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BIPOLAR FUZZY SET THEORY APPLIED TO
SUB-SEMIGROUPS WITH OPERATORS IN SEMIGROUPS

Mee Kwang Kang a, ∗ and Jeong Gi Kangb

Abstract. Given a set Ω and the notion of bipolar valued fuzzy sets, the con-
cept of a bipolar Ω-fuzzy sub-semigroup in semigroups is introduced, and related
properties are investigated. Using bipolar Ω-fuzzy sub-semigroups, bipolar fuzzy
sub-semigroups are constructed. Conversely, bipolar Ω-fuzzy sub-semigroups are
established by using bipolar fuzzy sub-semigroups. A characterizations of a bipo-
lar Ω-fuzzy sub-semigroup is provided, and normal bipolar Ω-fuzzy sub-semigroups
are discussed. How the homomorphic images and inverse images of bipolar Ω-fuzzy
sub-semigroups become bipolar Ω-fuzzy sub-semigroups are considered.

1. Introduction

Fuzzy sets have been useful tools to bridge the gap between mathematical models
and their empirical interpretations, and to deal with problems requiring the use of
natural language(see [1, 6]). A traditional fuzzy set is characterized by the member-
ship function whose range is the unit interval [0, 1]. There are several kinds of fuzzy
set extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval-
valued fuzzy sets, vague sets etc. Lee [4] introduced an extension of fuzzy sets named
bipolar-valued fuzzy sets to express the difference of the irrelevant elements from the
contrary elements in fuzzy sets. Bipolar-valued fuzzy sets are an extension of fuzzy
sets whose membership degree range is enlarged from the interval [0, 1] to [−1, 1].
Bipolar-valued fuzzy sets have membership degrees that represent the degree of sat-
isfaction to the property corresponding to a fuzzy set and its counter-property. Kim
et al. [3] studied ideal theory of semigroups based on the bipolar valued fuzzy set
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theory. Hur et al. [2] discussed fuzzy sub-semigroups and fuzzy ideals with operators
in semigroups.

In this paper, we deal with bipolar valued fuzzy theory with operators applied to
sub-semigroups in semigroups. Using a set Ω and the notion of bipolar valued fuzzy
sets, we introduce the concept of a bipolar Ω-fuzzy sub-semigroup in semigroups,
and investigate related properties. Using bipolar Ω-fuzzy sub-semigroups, we con-
struct bipolar fuzzy sub-semigroups, and conversely, we establish bipolar Ω-fuzzy
sub-semigroups by using bipolar fuzzy sub-semigroups. We provide a character-
izations of a bipolar Ω-fuzzy sub-semigroup, and discuss normal bipolar Ω-fuzzy
sub-semigroups. We consider how the homomorphic images and inverse images of
bipolar Ω-fuzzy sub-semigroups become bipolar Ω-fuzzy sub-semigroups.

2. Bipolar Ω-fuzzy Sub-semigroups

Let S be the universe of discourse. A bipolar-valued fuzzy set f in S is an object
having the form

f = {(x, fn(x), fp(x)) | x ∈ S}
where fn : S → [−1, 0] and fp : S → [0, 1] are mappings. The positive member-
ship degree fp(x) denotes the satisfaction degree of an element x to the property
corresponding to a bipolar-valued fuzzy set f = {(x, fn(x), fp(x)) | x ∈ S}, and
the negative membership degree fn(x) denotes the satisfaction degree of x to some
implicit counter-property of f = {(x, fn(x), fp(x)) | x ∈ S}. It is possible for an ele-
ment x to be fp(x) 6= 0 and fn(x) 6= 0 when the membership function of the property
overlaps that of its counter-property over some portion of the domain (see [5] ). For
the sake of simplicity, we shall use the symbol f = (S; fn, fp) for the bipolar-valued
fuzzy set f = {(x, fn(x), fp(x)) | x ∈ S}, and use the notion of bipolar fuzzy sets
instead of the notion of bipolar-valued fuzzy sets.

By a sub-semigroup of a semigroup S we mean a nonempty subset A of S such
that A2 ⊆ A.

A fuzzy set in S is a function µ from S into the unit interval [0, 1]. A fuzzy set µ

in S is called a fuzzy sub-semigroup of S if it satisfies

(∀x, y ∈ S) (µ(xy) ≥ min{µ(x), µ(y)}).
For any family {ai | i ∈ Λ} of real numbers, we define

∨
{ai | i ∈ Λ} :=

{
max{ai | i ∈ Λ} if Λ is finite,
sup{ai | i ∈ Λ} otherwise,
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∧
{ai | i ∈ Λ} :=

{
min{ai | i ∈ Λ} if Λ is finite,
inf{ai | i ∈ Λ} otherwise.

