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ON THE STABILITY OF THE MIXED TYPE FUNCTIONAL
EQUATION IN RANDOM NORMED SPACES
VIA FIXED POINT METHOD

SUN SOOK JIN? AND YANG-HI LEEP*

ABSTRACT. In this paper, we prove the stability in random normed spaces via fixed
point method for the functional equation

featy+2)—fl@+y) - fly+z) - fl@+2)+ @)+ fly) + f(z) =0.
by using a fixed point theorem in the sense of L. Cadariu and V. Radu.

1. INTRODUCTION

In 1940, S. M. Ulam [20] raised a question concerning the stability of homomor-
phisms: Given a group (1, a metric group Gy with the metric d(-,-), and a positive
number €, does there exist a § > 0 such that if a mapping f : G; — (G satisfies the
inequality

d(f(xy), f(x)f(y)) <6

for all x,y € G1 then there exists a homomorphism F' : G; — G2 with
d(f(z), F'(z)) <e

for all x € G17 As mentioned above, when this problem has a solution, we say that
the homomorphisms from G to Gg are stable. In 1941, D. H. Hyers [5] gave a partial
solution of Ulam’s problem for the case of approximate additive mappings under the
assumption that G; and G2 are Banach spaces. Hyers’ result was generalized by
T. Aoki [1] for additive mappings and Th. M. Rassias [16] for linear mappings by
considering the stability problem with unbounded Cauchy differences. The paper
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of Th. M. Rassias has provided a lot of influence in the development of stability
problems. The terminology Hyers-Ulam-Rassias stability originated from these his-
torical background. During the last decades, the stability problems of functional
equations have been extensively investigated by a number of mathematicians, see
2)-14], [8}-[12].

Recall, almost all subsequent proofs in this very active area have used Hyers’
method, called a direct method. Namely, the function F', which is the solution of
a functional equation, is explicitly constructed, starting from the given function f,
by the formulae F(z) = limy, oo 55 f(2"2) or F(z) = limp, oo 2" f(5%). In 2003, V.
Radu [15] observed that the existence of the solution F' of a functional equation and
the estimation of the difference with the given function f can be obtained from the
fixed point alternative. In 2008, D. Mihet and V. Radu [14] applied this method to

prove the stability theorems of the Cauchy functional equation:

(1.1) flx+y)— f(z) - fly) =0

in random normed spaces. We call solutions of (1.1) additive mappings.
In 2002, S.-M. Jung [7] established the general solution and investigated the

stability of the mized type functional equation:

(1.2)  fla+y+z2)—fla+y) —fly+2) - fle+2)+fl2)+fly) +f(z)=0

by using the direct method. Now we consider the functional equation:

(1.3) flx+y+z2)—flx+y)— fly+2)— flz+2)+ f(@)+ f(y)+ f(z) = f(0) =0

which is called the general quadratic functional equation. In this paper, using the
fixed point method, we will prove the stability for the functional equation (1.2) and
the general quadratic functional equation in random normed spaces. It is easy to
see that the mappings f(z) = az? + bz and f(z) = ax?® + bz + ¢ are solutions of the
functional equation (1.2) and (1.3), respectively. Every solution of the mixed type
functional equation (1.2) and the general quadratic functional equation (1.3) are said

to be a quadratic-additive mapping and a general quadratic mapping, respectively.
2. PRELIMINARIES

In this section, we state the usual terminology, notations and conventions of the
theory of random normed spaces, as in [18,19]. Firstly, the space of all probability

distribution functions is denoted by
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A" :={F :RU{~-00,00} — [0,1]|F is left-continuous and nondecreasing
on R, where F(0) =0 and F(+o00) = 1}.

And let the subset DT C AT be the set Dt := {F € A*|l” F(+00) = 1}, where
I7 f(x) denotes the left limit of the function f at the point z. The space AT is
partially ordered by the usual pointwise ordering of functions, that is, F' < G if and
only if F(t) < G(t) for all t € R. The maximal element for A™ in this order is the
distribution function 9 : RU {0} — [0, 00) given by

0 if t<0,
80(’5){1 if ¢>0.

Definition 2.1 ([18]). A mapping 7 : [0,1] x [0,1] — [0,1] is called a continuous
triangular norm (briefly, a continuous t-norm) if T satisfies the following conditions:

(a) T is commutative and associative;

(b) 7 is continuous;

(c) 7(a,1) = a for all a € [0, 1];

(d) 7(a,b) < 7(c,d) whenever a < ¢ and b < d for all a,b,c,d € [0,1].

