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AN EXTENDED SPACE D (S) ASSOCIATED WITH H.(S)
MEEHYEA YANG

ABSTRACT. Let S be a upper triangular operator such that Mé Uy —
Uz defined by MSL(F) = SF is a contraction. Then there exists an unitary

linear system whose state space is the extension space Dr,(S) associated
with Hp,(S).

1. Introduction

In this paper, we construct the state space of a non-stationary unitary system
using the method developed by de Branges [4, 6]. Let H and C be Hilbert
spaces. A linear system

A B
<C D>.H€BC—>H€BC

is a matrix of a continuous linear transformation where #H is called a state
space and C is called a coefficient space of a linear system. We define that the
transfer function S(z) of a given linear system is of the form

S(z) =D+ 2C(I — zA)"'B.

The Hardy space is an example of the state space of an unitary linear system
whose transfer function is identically zero.

In the non-stationary case, we consider the Hardy space as the space of
upper triangular Hilbert Schmidt operator, the complex variable as the bilateral
backward shift operator and the constants as diagonal operators. Let l(C) be
a Hilbert space such that

L) ={f= (/)= w:ficCand Y |Ifill2 < oo}
with the inner product

(£, Puey = D Ifille:

n=—oo
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Denote X by the set of bounded linear operators from k(C) into itself. Let Z
be the bilateral backward shift operator

(Zf)i = fix1, i=...,—1,0,1,...,

where f = (..., f_1, fo, f1,...) € (C). Then the operator Z is unitary. An ele-
ment A € X can be written by an operator matrix (A4;;) with A;; = 7*Z'AZ*Ir
where the injection 7 of C into & (C) is defined by 7 (c¢) = (f;)>°, in which fo = ¢
and f; = 0 for i # 0. Denote by U, £ and D the spaces of upper triangular,
lower triangular and diagonal operators respectively:

U={UeX:U;=0,i>j}, L={LeX:L;=0,i<j}, D=UN L.

For any F' € U, define a unique sequence of operators Fj,; € D, where
(F[n])“‘ = Lj—n,i such that F = ZZO:O Z"F[n]. For A € X, define

AY) = 79477 for j=...,—1,0,1,...,
and

AT = 1 A = A(APYD) = Az Z7 forn=0,1,....
If 7o, (W Z*) is the spectral radius of WZ*,

by = B [WOU = D (WO = g, (WZ) = 1y (2°W0)

holds for W € X (See [2]). If W € D, the condition lyy < 1 guarantees that
the operator left transform for U

oo
FAW) =Y WE,,
n=0
and the operator right transform for U
(oo}
FAW) =Y Z"Fy(Z*W)"
n=0
are convergent. We set
Q:{WED : lw<].}
Let G € L. Then G =Y G Z*". For W € Q, define

GY(W)=> Gz (ZW)"

n=0

to be the right transform for £ and by
GY(W) =3 (WZ)"GuZ™

n=0

the left transform for £. Then we have

FNW*)* = F*Y(W) and FA(W*)* = F*V(W).
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In [1], Alpay shows that for F € U, D € D and W € Q, the operator
(Z — W)~Y(F — D) belongs to U if and only if D = F(W) and the oper-
ator (F — D)(Z — W)~! belongs to U if and only if D = F~(W). Therefore
the operators F\(W) and F'“ (W) are considered as the point evaluation of an
analytic function in the open unit disk.

An operator A = (A;;) € X is called to be a Hilbert-Schmidt operator if
all the entries A;; are Hilbert-Schmidt operators on C and ;" =0 TrA? A” is
finite where Tr stands for the operator trace. The set of all Hllbert Schmldt
operators denoted by X5 is a Hilbert space with the inner product

(F, Gyus =Y TrG};Fi; = TiG'F.
ij
Let
Uy =UNXy, Ly=LNAy, Dy=UpN Ly

Then these spaces are reproducing kernel spaces in the sense of the following
statements.

Let H be a closed subspace of Us. The space H is called to be a reproducing
kernel Hilbert space if for W € (), there exists an operator Ky in U such that

1. KwFE e H,

2. (F, KwE)gs = TtD*FN(W) for any E € Dy, any W € Q.
In this case the operator Ky is called the reproducing function for the space
H.

Define pyy = 1 — ZW* for W € Q. Then p;;} € Uy and

(F,py EYgs = TeE*FN(W)

for any F € Dy. Hence p;Vl is a reproducing kernel for Us. Moreover, the set
of all such p;‘,lE is dense in Us.

2. The space Hr(S)

In this section, we review the state space of a coisometric linear system
which is constructed by Alpay and Peretz [3]. The following complementation
theorem given by de Branges [5] is the main tool for the construction of the
state space.