A bipolar fuzzy set f = (S; fn, fp) in S is called a bipolar fuzzy sub-semigroup of
a semigroup S (see [3]) if it satisfies the following condition:

(2.1) (∀x, y ∈ S)
(

fn(xy) ≤ ∨ {fn(x), fn(y)}
fp(xy) ≥ ∧ {fp(x), fp(y)}

)
.

In what follows let S and Ω denote a semigroup and a nonempty set, respectively,
unless otherwise specified.

A bipolar Ω-fuzzy set FΩ in S is defined to be an object having the form

FΩ :=
{〈(x, α); fΩ

n (x, α), fΩ
p (x, α)〉 | (x, α) ∈ S × Ω

}

where the function fΩ
n : S × Ω → [−1, 0] and fΩ

p : S × Ω → [0, 1].
We shall use the symbol FΩ =

〈
S × Ω; fΩ

n , fΩ
p

〉
for the bipolar Ω-fuzzy set

FΩ :=
{〈(x, α); fΩ

n (x, α), fΩ
p (x, α)〉 | (x, α) ∈ S × Ω

}
.

Definition 2.1. A bipolar Ω-fuzzy set FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
in S is called a bipolar

Ω-fuzzy sub-semigroup of S if it satisfies

(2.2) (∀x, y ∈ S) (∀α ∈ Ω)

(
fΩ

n (xy, α) ≤ ∨{
fΩ

n (x, α), fΩ
n (y, α)

}
,

fΩ
p (xy, α) ≥ ∧{

fΩ
p (x, α), fΩ

p (y, α)
}

)
.

Example 2.2. Consider a semigroup S = {a, b} with the following Cayley table:

a b
a a b
b b a

Let Ω = {1, 2} and let FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
be a bipolar Ω-fuzzy set in S defined

by FΩ = {〈(a, 1);−0.9, 1〉, 〈(a, 2);−0.9, 1〉, 〈(b, 1);−0.7, 0.8〉, 〈(b, 2);−0.3, 0.5〉} . It is
easy to verify that FΩ =

〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar Ω-fuzzy sub-semigroup of S.

Example 2.3. Let SΩ := {u | u : Ω → S}. For any u, v ∈ SΩ, we define (uv)(α) =
u(α)v(α) for all α ∈ Ω. Then SΩ is a semigroup. Let f = (S; fn, fp) be a bipolar
fuzzy sub-semigroup of S and let ΦΩ =

〈
SΩ × Ω;ΦΩ

n , ΦΩ
p

〉
where

ΦΩ
n : SΩ × Ω → [−1, 0], (u, α) 7→ fn(u(α))

and

ΦΩ
p : SΩ × Ω → [0, 1], (u, α) 7→ fp(u(α)).

Then ΦΩ =
〈
SΩ × Ω;ΦΩ

n , ΦΩ
p

〉
is a bipolar Ω-fuzzy sub-semigroup of SΩ.
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Theorem 2.4. Let Ω be the set of all bipolar fuzzy sub-semigroups of S and let
FΩ =

〈
S × Ω; fΩ

n , fΩ
p

〉
be a bipolar Ω-fuzzy set in S where fΩ

n (x, f) = fn(x) and
fΩ

p (x, f) = fp(x) for all x ∈ S and f = (S; fn, fp) ∈ Ω. Then FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉

is a bipolar Ω-fuzzy sub-semigroup of S.

Proof. Let x, y ∈ S and f = (S; fn, fp) ∈ Ω. Then

fΩ
n (xy, f) = fn(xy) ≤

∨
{fn(x), fn(y)} =

∨ {
fΩ

n (x, f), fΩ
n (y, f)

}

and

fΩ
p (xy, f) = fp(xy) ≥

∧
{fp(x), fp(y)} =

∧ {
fΩ

p (x, f), fΩ
p (y, f)

}
.

Hence FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar Ω-fuzzy sub-semigroup of S. ¤

Proposition 2.5. If FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar Ω-fuzzy sub-semigroup of S

and α ∈ Ω, then a bipolar fuzzy set f =
(
S; fα

n , fα
p

)
where

fα
n : S → [−1, 0], x 7→ fΩ

n (x, α)

and

fα
p : S → [0, 1], x 7→ fΩ

p (x, α)

is a bipolar fuzzy sub-semigroup of S.

Proof. Let x, y ∈ S. Then

fα
n (xy) = fΩ

n (xy, α) ≤
∨{

fΩ
n (x, α), fΩ

n (y, α)
}

=
∨
{fα

n (x), fα
n (y)}

and

fα
p (xy) = fΩ

p (xy, α) ≥
∧ {

fΩ
p (x, α), fΩ

p (y, α)
}

=
∧{

fα
p (x), fα

p (y)
}

.