Typical examples of continuous ¢-norms are 7p(a,b) = ab, 7ar(a,b) = min(a,b)

and 77, (a,b) = max(a +b—1,0).
Definition 2.2. A random normed space (briefly, RN-space) is a triple (X, A,7),

where X is a vector space, T is a continuous ¢t-norm, and A is a mapping from X
into DT such that the following conditions hold:

(RN1) Az(t) =eo(t) for all ¢ > 0 if and only if z = 0,
(RN2) Anz(t) = Ax(t/|a) for all x in X, o # 0 and all ¢t > 0,
(RN3) Apyy(t+s) > 7(Az(t), Ay(s)) for all z,y € X and all ¢,s > 0.

If (X,| -] is a normed space, we can define a mapping A : X — D% by
t
A (t)

t+ 2
for all z € X and ¢ > 0. Then (X, A, 757) is a random normed space, which is called

the induced random normed space.
Definition 2.3. Let (X, A, 7) be an RN-space.

(i) A sequence {z,} in X is said to be convergent to a point = € X if, for every
t > 0 and ¢ > 0, there exists a positive integer N such that A, _,(t) > 1—¢

whenever n > N.
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(ii) A sequence {xy} in X is called a Cauchy sequence if, for every ¢t > 0 and
e > 0, there exists a positive integer N such that A, _,, (t) > 1—¢ whenever
n>m2>N.
(ili) An RN-space (X, A,7) is said to be complete if and only if every Cauchy
sequence in X is convergent to a point in X.
Theorem 2.4 ([18]). If (X, A,7) is an RN-space and {xy} is a sequence such that
Ty — x, then lim, o Ay, (1) = Ax(t).

3. MAIN RESULTS

We recall the fundamental result in the fixed point theory.

Theorem 3.1 ([13, 17]). Suppose that a complete generalized metric space (X,d),
which means that the metric d may assume infinite values, and a strictly contractive
mapping J : X — X with the Lipschitz constant 0 < L < 1 are given. Then, for

each given element x € X, either
d(J"z, J" ) = +o0, ¥n € NU {0},

or there exists a nonnegative integer k such that:
(1) d(J"z, J" ) < 00 for all n > k;
(2) the sequence {J"x} is convergent to a fixed point y* of J;
(3) y* is the unique fized point of J in'Y := {y € X,d(J*z,y) < +o0};
(4) d(y,y*) < (1/(1 = L))d(y, Jy) for ally €Y.
Let X and Y be vector spaces. We use the following abbreviations for a given

mapping f: X — Y by

Df(x,y,2):=fle+y+2)—flx+y) — fly+2)— flz+2)+ flz)+ fly) + f(2)

D' f(z,y,2) = fx+y+2) — fx+y) = fly+2) = fla+2)+ flz) + fly) + f(2)
— f(0)

for all z,y,z € X.

Lemma 3.2 ([6]). If f : X — Y is a mapping such that Df(x,y,z) = 0 for all
z,y,z € X\{0}, then f is a quadratic-additive mapping.

Now we will establish the stability for the functional equations (1.2) in random

normed spaces via fixed point method.
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Theorem 3.3. Let X be a linear space, (Z,N', 1) be an RN-space, (Y, A, pr) be
a complete RN-space and f : X — Y be a mapping with f(0) = 0 for which there is
¢ : (X\{0})® — Z such that

(3.1) Apf(ayx(t) = A:O(r,w) ()
forall z,y,z € X\{0} andt > 0. If for all x,y,z € X\{0} and t > 0 ¢ satisfies one
of the following conditions: (i) A:w(x (1) < A:o(Qa; ay.22)(t) for some 0 < a <2,

(ii) A:0(2x,2y,2z) (t) < A’cw(x’%z) (t) for some 4 < «
then there exists a unique quadratic-additive mapping F' : X —'Y such that

Mz, (2 —a)t if © satisfies (i),
(3:2) Af(x)_F(x) () = {MEJJ, Ea — 4;25; Z;:Z satiszes Eu))

for allx € X and t > 0, where

M (z,t) = Tar{ Al 0,0y (8, Al a2y (D)}
Moreover if a < 1 and Afp(xy 2) is continuous in z,y,z under the condition (i), then
f is a quadratic-additive mapping.