Theorem 2.1. Let P be a contractive self-adjoint transformation of a Hilbert
space H into itself. Then there are unique Hilbert spaces P and Q which are
contained contractively and continuously in H such that P is the adjoint of
the inclusion of P in H and 1 — P is the adjoint of the inclusion of Q in H.
Moreover, the inequality

(¢,c)y < {a,a)p + (b,b)o

holds whenever ¢ = a + b with a € P and b € Q and every element ¢ € H
admits some such decomposition for which equality holds.
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The space Q is called the complementary space of P in H.

Throughout this paper, assume that S is an upper triangular operator such
that M§ : Uy —> U defined by M§ (F) = SF is a contraction.

Let

ko (F) = sup {|[F + SGI, — IGIZ, }
GeUs

and let H(S) be the set of all F' € Us where kr(F) is finite. Then by Theorem
2.1, Hr(9) is a Hilbert space with the inner product ||F||3_1L(S) = ki (F).
For W € Q and E € Dy, we have

ME (0 E) = 8" (W) pigl E.
So the reproducing kernel function K% (-, W) of the space H,(S) is given by
K§(, W) = (I - SS"(W)")py

For F € H1(S) and E € Ds, the operators (F — Fjg))Z~* and (S — Sjo)) EZ ™"
belongs to H(S) and

I(F = Flo)Z H lanis) < 1F s cs)-
Therefore, there is a conjugate isometric linear system whose state space is

H.(S).

Theorem 2.2. A linear system

2.1) < éﬁ gi > : ( H%(QS) > . < H;)(f) )
defined by
AL(F) = (F - Fg)Z ™,
BL(E) = (S = Sig)EZ™,
CL(F) = Fl,
and Dp(E) = SioE,

18 unitary.

We have same argument for S*. Since MZ%. : Lo — Lo defined by ML (H)
= S*H is also contractive, the Hilbert space Hr(S*) exists which is the state
space of a conjugate isometric linear system

(& 2)-(50)- (%)

where
AL(H) = (H - Hy)Z,
Bu(E) = (5" — Sy EZ,
C1(H) = H),
)
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The associated reproducing kernel function for Hp(S*) is
KE(W) = [1 = $*S¥ (W) o5

The following theorem will be used to construct the state space of a unitary
linear system (see [3, Lemmas 6.1 and 6.2]).

Theorem 2.3. If £ € Dy and W € (), then the operator
(S—S2(W)(Z-W)'E
belongs to Hy(S) and the operator
(5= 8™ W) (2 — W) B
belongs to Hy(S*).

Similar argument can be made when the operator M g : Uy — Uy defined
by M g(F) = F'S is contractive. In this case, the reproducing kernel function
KE(-,W) of the state space Hg(S) of a conjugate isometric linear system is

KE( W) = pip (1= S2(W)*S).

3. The extension space Dr(S) associated with #(S)
From Theorem 2.3, the operator
KE(W)E + (S = SA(W)(Z - w)~'a!
belongs to H(S) and the operator
(8* = S™VW) (2" —WHLEW £ KE (WG

belongs to H(S*) for E € Dy and W € Q. In [3], Alpay and Peretz have
shown that there is a Hilbert space Dy, (S) which is the state space of a unitary
linear system and whose reproducing kernel function is DL (-, W) where the
operator DL (-, W) : Dy & Dy — H(S) ® H(S*) is defined by

ey o ( ¢ )

_ KE(LW)E 4 (S — S4(W))(Z2 - W)~ gD
- ( (8% = SV(W)) (2" = W) BD + K& (WG )
The space Dr,(S) is contained continuously in Hp,(S) @ Hp(S*).
Now let us construct the extension space D 1(S) associated with Hp,(S) using
the method introduced by de Branges [4].
Let F € Hp(S) and A5 (F) = P. Since the linear system (2.1) is a unitary,
the identities
ALAL(F)+ BB (F)=F
and
CLAL(F)+ DB (F)=0
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hold. Then we have
F=(P—Po)Z ' +(S—5Sq)B(F)Z™"

and
Py + SioBL(F) = 0.
Hence
A} (F)=FZ — SBj(F).
Set
Fo=F, F,=A}(Fo1), Hoo1=Bp(Fp1), n>1
Then

Fo=F, \Z—-SH, ,=FZ"—S(HyZ" ' +---+ H,_,)
belongs to Hz(S) and
1FaliFe, sy = (AL o1, AL Fa-1)3,,(9)
=((I = BLBL)Fn-1,Fn-1)n,(5)
= 1Pl ) = 1 Hn-1llD,-

Therefore, we have

n—1
(3.2) 1FnllBe, sy = 1F W52, ) — D I1H:l1 3,
=0

Let the extension space Dy, (S) associated with 71, (S) be the set of pairs (F, H)
where F(z) € Hr(S) and H(z) = " H,Z*" such that