This completes the proof. ¤

Proposition 2.6. If f =
(
S; fα

n , fα
p

)
, α ∈ Ω, is a bipolar fuzzy sub-semigroup of S,

then a bipolar Ω-fuzzy set FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
where

fΩ
n : S × Ω → [−1, 0], (x, α) 7→ fα

n (x)

and

fΩ
p : S × Ω → [0, 1], (x, α) 7→ fα

p (x)

is a bipolar Ω-fuzzy sub-semigroup of S.

Proof. For any x, y ∈ S, we have

fΩ
n (xy, α) = fα

n (xy) ≤
∨
{fα

n (x), fα
n (y)} =

∨ {
fΩ

n (x, α), fΩ
n (y, α)

}
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and

fΩ
p (xy, α) = fα

p (xy) ≥
∧ {

fα
p (x), fα

p (y)
}

=
∧{

fΩ
p (x, α), fΩ

p (y, α)
}

.

Hence FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar Ω-fuzzy sub-semigroup of S. ¤

Theorem 2.7. Let ΦΩ =
〈
SΩ; ΦΩ

n , ΦΩ
p

〉
be a bipolar fuzzy sub-semigroup of SΩ and

let FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
be a bipolar Ω-fuzzy set in S defined by

fΩ
n (x, α) :=

∧ {
ΦΩ

n (u) | u ∈ SΩ, u(α) = x
}

fΩ
p (x, α) :=

∨ {
ΦΩ

p (u) | u ∈ SΩ, u(α) = x
}

for all x ∈ S and α ∈ Ω. Then FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar Ω-fuzzy sub-

semigroup of S.

Proof. Let x, y ∈ S and α ∈ Ω. Then

fΩ
n (xy, α) =

∧ {
ΦΩ

n (u) | u ∈ SΩ, u(α) = xy
}

≤
∧{

ΦΩ
n (uv) | u, v ∈ SΩ, u(α) = x, v(α) = y

}

≤
∧{∨ {

ΦΩ
n (u), ΦΩ

n (v)
} | u, v ∈ SΩ, u(α) = x, v(α) = y

}

=
∨{∧ {

ΦΩ
n (u) | u ∈ SΩ, u(α) = x

}
,
∧ {

ΦΩ
n (v) | v ∈ SΩ, v(α) = y

}}

=
∨{

fΩ
n (x, α), fΩ

n (y, α)
}

and

fΩ
p (xy, α) =

∨ {
ΦΩ

p (u) | u ∈ SΩ, u(α) = xy
}

≥
∨{

ΦΩ
p (uv) | u, v ∈ SΩ, u(α) = x, v(α) = y

}

≥
∨{∧ {

ΦΩ
p (u), ΦΩ

p (v)
} | u, v ∈ SΩ, u(α) = x, v(α) = y

}

=
∧{∨ {

ΦΩ
p (u) | u ∈ SΩ, u(α) = x

}
,
∨ {

ΦΩ
p (v) | v ∈ SΩ, v(α) = y

}}

=
∧{

fΩ
p (x, α), fΩ

p (y, α)
}

.

Hence FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar Ω-fuzzy sub-semigroup of S. ¤

Example 2.8. Let S = {a, b} be a semigroup in Example 2.2 and let Ω := {1, 2}.
Then SΩ := {e, u, v, w}, where e(1) = e(2) = v(1) = w(2) = a and u(1) = u(2) =
v(2) = w(1) = b, is a semigroup (in fact, a commutative group) under the following
Cayley table (see [2]):
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e u v w

e e u v w
u u e w v
v v w e u
w w v u e

Let ΦΩ =
〈
SΩ; ΦΩ

n , ΦΩ
p

〉
be a bipolar fuzzy set in SΩ defined by

ΦΩ = {〈e;−0.9, 0.8〉, 〈u;−0.3, 0.2〉, 〈v;−0.3, 0.2〉, 〈w;−0.5, 0.7〉} .

Then ΦΩ =
〈
SΩ; ΦΩ

n ,ΦΩ
p

〉
is a bipolar fuzzy sub-semigroup of SΩ. Thus we can

obtain a bipolar Ω-fuzzy sub-semigroup FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
of S as follows:

fΩ
n (a, 1) =

∧{
ΦΩ

n (♥) | ♥ ∈ SΩ, ♥(1) = a
}

=
∧ {

ΦΩ
n (e), ΦΩ

n (v)
}

= −0.9,

fΩ
n (a, 2) =

∧{
ΦΩ

n (♥) | ♥ ∈ SΩ, ♥(2) = a
}

=
∧ {

ΦΩ
n (e),ΦΩ

n (w)
}

= −0.9,

fΩ
n (b, 1) =

∧ {
ΦΩ

n (♥) | ♥ ∈ SΩ, ♥(1) = b
}

=
∧ {

ΦΩ
n (u),ΦΩ

n (w)
}

= −0.5,

fΩ
n (b, 2) =

∧{
ΦΩ

n (♥) | ♥ ∈ SΩ, ♥(2) = b
}

=
∧ {

ΦΩ
n (u),ΦΩ

n (v)
}

= −0.3,

fΩ
p (a, 1) =

∨ {
ΦΩ

p (♠) | ♠ ∈ SΩ, ♠(1) = a
}

=
∨ {

ΦΩ
p (e), ΦΩ

p (v)
}

= 0.8,

fΩ
p (a, 2) =

∨{
ΦΩ

p (♠) | ♠ ∈ SΩ, ♠(2) = a
}

=
∨ {

ΦΩ
p (e), ΦΩ

p (w)
}

= 0.8,

fΩ
p (b, 1) =

∨{
ΦΩ

p (♠) | ♠ ∈ SΩ, ♠(1) = b
}

=
∨ {

ΦΩ
p (u),ΦΩ

p (w)
}

= 0.7,

fΩ
p (b, 2) =

∨{
ΦΩ

p (♠) | ♠ ∈ SΩ, ♠(2) = b
}

=
∨{

ΦΩ
p (u), ΦΩ

p (v)
}

= 0.2.

Theorem 2.9. Let FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
be a bipolar Ω-fuzzy sub-semigroup of S

and let ΦΩ =
〈
SΩ; ΦΩ

n , ΦΩ
p

〉
be a bipolar fuzzy set in SΩ defined by

ΦΩ
n (u) =

∨ {
fΩ

n (u(α), α) | α ∈ Ω
}

and

ΦΩ
p (u) =

∧ {
fΩ

p (u(α), α) | α ∈ Ω
}

for all u ∈ SΩ. Then ΦΩ =
〈
SΩ; ΦΩ

n , ΦΩ
p

〉
is a bipolar fuzzy sub-semigroup of SΩ.
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Proof. For any u, v ∈ SΩ, we have

ΦΩ
n (uv) =

∨{
fΩ

n ((uv)(α), α) | α ∈ Ω
}

=
∨{

fΩ
n (u(α)v(α), α) | α ∈ Ω

}

≤
∨{∨{

fΩ
n (u(α), α), fΩ

n (v(α), α)
} | α ∈ Ω

}

=
∨{∨{

fΩ
n (u(α), α) | α ∈ Ω

}
,
∨ {

fΩ
n (v(α), α) | α ∈ Ω

}}

=
∨{

ΦΩ
n (u), ΦΩ

n (v)
}

and

ΦΩ
p (uv) =

∧{
fΩ

p ((uv)(α), α) | α ∈ Ω
}

=
∧{

fΩ
p (u(α)v(α), α) | α ∈ Ω

}

≥
∧{∧{

fΩ
p (u(α), α), fΩ

p (v(α), α)
} | α ∈ Ω

}

=
∧{∧{

fΩ
p (u(α), α) | α ∈ Ω

}
,
∧ {

fΩ
p (v(α), α) | α ∈ Ω

}}

=
∧{

ΦΩ
p (u), ΦΩ

p (v)
}

.

Thus ΦΩ =
〈
SΩ; ΦΩ

n , ΦΩ
p

〉
is a bipolar fuzzy sub-semigroup of SΩ. ¤

Example 2.10. Let FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
be the bipolar Ω-fuzzy sub-semigroup of

S in Example 2.2 and let SΩ be the commutative group in Example 2.8. Then we
can induce a bipolar fuzzy sub-semigroup ΦΩ =

〈
SΩ; ΦΩ

n , ΦΩ
p

〉
of SΩ as follows:

ΦΩ
n (e) =

∨{
fΩ

n (e(α), α) | α ∈ Ω
}

=
∨ {

fΩ
n (e(1), 1), fΩ

n (e(2), 2)
}

=
∨{

fΩ
n (a, 1), fΩ

n (a, 2)
}

= −0.9,

ΦΩ
n (u) =

∨ {
fΩ

n (u(α), α) | α ∈ Ω
}

=
∨ {

fΩ
n (u(1), 1), fΩ

n (u(2), 2)
}

=
∨ {

fΩ
n (b, 1), fΩ

n (b, 2)
}

= −0.3,

ΦΩ
n (v) =

∨{
fΩ

n (v(α), α) | α ∈ Ω
}

=
∨ {

fΩ
n (v(1), 1), fΩ

n (v(2), 2)
}

=
∨{

fΩ
n (a, 1), fΩ

n (b, 2)
}

= −0.3,

ΦΩ
n (w) =

∨ {
fΩ

n (w(α), α) | α ∈ Ω
}

=
∨ {

fΩ
n (w(1), 1), fΩ

n (w(2), 2)
}

=
∨ {

fΩ
n (b, 1), fΩ

n (a, 2)
}

= −0.7,

ΦΩ
p (e) =

∧{
fΩ

p (e(α), α) | α ∈ Ω
}

=
∧ {

fΩ
p (e(1), 1), fΩ

p (e(2), 2)
}

=
∧{

fΩ
p (a, 1), fΩ

p (a, 2)
}

= 1,

ΦΩ
p (u) =

∧ {
fΩ

p (u(α), α) | α ∈ Ω
}

=
∧ {

fΩ
p (u(1), 1), fΩ

p (u(2), 2)
}

=
∧ {

fΩ
p (b, 1), fΩ

p (b, 2)
}

= 0.5,

ΦΩ
p (v) =

∧{
fΩ

p (v(α), α) | α ∈ Ω
}

=
∧ {

fΩ
p (v(1), 1), fΩ

p (v(2), 2)
}

=
∧{

fΩ
p (a, 1), fΩ

p (b, 2)
}

= 0.5,
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ΦΩ
p (w) =

∧ {
fΩ

p (w(α), α) | α ∈ Ω
}

=
∧ {

fΩ
p (w(1), 1), fΩ

p (w(2), 2)
}

=
∧ {

fΩ
p (b, 1), fΩ

p (a, 2)
}

= 0.8.

For a bipolar Ω-fuzzy set FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
in S and (s, t) ∈ [−1, 0] × [0, 1],

we define

(2.3)
N(FΩ; s) =

{
x ∈ S | fΩ

n (x, α) ≤ s, ∀α ∈ Ω
}

,

P (FΩ; t) =
{
x ∈ S | fΩ

p (x, α) ≥ t, ∀α ∈ Ω
}

which are called the negative s-cut of FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
and the positive t-cut of

FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
, respectively. The set

C(FΩ; (s, t)) := N(FΩ; s) ∩ P (FΩ; t)

is called the (s, t)-cut of FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
. For every k ∈ [0, 1], if (s, t) = (−k, k)

then the set

C(FΩ; k) := N(FΩ;−k) ∩ P (FΩ; k)

is called the k-cut of FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
.

Theorem 2.11. If a bipolar Ω-fuzzy set FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
in S is a bipolar

Ω-fuzzy sub-semigroup of S, then the following assertions are valid:

(1) (∀s ∈ [−1, 0]) (N(FΩ; s) 6= ∅ ⇒ N(FΩ; s) is a sub-semigroup of S) .

(2) (∀t ∈ [0, 1]) (P (FΩ; t) 6= ∅ ⇒ P (FΩ; t) is a sub-semigroup of S) .

Proof. Let s ∈ [−1, 0] be such that N(FΩ; s) 6= ∅. If x, y ∈ N(FΩ; s) , then fΩ
n (x, α) ≤

s and fΩ
n (y, α) ≤ s for all α ∈ Ω. It follows that

fΩ
n (xy, α) ≤

∨ {
fΩ

n (x, α), fΩ
n (y, α)

} ≤ s

so that xy ∈ N(FΩ; s) . Hence N(FΩ; s) is a sub-semigroup of S. Now, let t ∈ [0, 1]
be such that P (FΩ; t) 6= ∅. If x, y ∈ P (FΩ; t) , then fΩ

p (x, α) ≥ t and fΩ
p (y, α) ≥ t for

all α ∈ Ω, and so

fΩ
p (xy, α) ≥

∧ {
fΩ

p (x, α), fΩ
p (y, α)

} ≥ t.

Therefore P (FΩ; t) is a sub-semigroup of S. ¤

Corollary 2.12. If a bipolar Ω-fuzzy set FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
in S is a bipolar Ω-

fuzzy sub-semigroup of S, then the k-cut of FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a sub-semigroup

of S for all k ∈ [0, 1].

We now consider the converse of Theorem 2.11.
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Theorem 2.13. Let FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
be a bipolar Ω-fuzzy set in S satisfying

two conditions (1) and (2) in Theorem 2.11. Then FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar

Ω-fuzzy sub-semigroup of S.

