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BIPOLAR FUZZY SET THEORY APPLIED TO
SUB-SEMIGROUPS WITH OPERATORS IN SEMIGROUPS

MEeEE KwANG KANG »* AND JEONG GI KANGP

ABSTRACT. Given a set 2 and the notion of bipolar valued fuzzy sets, the con-
cept of a bipolar Q-fuzzy sub-semigroup in semigroups is introduced, and related
properties are investigated. Using bipolar Q-fuzzy sub-semigroups, bipolar fuzzy
sub-semigroups are constructed. Conversely, bipolar Q-fuzzy sub-semigroups are
established by using bipolar fuzzy sub-semigroups. A characterizations of a bipo-
lar 2-fuzzy sub-semigroup is provided, and normal bipolar 2-fuzzy sub-semigroups
are discussed. How the homomorphic images and inverse images of bipolar Q-fuzzy
sub-semigroups become bipolar Q2-fuzzy sub-semigroups are considered.

1. INTRODUCTION

Fuzzy sets have been useful tools to bridge the gap between mathematical models
and their empirical interpretations, and to deal with problems requiring the use of
natural language(see [1, 6]). A traditional fuzzy set is characterized by the member-
ship function whose range is the unit interval [0, 1]. There are several kinds of fuzzy
set extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval-
valued fuzzy sets, vague sets etc. Lee [4] introduced an extension of fuzzy sets named
bipolar-valued fuzzy sets to express the difference of the irrelevant elements from the
contrary elements in fuzzy sets. Bipolar-valued fuzzy sets are an extension of fuzzy
sets whose membership degree range is enlarged from the interval [0, 1] to [—1,1].
Bipolar-valued fuzzy sets have membership degrees that represent the degree of sat-
isfaction to the property corresponding to a fuzzy set and its counter-property. Kim

et al. [3] studied ideal theory of semigroups based on the bipolar valued fuzzy set
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theory. Hur et al. [2] discussed fuzzy sub-semigroups and fuzzy ideals with operators
in semigroups.

In this paper, we deal with bipolar valued fuzzy theory with operators applied to
sub-semigroups in semigroups. Using a set €2 and the notion of bipolar valued fuzzy
sets, we introduce the concept of a bipolar Q-fuzzy sub-semigroup in semigroups,
and investigate related properties. Using bipolar 2-fuzzy sub-semigroups, we con-
struct bipolar fuzzy sub-semigroups, and conversely, we establish bipolar Q-fuzzy
sub-semigroups by using bipolar fuzzy sub-semigroups. We provide a character-
izations of a bipolar (-fuzzy sub-semigroup, and discuss normal bipolar Q-fuzzy
sub-semigroups. We consider how the homomorphic images and inverse images of

bipolar Q-fuzzy sub-semigroups become bipolar {2-fuzzy sub-semigroups.

2. BIPOLAR )-FUZZY SUB-SEMIGROUPS

Let S be the universe of discourse. A bipolar-valued fuzzy set f in S is an object

having the form
f=A(=, fu(@), fp(2)) | x € S}
where f, : S — [-1,0] and f, : S — [0,1] are mappings. The positive member-

ship degree f,(x) denotes the satisfaction degree of an element x to the property
corresponding to a bipolar-valued fuzzy set f = {(z, fn(x), fp(z)) | * € S}, and
the negative membership degree f,(x) denotes the satisfaction degree of x to some
implicit counter-property of f = {(z, fn(x), fp(z)) | € S}. It is possible for an ele-
ment x to be f,(z) # 0 and f,,(x) # 0 when the membership function of the property
overlaps that of its counter-property over some portion of the domain (see [5] ). For
the sake of simplicity, we shall use the symbol f = (S; fy, fp) for the bipolar-valued
fuzzy set f = {(z, fu(z), fp(x)) | € S}, and use the notion of bipolar fuzzy sets
instead of the notion of bipolar-valued fuzzy sets.

By a sub-semigroup of a semigroup S we mean a nonempty subset A of S such
that A% C A.

