent magnet arrays 

has been presented. By using the method of images and the 

concept of magnetic charges, the air-gap field can be 

obtained to a good degree of accuracy. Agreement between 

calculation and simulation results is satisfactory, thus 

verifying the validity of the proposed analytical method. 

The analytical method is also computationally efficient and 

time saving compared with 3D finite element methods. 
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