Proof. We will prove the theorem in two cases, ¢ satisfies the condition (i) or (ii).
Case 1. Assume that ¢ satisfies the condition (i). Let S be the set of all functions
g: X — Y with g(0) = 0 and introduce a generalized metric on S by

d(g, h) = inf {u € RT|Ay(m)_p() (ut) > M(z,t) for all z € X\{0}}.

Consider the mapping J : S — S defined by

f@2x) = f(=22) | [Q22) + f(=22)
4 8

Jf(x):=
then we have
1 _ —_n n
T () = 5 (47" (f(2") + f(=2"2)) + 27" (f(2"2) — f(=2"2)))
for all z € X. Let f,g € S and let u € [0,00] be an arbitrary constant with

d(g, f) < u. From the definition of d, (RN2), and (RN3), for the given 0 < a < 2

we have

au au
AJg@)-if(x) <7t> = A3<g<2z>8—f(2z)),g(—zz)gﬂ—zz) (7t)

Saut out
> Tm {A3<g<2x>—f<2x)) <8 ) A g(—20)— f(—20) (8 )}
8 8

> 71 { A g(2m)— (20) (Qut), Ng(_oz)— p(—20) (ut) }
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=™ {A:O(Qx,Qw,—Qx) (Oét), AZO(—QL—QLZJJ) (Oét)}
> M(z,t)

for all z € X\{0}, which implies that
a

That is, J is a strictly contractive self-mapping of S with the Lipschitz constant
0 < § < 1. Moreover, by (3.1), we see that

t t
A by :A T,T,—T (—z,—z,z =
F@)—Jf(x) <2> 3Df(ar.ma) DS () <2>

3t t
> A T, x,—T —_ 7A —x,—x,T =
o (M) v (1))

> T™M {ADf(x,:c,—oc) (t)> ADf(—:c,—xJ:) (t)}
> ™ {Afp(:p,x,fx) (t)v A:@(,x,,x@) <t)}
for all z € X\{0}. It means that d(f, Jf) < 1 < oo by the definition of d. Therefore

according to Theorem 3.1, the sequence {J"f} converges to the unique fixed point
F:X —Y of Jin the set T'= {g € S|d(f,g) < oo}, which is represented by

f@2r) + f(=2"z)  [f(2"x) - f(=2")
< 2 .4n + 2n+1 >

F(z):= lim

n—oo

for all z € V. Since
1

-3

A, F) < gl f, T < 5

the inequality (3.2) holds. Next we will show that F' is a quadratic-additive mapping.
Let z,y,z € X. Then by (RN3) we have

¢ ¢
ADF(ay,)(t) = TM{A(F—Jnf)(:c+y+z) (14> A F—gn (@) (14> )

t t t
(3.3) A(F_Jnf)(y) <14> 7A(F—Jnf)(2) (14> aA(F—J"f)(:H-y) <14> )

t t t
A p—irf)(a+2) <14) A E—gn p)(y+2) (14) ADimfy.e) <2) }

for all z,y,z € X\{0} and n € N. The first seven terms on the right hand side of

the above ineuality tend to 1 as n — oo by the definition of F'. Now consider that

t t t
Apnfay,) <2> > TM{ADf(W;iZy,Wz) <8> ,ADH,QnEﬁny,,an) (8) )
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t t
ADf(2nz,2”y,2"z) - y ADf<727L‘T‘,2ny’,2nz) —
2.2 8 2.21 8

4™ 4™t
> T Appana,any,2nz) e s ADf(—ong,—any —on2) =)

ont on
ADf(Q”a:,Q"y,Q”Z) <4> aADf(—Q"a:,—Q”y,—Q"z) <4> }
At At
!/ /
2 TM{%(:v,y,z) (w) ) (w) )

) A ont
Apay.2) <W> e —— <W> }

which tends to 1 as n — oo by (RN3) and % > 1 for all z,y,z € X\{0}. Therefore
it follows from (3.3) that

ADF(m,y,z) (t) =1
for each z,y,z € X\{0} and ¢ > 0. By (RN1) and Lemma 3.2, this means that

DF(z,y,z) = 0 for all z,y,z € X. Assume that o < 1 and Afp( is continuous

,,2)
inx,y,z. If m, a1,b1,as,bo,as, bs are any fixed integers with ay, as, as # 0, then we

have

. /
nh—{EoAW((Qnal +b1)z,(2"az+b2)y,(2"as+b3)2) (t)