A fuzzy setin S is a function p from S into the unit interval [0,1]. A fuzzy set p

in S is called a fuzzy sub-semigroup of S if it satisfies

(Va,y € 5) (u(ry) = min{p(z), u(y)})-

For any family {a; | ¢ € A} of real numbers, we define

s | max{a; |i€ A} if A is finite,
\/{a’ [i€A}= { sup{a; | i € A}  otherwise,



BIPOLAR FUZZY SET THEORY APPLIED TO SUB-SEMIGROUPS 25

'y | min{a; | i € A} if A is finite,
/\{a’ [i€A}= { inf{a; | i € A}  otherwise.

A bipolar fuzzy set f = (S; fn, fp) in S is called a bipolar fuzzy sub-semigroup of

a semigroup S (see [3]) if it satisfies the following condition:

fo(zy) = N fp(@), ()} )

In what follows let S and 2 denote a semigroup and a nonempty set, respectively,

(2.1) (Vx,y € S) <

unless otherwise specified.

A bipolar Q-fuzzy set Fq in S is defined to be an object having the form
Fo = {{(z,a); f;(z,0), 3 (z,0)) | (z,0) € S x Q}
where the function f:S x Q — [~1,0] and fgl 1S x Q—0,1].
We shall use the symbol F = <S x Q; S f§> for the bipolar Q2-fuzzy set
Fo = {((z,a); f;}(z,0), f§ (z,0)) | (z,0) € S x Q.

Definition 2.1. A bipolar Q-fuzzy set Fo = <S x Q; fS f§> in S is called a bipolar

Q-fuzzy sub-semigroup of S if it satisfies
fi(zy, a) <V A{fHz,0), [ (y.0)}, )
f ey, a) = AN f3 (@), fHy.0)} )

Example 2.2. Consider a semigroup S = {a, b} with the following Cayley table:

(2.2) (Vz,y € S) (Va € Q) <

a b
ala b

b|b a

Let Q = {1,2} and let F, = <S x Q; 2, f]?> be a bipolar Q-fuzzy set in S defined
easy to verify that Fn = <S x € fg, f]? > is a bipolar Q-fuzzy sub-semigroup of S.
Example 2.3. Let S := {u|u:Q — S}. For any u,v € S, we define (uv)(a) =
u(a)v(a) for all o € Q. Then S is a semigroup. Let f = (S; f,, f,) be a bipolar
fuzzy sub-semigroup of S and let ¢ = <SQ x € CIDS, CI>2> where

(I)ng : SQ X Q- [_170]7 (u,a) = fn(’U,(Oé))
and

@g 1S x Q= [0,1], (u,a) = fy(u(a)).
Then & = <SQ x Q; &, <I>§> is a bipolar Q-fuzzy sub-semigroup of S.



26 MEE KwanGg KANG & JEONG GI KANG

Theorem 2.4. Let Q be the set of all bipolar fuzzy sub-semigroups of S and let

= <S X Q;fg,f§> be a bipolar Q-fuzzy set in S where f(z,f) = fo(z) and
fl?(:n,f) = fp(x) for allz € S and f = (S; fn, fp) € Q. Then Foq = (S x Q;fg,f]§2>
s a bipolar Q-fuzzy sub-semigroup of S.

Proof. Let x,y € S and f = (S; fn, fp) € Q. Then
ey, 1) = falay) <\ {Fa@), @)} = {52 @, ), £, D)

and

Hence Fp = <S x Q; S, f§l> is a bipolar Q-fuzzy sub-semigroup of S. O

Proposition 2.5. If Fo = <S x Q; S f§> s a bipolar Q-fuzzy sub-semigroup of S
and o € 0, then a bipolar fuzzy set f = (S; o, f;‘) where

8= 1,0, z = fi@ )
and
fo o8 =101, x> f}(z,q)
s a bipolar fuzzy sub-semigroup of S.
Proof. Let x,y € S. Then
foay) = flay. ) <\ {fHz0), £y, 0)} = \/ {3 ()
and
fy @) = ey, 0) 2 A{B@.0). £w.0)} = AN @), )}
This completes the proof. ]