FZ"™ — S(HoZ" '+ -+ H,—1) € H1(5)

and the sequence

n—1

|FZ" — S(HoZ" ' + -+ + Ho) 3, ) + D 1 Hill,
1=0

is finite for every nonnegative integer n. Then D 1(S) becomes a Hilbert space
with the inner product

3:3)  NE Hllp, s

n—1
= lim <||FZ” — S(HoZ" ' 4+ Hy )55 + D IIHiII%2> :

n—oo
i=0
From (3.2) and (3.3), we have
(3.4) 1) p, 5y = 1 Fllpes)-

Now, we can construct a unitary linear system.
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Theorem 3.1. The extension space D,(S) associated with 1 (S) is the state
space of a unitary linear system which is defined by

(3.5) ( o ) : ( ﬁ%(QS) ) . ( b%(f) >

where
aL((F,H)) = ((F - F[O])Zfl,HZ ' — S*F),
BL(E) = ((5 S)EZ~, (I - 8" S E),

L((F, H)) =
and §L( )—S[O]E

Proof. Let E € Dy and (F, H) € Dr(S). Construct linear system using (2.1)
and (3.4). First show that
((I = SSfy)E, (5" — Siy)EZ) € DL(S).
Since
B*((I - 88jy))E) = B*(K§(-,0))
=Z*((S = Sp)Z HN0)*EZ
=Z"(ZSnZ")'EZ
= S} 2" EZ,
the operator
(I —=SS)EZ — SSHWZ'EZ = (I — SSg)EZ — S5 Z"EZ
belongs to Hp(S). From S =Y ( Z"S},),

(SF,EZ"\y, = TrZ**E* Z Z"Si F
n=0
k
=Y TxZ*E*Z"S;, F
n=0
k
=(F,Y_ S{ Z"EZ" ),
n=0
Hence

k
(3.6) (I-SY St Z™EZ" € Hi(S).
n=0
It implies that R
((I - SS["O])E, (S* — S[*O])EZ) € DL(9).
Hence if we define

BL(E) = ((S—S)EZ~", (I - 5 Sy)E),
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then we have 87 ((F,H)) = Hjy. Now define v, ((F,H)) = Fy. Let P =

S — S )EZ Y and Q = (I — S*Sjp)E. If we write Q = >0 Q,Z*", then
(0] 0] n=0

Qo = (I — S[*O]S[o])E and @ = Sy, 2" Sjg EZ™ for each positive integer n.

Then

k
szJrl - S Z ankfn
n=0
k
(S — Sio))EZ* — S(I - SjyS)EZ* - 8> S5, 2" S EZ" 24"

n=1

k
—(I=8) 82" S EZ*
n=0

belongs to H(S) by (3.6). Therefore
((S = Sp)EZ™*,(I - S*S))E) € D1.(S).

Hence
VL(E) = ((I = SS[)E, (8" = Si)EZ).
Now we claim that
((F — Fio)Z~Y,HZ™' — §*F)) € DL(S).
Let P = (F — Fg)Z " and Q = HZ™' — S*Flg). The identities
PZ —5Q = F — (I —554)Fjg

and

(@ —Qu))Z =H— (5" — S FoZ
imply that (PZ —SQq, [Q — Q(q))Z) € Dr(S). Hence (P,Q) € Dy(S) so define

arp((F,H)) = ((F = Fig)Z ', HZ~! — 5" F)).

Then by the construction of the space Dy, (S),

(FZ — SHy), (H — H))Z) € D(S)

so we have
ap((F,H)) = (FZ — SHyy, (H = Hi)) Z).
Hence the linear system

(5 ) (8- ()

defined by
arL(F,H)) = ((F - Fo))Z ", HZ™" — 5" F)),
BL(E) = ((S = Sig)EZ~", (I — 5*S)))E),
YL((F,H)) = Flg;, and
)
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is unitary. (I

The following theorem shows that the reproducing kernel function (3.1) of
the space D (S) is an element of the extension space Dy, (S) associated with

H(S).
Theorem 3.2. If E,G € Dy and W € (), then

(K§(,W)E, (5" = 8™ (W))(z* = Ww*)'EW)
and

(S =s2W))(Z -W)T'GEY, K& (W)@
belong to Dr(S).
Proof. Since the identity

(oo}
(SF,py' EZ¥)y, = > (SF,(ZW*)"EZ")y,
n=0
=Y TZ*E*(WZ*)"SF
n=0
=3 TZrE (W22 Sy F
n=0 =0
oo n+k .
=> Y TZ*E WZ )" Z' Sy F
n=0 1=0
oo n+k )
=(FY (O Sz ) (@w )" EZ* ),
n=0 ¢=0
holds for F € Uy and E € D>,
oo n+k ‘
AT DI VAL VAUM VA
n=0 :=0

belongs to Hr(S). From
KE(W)E = (I = SS°W)")pil B

=pwE—-S8> (> S42")(ZW*)"E,

n=0 =0
we have
oo n+k .
pw EZF =S (> Siyz ) (Zzwe ) EZ*
n=0 =0

= K§(,W)EZF =S (Y St g2t (Zzwe)"EZ*
n=0

=0 i=1
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k o]
= K§(,W)EZF =8> (D Sh g2t (2w EZ 2.
i=1 n=0