> lim A !
- nl—{go <p((a1+%>x,(a2+§%)y,<ag+§%>z) (an)
n—00 :p((al—&-%)r,(az—o—g—%)y,(ag—k;—%)z) (mt)

p(ar1z,a2y,a32) (mt)

for all z,y,z € X\{0} and ¢ > 0. Since m is arbitrary, we have

nh—>120 AZP((Q”M+bl)%(2"a2+b2)y7(2"a3+b3)2) (t) 2 lim A:@(alx,a2y7a3z) (mt) =1

for all z,y,z € X\{0} and ¢ > 0. From these, we get the inequality
Ap(e)—p(a)(6t) > Jim TM{NDF—DF) (2 +1)2,27z,—27a) (1),
Aor—py(@ns1)e) (20), Ay (2nt141)a) ()
Ap—p)ena) () Ap—py(—2na) (t) }

> lim TM{A:,&((2”+1)$,2"172"3$) (t),

n—oo
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M(2"+ )z, (2—a)t), M (2" + Dz, (2 — a)t),
M(2"z, (2 — a)t), M (-2"z, (2 — a)t) } =1

for all x € X\{0}. From the above inequality and the fact f(0) = 0 = F(0), we
obtain f = F. This completes the proof of this theorem.

Case 2. We take a > 4 and let ¢ satisfy the condition (ii). Let the set (S,d) be
as in the proof of Case 1. Now we consider the mapping J : S — S defined by

s90)=9(5) -9 (-5) +2(s(5) +9(-3))

for all g € S and x € V. Notice that

=2 (o(5) -0 (-5)) 5 (0 () 0 (-5)

for all z € X. Let f,g € S and let u € [0,00] be an arbitrary constant with
d(g, f) < u. From the definition of d, (RN2), and (RN3), we have

4y 4du
Asg(a)—15(@) (af) = M3g(5)- 1) +a(-5)-1(-5) <t>

for all z € X\{0}, which implies that

A(T1, 79) < d(f.9)

That is, J is a strictly contractive self-mapping of S with the Lipschitz constant
0< % < 1. Moreover, by (3.1), we see that

t t
Af@)-a5(@) <a> =Apsz.z-9) <a>

for all z € X\{0}. It means that d(f, Jf) < 1 < oo by the definition of d. Therefore

according to Theorem 3.1, the sequence {J" f} converges to the unique fixed point
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F:X —Y of Jin the set T = {g € S|d(f,g) < oo}, which is represented by

P tim (27 (1 (5) =1 (-5)) + 5 (1 () +7 (-5))

for all z € X. Since ) )

the inequality (3.2) holds. Next we will show that F' is quadratic-additive. Let
x,y,z € X. Then by (RN3) we have the inequality (3.3) for all z,y,z € X\{0} and
n € N. The first seven terms on the right hand side of the inequality (3.3) tend to

1 as n — oo by the definition of F'. Now consider that

t ¢ ;
t t
Ao 101 e ) (8) Aonips(ze 5.5 <8> }
/ at / a™t
2 TM{ASD(%%Z) <4n+ ) A ( :E,—y,—z) <4n‘|‘1> 9

, at , at
A@(Ivy»z) (2n+2) ’A‘P(fzvfyzfz) (2n+2> }

which tends to 1 as n — oo by (RN3) for all z,y,z € X\{0}. Therefore it follows
from (3.3) that

ADF(:c,y,z) (t) =1
for each z,y,z € X\{0} and t > 0. By (RN1) and Lemma 3.1, this means that
DF(z,y,z) =0 for all z,y,z € X. It completes the proof of Theorem 3.3. O

Now we will establish the stability for the functional equations (1.3) in random

normed spaces.
Theorem 3.4. Let X, (Z, N, myn), (Y,A,7ar), p and M(x,t) be as in Theorem 3.3.
If f: X =Y is a mapping such that
(3'4) AD’f(:r,y,z)( ) > A/ o(z,y, z)( )
for all z,y,z € X\{0} and t > 0, then there exists a unique general quadratic
mapping F: X —'Y satisfying F(0) = f(0) and (3.2) for all z € X\{0} and t > 0.
Proof. Let f = f — f(0). Then by (3.4) we have

ADf(:p,y,z)(t) = AD’f(%va)( ) = A o(z,y,2 )( )

for all z,y,z € X\{0} and t > 0 with f(0) = 0. By Theorem 3.3, there exists
a unique mapping F : X — Y satisfying (3.2) for f and DF(z,y,z) = 0. Put
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F = F + £(0), then we easily show that D'F(z,y,z) = 0 and F satisfying (3.2) for
I O

Now we have a generalized Hyers-Ulam stability of the quadratic-additive func-
tional equation (1.2) in the framework of normed spaces. Let A;(t) = m Then
(X, A, ) is an induced random normed space, which leads us to get the following

result.