Proposition 2.6. If f = (S; fo f;") , a € 8, 15 a bipolar fuzzy sub-semigroup of S,
then a bipolar Q-fuzzy set Fg = <S x Q; £, f§> where

fa 8 x Q= [-1,0], (z,0) — f3(2)
and

£eSxQ—10,1], (z,a)— f(z)
s a bipolar Q-fuzzy sub-semigroup of S.
Proof. For any =,y € S, we have

fllay, o) = f3(xy) <\ {f5@), fe)} = V {£2 (=@ 0), £y, 0)}
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and

oy, 0) = f2(ay) > N {F2@), 12} = A {2 ), 12, 0)}
Hence Fo = <S x Q; f, f]§l> is a bipolar Q-fuzzy sub-semigroup of S. O
Theorem 2.7. Let &g = <SQ; o @§> be a bipolar fuzzy sub-semigroup of S and
let Fo = <S x Q; £, fg) be a bipolar Q-fuzzy set in S defined by
2z, a): /\{CDQ ) ue S, u(a) =z}

fﬂma \/{@Q ) |ue SY, o) =z}

forallz € S and o € Q. Then Fo = <S X Q;f,?,fgz> is a bipolar Q-fuzzy sub-
semigroup of S.

Proof. Let x,y € S and o € Q). Then
fy,a) = N2 (u) [u e 5, u(a) = zy}
< A\ {25 (w) | u,v € 52, u(a) =z, v(e) =y}
<A\ {\/ {B2(u), 2(0)} | u,v € S2, u(a) =z, v(a) = y}
_\/{/\{<1>Q )| ue S u) =z}, A\ {82(v) |ve S, ():y}}
=\ {fl@ ), fy.0)}

and
i zy,a \/{<I>Q ) | ue S, u(e) =y}
>\/ {q>g (uv) | u,v € §2, u(a) =z, v(a) =y}
>\ { A\ {0 ), o)} |u,v € 5% ) =z, v(@) =y}
_/\{\/{cpQ )| ue S u) =2}, \/ {82(v) | v e 52, ():y}}
= AN {f.a) ,f§<y,a>}-

Hence Fo = (S x Q; fiL, f3}) is a bipolar Q-fuzzy sub-semigroup of S. O

Example 2.8. Let S = {a,b} be a semigroup in Example 2.2 and let Q2 := {1,2}.
Then S := {e,u,v,w}, where e(1) = ¢(2) = v(1) = w(2) = a and u(1) = u(2) =
v(2) = w(1) = b, is a semigroup (in fact, a commutative group) under the following
Cayley table (see [2]):
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e u v w
e (& u v w
U u (& w (%
v v w (& u
w w v U e

Let ®&q = <SQ P <I>Q> be a bipolar fuzzy set in S defined by
dq = {(e;—-0.9,0.8), (u; —0.3,0.2), (v; —0.3,0.2), (w; —0.5,0.7) } .

Then ®q = <SQ;<I>2,<I>§}> is a bipolar fuzzy sub-semigroup of S. Thus we can
obtain a bipolar Q-fuzzy sub-semigroup Fg = <S x £; fg, f§> of S as follows:

fla,1) = N{27(Q) [0 € 8%, 0(1) =a} = \ {2} (e), &7 (v)} = —0.9,
£l(a,2) = N{27(Q) [0 € 8%, 02) =a} = \ {2} (e), &) (w) } = 0.9,
£ b, 1) = A\ {27(0) | © € 52, 0(1) =b} = A\ {2} (1), @} (w)} = —0.5,
£20,2) = N {22(©) |0 € 82, 02) =b} = A\ {2 (w), 2 (v)} = 03,
f2(a,1) = \/ {25(W) | & € 5, A1) =a} = \/ {82(e), 8(v)} = 0.8,
£a,2) =\/{2) (M) | & €S, a2 =a} =\/{®(e) &} (w)} =08,
£0,1) =\/ {2} (M) | & € 5° &1) =0} =\/{®}(u), ] (w)} =07,
£20,2) =\/ {2 () | & € 5°, &2) =0} =\/{®}}(u), ) (v)} =0.2.