Proof. Assume that FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is not a bipolar Ω-fuzzy sub-semigroup

of S. Then the condition (2.2) is false, that is, there exist a, b ∈ S and α ∈ Ω such
that fΩ

n (ab, α) >
∨ {

fΩ
n (a, α), fΩ

n (b, α)
}

or fΩ
p (ab, α) <

∧{
fΩ

p (a, α), fΩ
p (b, α)

}
. If

fΩ
n (ab, α) >

∨ {
fΩ

n (a, α), fΩ
n (b, α)

}
, then

fΩ
n (ab, α) > sα ≥

∨ {
fΩ

n (a, α), fΩ
n (b, α)

}

for some sα ∈ [−1, 0]. It follows that a, b ∈ N(FΩ; sα) but ab /∈ N(FΩ; sα) which is
a contradiction. Therefore fΩ

n (xy, α) ≤ ∨{
fΩ

n (x, α), fΩ
n (y, α)

}
for all x, y ∈ S and

α ∈ Ω. Now, if fΩ
p (ab, α) <

∧ {
fΩ

p (a, α), fΩ
p (b, α)

}
, then

fΩ
p (ab, α) < tα ≤

∧ {
fΩ

p (a, α), fΩ
p (b, α)

}

and so a, b ∈ P (FΩ; tα) but ab /∈ P (FΩ; tα) . Thus P (FΩ; tα) is not a sub-semigroup
of S, which is a contradiction. Consequently, FΩ =

〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar

Ω-fuzzy sub-semigroup of S. ¤
Definition 2.14. A bipolar Ω-fuzzy sub-semigroup FΩ =

〈
S × Ω; fΩ

n , fΩ
p

〉
of S is

said to be normal if it satisfies:

(∀α ∈ Ω) (∃x, y ∈ S)
(
fΩ

n (x, α) = −1 and fΩ
p (y, α) = 1

)
.(2.4)

Example 2.15. Consider a semigroup SΩ := {e, u, v, w} which is described in Ex-
ample 2.8. Let ΦΩ =

〈
SΩ; ΦΩ

n , ΦΩ
p

〉
be a bipolar fuzzy set in SΩ defined by

ΦΩ = {〈e;−1, 1〉, 〈u;−0.3, 0.2〉, 〈v;−0.3, 0.2〉, 〈w;−0.5, 0.7〉} .

Then ΦΩ =
〈
SΩ; ΦΩ

n , ΦΩ
p

〉
is a bipolar fuzzy sub-semigroup of SΩ, which induces a

bipolar fuzzy sub-semigroup ΦΩ =
〈
SΩ; ΦΩ

n , ΦΩ
p

〉
of SΩ where

fΩ
n (a, 1) = fΩ

n (a, 2) = −1, fΩ
n (b, 1) = −0.5, fΩ

n (b, 2) = −0.3,

fΩ
p (a, 1) = fΩ

p (a, 2) = 1, fΩ
p (b, 1) = 0.7, fΩ

p (b, 2) = 0.2.

Thus FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a normal bipolar Ω-fuzzy sub-semigroup of S.

Let Σ denote the set of all normal bipolar Ω-fuzzy sub-semigroups of S. Denote
by θ the special element of S such that

(∀α ∈ Ω)

(
fΩ

n (θ, α) =
∧

x∈S

fΩ
n (x, α) and fΩ

p (θ, α) =
∨

x∈S

fΩ
p (x, α)

)
.
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Clearly, if FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a normal bipolar Ω-fuzzy sub-semigroup of S,

then fΩ
n (θ, α) = −1 and fΩ

p (θ, α) = 1 for all α ∈ Ω.

We consider a method for making a normal bipolar Ω-fuzzy sub-semigroup from
a given bipolar Ω-fuzzy sub-semigroup.

Theorem 2.16. Let FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
be a bipolar Ω-fuzzy sub-semigroup of S.

Let FΩ = 〈S × Ω; fΩ
n , fΩ

p 〉 be a bipolar fuzzy set in S defined by

fΩ
n (x, α) = fΩ

n (x, α)− 1 + fΩ
n (θ, α) and fΩ

p (x, α) = fΩ
p (x, α) + 1− fΩ

p (θ, α)

for all α ∈ Ω and x ∈ S. Then FΩ = 〈S × Ω; fΩ
n , fΩ

p 〉 is a normal bipolar Ω-fuzzy
sub-semigroup of S.

Proof. For all x, y ∈ S and α ∈ Ω, we have

fΩ
n (xy, α) = fΩ

n (xy, α)− 1 + fΩ
n (θ, α)

≤
∨{

fΩ
n (x, α), fΩ

n (y, α)
}− 1 + fΩ

n (θ, α)

=
∨{

fΩ
n (x, α)− 1 + fΩ

n (θ, α), fΩ
n (y, α)− 1 + fΩ

n (θ, α)
}

=
∨{

fΩ
n (x, α), fΩ

n (y, α)
}

and

fΩ
p (xy, α) = fΩ

p (xy, α) + 1− fΩ
p (θ, α)

≥
∧{

fΩ
p (x, α), fΩ

p (y, α)
}

+ 1− fΩ
p (θ, α)

=
∧{

fΩ
p (x, α) + 1− fΩ

p (θ, α), fΩ
p (y, α) + 1− fΩ

p (θ, α)
}

=
∧{

fΩ
p (x, α), fΩ

p (y, α)
}

.