Corollary 3.5. Let X be a linear space and Y a complete normed-space. And let
f:X — Y be a mapping with f(0) = 0 for which there is ¢ : (X\{0})® — [0, 00)
such that
IDf(,y, 2)|| < p(x,y,2)

for all x,y,z € X\{0}. If, for all x,y,z € X\{0}, ¢ satisfies one of the following
conditions:

(i) ap(z,y,2) > p(2z,2y,22) for some 0 < o < 2,

(i) ¢(2x,2y,22) > ap(z,y,z) for some 4 < «

then there exists a unique quadratic-additive mapping F : X —'Y such that

2@ if ¢ satisfies (i)
3.5 ~F()|<g2° ’
5) e (M“{?gﬁwmwww

for all x € X\{0}, where ®(x) is defined by
®(x) = max(p(z, z, —x), p(—z, —x,)).

Moreover, if 0 < a < 1 and ¢ is continuous under the condition (i), then f is a

quadratic-additive mapping.

Now we have a Hyers-Ulam-Rassias stability of the quadratic-additive functional

equation (1.2).

Corollary 3.6. Let X be a normed space, p,q,r € [0,1)U(2,00) and Y a complete
normed-space. If f : X — Y is a mapping such that

(3.6) 1D f (@, y, 2| < [l l” + yll* + 120

for all x,y,z € X\{0} with f(0) =0, then there exists a unique quadratic-additive
mapping F : X —'Y such that

[l ]|P+ [l ]| 7+ |z ]"
BT @) = F@I < § e

z||P+||z]|94]|x||” .
e if 2<pqr

if 0<p,qr<l,

for all x € X\{0}.
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Proof. Tt follows from Corollary 3.5 by putting ¢(z,y, z) = ||z|” + ||ly||? + || z||" with
o =2max{Part < 924f 0 < p,q,r < 1 and o = 200P0T} > 4 if p g, > 2. g

Corollary 3.7. Let X be a normed space, p,q,v < 0 and Y a complete normed-
space. If f: X —'Y is a mapping satisfying (3.6) for all x,y,z € X\{0}, then f is

itself a quadratic-additive mapping.
Proof. By choosing a fixed z € X\{0}, we have

12/(0)] = lim_ |Df (2"t z, —2"2, —2"z) + Df(—2" 'z, 2"z, 2" )|

< lim 2 (2" 2P + 2" |17 + [|2"2]|")
n—oo

< lim 2" (2||2z|P + 2||z||? + 2||z|") = 0.
n—oo

It follows from Corollary 3.5 by putting ¢(z,y,2) = ||z||P + ||y||? + ||2]|" with a =
gmax{p,qr} ~ 1. 0

We have a general Hyers-Ulam stability results of the general quadratic functional
equation (1.3) as a corollary of Theorem 3.4.
Corollary 3.8. Let X, Y, ¢ and ®(x) be as in Theorem 3.3. If f : X — Y is a
mapping such that
ID"f (2., 2)|| < ¢(x,y, 2)

for all z,y,z € X\{0}, then there exists a unique general quadratic mapping F :
X —Y such that F(0) = f(0) and (3.5) holds.

Now we have Hyers-Ulam-Rassias stability of the general quadratic functional
equation (1.3).

Corollary 3.9. Let X be a normed space, p,q,r € [0,1)U(2,00), and Y a complete
normed-space. If f : X — Y is a mapping such that

(3.8) 1D f (@, y ) < Il + lyll* + =0
for all z,y,z € X\{0}, then there exists a unique general quadratic mapping F :

X —Y such that F(0) = f(0) and (3.7) holds.

Corollary 3.10. Let X be a normed space, p,q,r < 0 and Y a complete normed-
space. If f: X —'Y is a mapping satisfying (3.8) for all x,y,z € X\{0}, then f is

itself a general quadratic mapping.
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