Theorem 2.9. Let Fo = <S X Q;ff,f§> be a bipolar Q-fuzzy sub-semigroup of S
and let ®q = <SQ P2 (I)Q> be a bipolar fuzzy set in S defined by

\/{fQ @) | o€}

and

/\{fp ’O‘EQ}

for alluw € 8. Then &g = <SQ; oS, ¢2> is a bipolar fuzzy sub-semigroup of S*.
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Proof. For any u,v € S, we have
o2 (uv) = \/ {7 ((w) )\aeQ}
=V {5l WGQ}
<\/{\/{fn TR w(a), >}|aeﬂ}
:\/{\/{ff}u |a€Q} \/ {/2(v(a |aeQ}}
=V {2l (W), e} (v)}

and
o) (uo) = N\ {3 (w)(@),0) | a € Q}
= N a)v raeﬂ}
>/\{/\{fﬂ< £ (v(a }\aeﬂ}
=/\{/\{fpu raeﬂ} A w(@).0) [a )}
= A\ {2 (u), @}
Thus @ = (59 2, @) is a bipolar fuzzy sub-semigroup of S*. O

Example 2.10. Let Fg = <S x Q; S, f§> be the bipolar Q2-fuzzy sub-semigroup of
S in Example 2.2 and let S be the commutative group in Example 2.8. Then we
can induce a bipolar fuzzy sub-semigroup & = <SQ‘ P! <I>Q> of §% as follows:

$ = Y {Splele)0) o £9) = V()0 45@).2)
= V{fa,1 2)} = —0.9,

o) = V{fi(u ( X |a€9} = V{f(u(1),1), f(u(2),2)}
= V{200, 720.2)) = 03

r(v) = V{fiw(e),e)lacQ} =V {fi1)1), £ (?2),2)}
= \/{f??(% 1)7f7§2(b72) = —03

ep(w) = V{fi(w(a),a)|ac} =V {fwl)1), fQ(w),2)}
= V{01, f(a,2)} = 07

B = AR |a € 0} = A L)1), £e2),2)
= /\{f;?(aal)vf;?(a72)} =1,

B = A{f2(e).a) | € 0} = AP, ue).2)
= /\{f]?(b, 1)7]0;?(()’2)} = 0.5,

30) = A{f20(@)a)|a e} = AR, 1, f202),2)
= /\{f]?(av 1)af1§2(b72)} = 0.5,
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oJ(w) = A{f)(w(a),e)|acQ} = A{f(w(1),1), ;) (w(2),2)}
= A{F20,1), f2(a,2)} = 0.
For a bipolar Q-fuzzy set Fo = <S X Q;fff,fé2> in S and (s,t) € [-1,0] x [0,1],
we define
N(Fo;s) ={z €S| fi{(z,a) <s, Va € Q},

(2.3) P(Fo;t)={z € S| fi{(z,0) > t, Yo € Q}

which are called the negative s-cut of Fq = <S x Q; 2, fl?> and the positive t-cut of
Fq= <S x Q; S, f§> , respectively. The set

C(Fa; (s,1)) == N(Fq;s) N P(Fo;t)
is called the (s, t)-cut of Fo = (S x Q; f5%, f]?> .Forevery k € [0,1],if (s,t) = (—k, k)
then the set
C(Fq;k) := N(Fq; —k) N P(Fq; k)
is called the k-cut of Fq = <S X Q;fﬁ,f]?>.
Theorem 2.11. If a bipolar Q-fuzzy set Fq = <S x Q; £, §> i S s a bipolar
Q-fuzzy sub-semigroup of S, then the following assertions are valid:
(1) (Vs € [=1,0]) (N(Fq;s) #0 = N(Fq;s) is a sub-semigroup of S).
(2) (Vt €[0,1]) (P(Fa;t) #0 = P(Fq;t) is a sub-semigroup of S) .
Proof. Let s € [—1,0] be such that N (Fq;s) # 0. If 2,y € N(Fq;s), then f}(x,a) <
s and f}(y,a) < s for all a € Q. Tt follows that

fey, ) <\ {F(z o), [y, 0)} < s

so that xy € N(Fq;s). Hence N(Fq;s) is a sub-semigroup of S. Now, let ¢ € [0, 1]
be such that P(Fo;t) # 0. If 2,y € P(Fq;t), then f}(z,a) >t and f3!(y,a) > t for
all a € Q, and so

iy, ) = Nz, 0), £y, a)} > t.
Therefore P(Fq;t) is a sub-semigroup of S. O

Corollary 2.12. If a bipolar Q-fuzzy set Fq = <S x Q; f, f152> in S is a bipolar Q-
fuzzy sub-semigroup of S, then the k-cut of Fqo = <S x Q; 2, fl?> s a sub-semigroup
of S for all k € [0,1].