Since

[M]8

(S* = SVW)(Z* = W) LED =N S8 21 — (ZW)"]py EZ

3
Il
o

n—1
* *n *\k
St Z ™ (ZW*)EZ
k=0

I
8ﬁM8

1
= Zs[n 2 ZWMEZ 2
n=0

=1

(KE(,W)E, (8% — 8*V(W))(Z2* — W*)"*EM) belongs to € DL(S).
Now find H = Y | Hp,) Z*" so that

(8 — S4(W))(Z = W)~ ZEZ*, H) € D(5).
We can express (S — S2(W))(Z — W) EM as a power series

n—1

(S —SAWNH(Z—-W)tEW = Zz S Y _(Z*W)*EZ*
k=0

= (ZS[l] JrZ 5[2] )EZ*

+ (28 + Z°Sig + -+ ) Z*WEZ*

+ (235[3] + Z4S[4] + e )(Z*W)QEZ*
Hence if we set
(3.7) Sn = (S = SN (Z*W)"EZ"" = BL(Z*W)"EZ"),
then
(3.8) (S—SAW)(Z-W)'EW =" A}S,

n=0

Hence we have

Hy =) BpAjtA
Now show that
H=KEL (., WHE.
Since (‘éf gi) is unitary, for k,n > 1, we have

B} AjF A} (Sn) = B A T ALTYS, — B AT OLCL AT (S0)
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J
=By AP IAYI(S,) = > Br AT CICLAY T (S,)
=1
and
Bi A} (Sn) = Dy CLAT 1 (Sy) = Siqy 2" Sn(Z*W)"E.
From
((S — S[o])EZ*I, (I — S*S[O])E) € DL(S),

—Si 2 S (Z W) EZ TR if k> 1

[ - S%,S0)(Z*W)"EZ" i k= 0.

B} AjFS, = {
0]

Hence we have

Hi) = E = SiySoE =Y Siy 2" Sn(Z*W)"E = (1 — Siyy S®(W))E.

n=1
From .
((I - SS[*O])E, (S* — S[B])EZ) € DL(5)
and
CLA}(Sy) = 27T Sy ) (Z*W)nEZ" 171,
we have

B; A7'C;CLAY(Sn) = iy Z2° D Sy (Z*W)"EZ" T,
So for nonnegative integers k and n,
B AT AL(Sh)

becomes

n—1

~ S Z* S (Z W) EZY =y S 2 S (22 W) B ZE

=0
if k> n,
k—1
(1= Sty S (Z W) EZY =" Sf_ 3 S (2" W) EZF
=0
if k=n and
k—1
~Siy 2" S (ZW) EZE = S 2 Sy (2 W) B ZE
=0

for k£ < n. Hence we get

Hyy =Y Bj A" AL(S,)

n=0

k
=(Z*W)kzb =" SHZISA (W) (2 W) EZ
=0

491
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for £ > 1 which implies that
H=[I-S8S*(W)](I—-2ZW)'E=KL(,W)E.

Hence

(5 = S2WN(Z - W)~ GV, KG. (. W)G) € D(5). 0

We can also define the extension space Dy, (5*) associated with #,(S*). The

extension space Dy, (S*) associated with H,(S*) is the set of pairs (H, F)) where
H(z) € Hp(S*) and F(z) =Y.~ , Z"F, for which

HZ*n o S(FOZ*nfl R Fn—l) c HL(S*),

where F,,_; = BEA}”AH and

n—1

[ Hnll3, 50) + D I1E3,
=0

is finite for every nonnegative integer n. The extension space Dy, (S*) associated
with 1 (5*) is a Hilbert space with inner product

I(H, F)llp, (s

n—1
= dim (|HZ - SBZ 4t B s + Y IBR,
=0

Corollary 3.3. The extension space Dr(S*) associated with Hp(S*) exists
and the transformation of Dr(S) into Dr(S*) which maps (F, H) into (H, F)
s an isometry.

Proof. Let (F,H) be an element of Dy (S) and G € D,. From (3.7) and (3.8),
we have

(F, (S =SS (W)(Z = W) G V), s) = D_(BLAL'F, (Z°W)"GZ"),

n=0

(1S (W)

n=0
= <H> pg/zlG>ﬁ2
= <H7 Ké'/*(a W*)G>HL(S*)
Hence we have

”(FvH)HﬁL(S) = ||(H’F)‘|l:)L(S*)- O
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