Clearly, fΩ
n (θ, α) = −1 and fΩ

p (θ, α) = 1. Thus FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
is a normal

bipolar Ω-fuzzy sub-semigroup of S. ¤
Definition 2.17. Let ϕ : S → T be a homomorphism of semigroups and let
GΩ =

〈
T × Ω; gΩ

n , gΩ
p

〉
be a bipolar Ω-fuzzy set in T . Then the inverse image of

GΩ =
〈
T × Ω; gΩ

n , gΩ
p

〉
, denoted by ϕ−1[GΩ] =

〈
T × Ω; ϕ−1

(
gΩ
n

)
, ϕ−1

(
gΩ
p

)〉
is the

bipolar Ω-fuzzy set in S given by ϕ−1
(
gΩ
n

)
(x, α) = gΩ

n (ϕ(x), α) and ϕ−1
(
gΩ
p

)
(x, α) =

gΩ
p (ϕ(x), α) for all x ∈ S and α ∈ Ω. Conversely, let FΩ =

〈
S × Ω; fΩ

n , fΩ
p

〉

be a bipolar Ω-fuzzy set in S. The image of FΩ =
〈
S × Ω; fΩ

n , fΩ
p

〉
, written as

ϕ[FΩ] =
〈
T × Ω; ϕ

(
fΩ

n

)
, ϕ

(
fΩ

p

)〉
, is a bipolar Ω-fuzzy set in T defined by

ϕ
(
fΩ

n

)
(y, α) =

{ ∧
z∈ϕ−1(y)

fΩ
n (z, α) if ϕ−1(y) 6= ∅,

0 otherwise,
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ϕ
(
fΩ

p

)
(y, α) =

{ ∨
z∈ϕ−1(y)

fΩ
p (z, α) if ϕ−1(y) 6= ∅,

0 otherwise,
for all y ∈ T and α ∈ Ω, where ϕ−1(y) = {x | ϕ(x) = y}.
Theorem 2.18. Let ϕ : S → T be a homomorphism of semigroups and let GΩ =〈
T × Ω; gΩ

n , gΩ
p

〉
be a bipolar Ω-fuzzy sub-semigroup of T. Then its inverse image

ϕ−1[GΩ] =
〈
T × Ω;ϕ−1

(
gΩ
n

)
, ϕ−1

(
gΩ
p

)〉
is a bipolar Ω-fuzzy sub-semigroup of S.

Proof. Let x, y ∈ S and α ∈ Ω. Then

ϕ−1
(
gΩ
n

)
(xy, α) = gΩ

n (ϕ(xy), α) = gΩ
n (ϕ(x)ϕ(x), α)

≤
∨ {

gΩ
n (ϕ(x), α), gΩ

n (ϕ(y), α)
}

=
∨ {

ϕ−1
(
gΩ
n

)
(x, α), ϕ−1

(
gΩ
n

)
(y, α)

}

and
ϕ−1

(
gΩ
p

)
(xy, α) = gΩ

p (ϕ(xy), α) = gΩ
p (ϕ(x)ϕ(x), α)

≥
∧ {

gΩ
p (ϕ(x), α), gΩ

p (ϕ(y), α)
}

=
∧ {

ϕ−1
(
gΩ
p

)
(x, α), ϕ−1

(
gΩ
p

)
(y, α)

}
.

Hence ϕ−1[GΩ] =
〈
T × Ω; ϕ−1

(
gΩ
n

)
, ϕ−1

(
gΩ
p

)〉
is a bipolar Ω-fuzzy sub-semigroup of

S. ¤

Theorem 2.19. Let ϕ : S → T be a homomorphism between semigroups S and T .
If FΩ =

〈
S × Ω; fΩ

n , fΩ
p

〉
is a bipolar Ω-fuzzy sub-semigroup of S, then the image

ϕ[FΩ] =
〈
T × Ω; ϕ

(
fΩ

n

)
, ϕ

(
fΩ

p

)〉
is a bipolar Ω-fuzzy sub-semigroup of T .

Proof. We first prove that

(2.5) ϕ−1(y1)ϕ−1(y2) ⊆ ϕ−1(y1y2)

for all y1, y2 ∈ T . For, if x ∈ ϕ−1(y1)ϕ−1(y2), then x = x1x2 for some x1 ∈ ϕ−1(y1)
and x2 ∈ ϕ−1(y2). Since ϕ is a homomorphism, it follows that

ϕ(x) = ϕ(x1x2) = ϕ(x1)ϕ(x2) = y1y2

so that x ∈ ϕ−1(y1y2). Hence (2.5) holds. Now let y1, y2 ∈ T and α ∈ Ω. Assume
that y1y2 /∈ Im(ϕ). Then ϕ

(
fΩ

n

)
(y1y2, α) = 0 = ϕ

(
fΩ

p

)
(y1y2, α). But if y1y2 /∈

Im(ϕ), i.e., ϕ−1(y1y2) = ∅, then ϕ−1(y1) = ∅ or ϕ−1(y2) = ∅ by (2.5). Thus
ϕ
(
fΩ

n

)
(y1, α) = 0 = ϕ

(
fΩ

p

)
(y1, α) or ϕ

(
fΩ

n

)
(y2, α) = 0 = ϕ

(
fΩ

p

)
(y2, α), and so

ϕ
(
fΩ

n

)
(y1y2, α) = 0 =

∧{
ϕ
(
fΩ

n

)
(y1, α), ϕ

(
fΩ

n

)
(y2, α)

}
,

ϕ
(
fΩ

p

)
(y1y2, α) = 0 =

∨{
ϕ
(
fΩ

p

)
(y1, α), ϕ

(
fΩ

p

)
(y2, α)

}
.
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Suppose that ϕ−1(y1y2) 6= ∅. Then we should consider two cases as follows:

(i) ϕ−1(y1) = ∅ or ϕ−1(y2) = ∅,
(ii) ϕ−1(y1) 6= ∅ and ϕ−1(y2) 6= ∅.

For the first case, we have ϕ
(
fΩ

n

)
(y1, α) = 0 = ϕ

(
fΩ

p

)
(y1, α) or ϕ

(
fΩ

n

)
(y2, α) = 0 =

ϕ
(
fΩ

p

)
(y2, α). Hence

ϕ
(
fΩ

n

)
(y1y2, α) ≤

∧ {
ϕ
(
fΩ

n

)
(y1, α), ϕ

(
fΩ

n

)
(y2, α)

}

and

ϕ
(
fΩ

p

)
(y1y2, α) ≥

∨{
ϕ
(
fΩ

p

)
(y1, α), ϕ

(
fΩ

p

)
(y2, α)

}
.

Case (ii) implies that

ϕ
(
fΩ

n

)
(y1y2, α) =

∧

z∈ϕ−1(y1y2)

fΩ
n (z, α) ≤

∧

z∈ϕ−1(y1)ϕ−1(y2)

fΩ
n (z, α)

=
∧

x1∈ϕ−1(y1)

x2∈ϕ−1(y2)

fΩ
n (x1x2, α) ≤

∧

x1∈ϕ−1(y1)

x2∈ϕ−1(y2)

∨{
fΩ

n (x1, α), fΩ
n (x2, α)

}

=
∨





∧

x1∈ϕ−1(y1)

fΩ
n (x1, α),

∧

x2∈ϕ−1(y2)

fΩ
n (x2, α)





=
∨ {

ϕ
(
fΩ

n

)
(y1, α), ϕ

(
fΩ

n

)
(y2, α)

}

and

ϕ
(
fΩ

p

)
(y1y2, α) =

∨

z∈ϕ−1(y1y2)

fΩ
p (z, α) ≥

∨

z∈ϕ−1(y1)ϕ−1(y2)

fΩ
p (z, α)

=
∨

x1∈ϕ−1(y1)

x2∈ϕ−1(y2)

fΩ
p (x1x2, α) ≥

∨

x1∈ϕ−1(y1)

x2∈ϕ−1(y2)

∧{
fΩ

p (x1, α), fΩ
p (x2, α)

}

=
∧





∨

x1∈ϕ−1(y1)

fΩ
p (x1, α),

∨

x2∈ϕ−1(y2)

fΩ
p (x2, α)





=
∧ {

ϕ
(
fΩ

p

)
(y1, α), ϕ

(
fΩ

p

)
(y2, α)

}

for all y1, y2 ∈ T and α ∈ Ω. This completes the proof. ¤

3. Conclusions

In this paper we have defined the notions of bipolar Ω-fuzzy sub-semigroups in
semigroups by using a set Ω. We have described a bipolar Ω-fuzzy sub-semigroup
by using a bipolar fuzzy sub-semigroup and vice versa. We have stated how the
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homomorphic images and inverse images of bipolar Ω-fuzzy sub-semigroups become
bipolar Ω-fuzzy sub-semigroups. We have discussed normal bipolar Ω-fuzzy sub-
semigroups, and provided a characterization of a bipolar Ω-fuzzy sub-semigroup.
Our future work will focus on studying the bipolar Ω-fuzzy structure with operators
of several ideals in semigroups.
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