‘We now consider the converse of Theorem 2.11.
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Theorem 2.13. Let Fo = <S X §; ff},f1?> be a bipolar Q2-fuzzy set in S satisfying
two conditions (1) and (2) in Theorem 2.11. Then Fo = (S x Q; [, fg) is a bipolar
Q-fuzzy sub-semigroup of S.

Proof. Assume that Fo = <S x Q; £, f1§2> is not a bipolar Q-fuzzy sub-semigroup
of S. Then the condition (2.2) is false, that is, there exist a,b € S and o € Q such

that f5'(ab,a) > \/ {fit(a,a), fi}(b,a)} or f(ab,a) < A{f$H(a,q), fH(b,a)}. If
fi(ab, @) >V {fi(a,q), fi}(b;a)}, then

fR(ab,a) > sa > \/ {£;(a,0), [ (b,0)}
for some s, € [—1,0]. It follows that a,b € N(Fg;sa) but ab ¢ N(Fgq;sq) which is
a contradiction. Therefore f(zy,a) <\ { Sz, ), Sy, a } for all x,y € S and
a € Q. Now, if fl?(ab, a) < /\{f;2 a,oz),fzg2 (b, @) }, then

fy(ab,a) < to < \ {5 (a,0), f;}(b,0)}

and so a,b € P(Fq;ty) but ab ¢ P(Fq;t,). Thus P(Fg;t,) is not a sub-semigroup
of S, which is a contradiction. Consequently, Fo = <S x Q; f,?, f1§2> is a bipolar
Q-fuzzy sub-semigroup of S. g

Definition 2.14. A bipolar Q-fuzzy sub-semigroup Fo = <S x €Q; fg,f§> of S is
said to be normal if it satisfies:

(2.4) (Va € Q) 3z,y € 9) (fi(z, ) = —1 and fi}(y,a) =1).

Example 2.15. Consider a semigroup S := {e,u,v,w} which is described in Ex-
ample 2.8. Let & = <SQ P <I’Q> be a bipolar fuzzy set in S defined by
O = {(e; —1,1), (u; —0.3,0.2), (v; —0.3,0.2), (w; —0.5,0.7) } .

Then &g = <SQ P @Q> is a bipolar fuzzy sub-semigroup of S, which induces a
bipolar fuzzy sub-semigroup ®q = <SQ P2 o > of S where

fa,1) = fHa,2) = =1, fHb,1) = —0.5, f}(b,2) = —0.3,
Q _1Q _ Q _ Q _
fp (CL, 1) - fp (a7 2) - 17 fp (b7 1) - 073 fp (b’ 2) - 02
Thus Fo = <S x Q; S f§> is a normal bipolar Q-fuzzy sub-semigroup of S.

Let 3 denote the set of all normal bipolar Q-fuzzy sub-semigroups of S. Denote

by 6 the special element of S such that

(VaEQ)(ana N f(x,a) and f1(0,0) = \/ f} xoz).

zeSs zeSs
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Clearly, if Fn = <S x Q; 2, f]?> is a normal bipolar Q-fuzzy sub-semigroup of S,
then f(0,a) = —1 and ff}(&,a) =1 for all o € Q.
We consider a method for making a normal bipolar 2-fuzzy sub-semigroup from

a given bipolar )-fuzzy sub-semigroup.

Theorem 2.16. Let Fo = <S x Q; £, f§> be a bipolar Q-fuzzy sub-semigroup of S.
Let Fg = (S x Q;ﬁ, E) be a bipolar fuzzy set in S defined by

fR@.a) = fil(@,0) =14 f;/(0,0) and [2(z,0) = f;}(z,0) + 1= f;(0,0)
for all € Q and x € S. Then Fq = (S x Q; 2, @) is a normal bipolar Q-fuzzy

sub-semigroup of S.
Proof. For all z,y € S and « € §2, we have
[ay,a) = fxy, ) = 1+ £1(6,0)
<\ {f @), [y,0)} =1+ £2(6,0)
=\/{f@ ) =14 £70,0), [}y, 0) = 1+ (0, 0)}

=/ {F2@.0). ;2. 0)}

[y, a) = f3l(wy,a) + 1= f(0,)
> N {F (@ e), £y, 0)} +1— £1(6,0)
= N{f @ ) +1= £(0,0), f5 (y, ) + 1 = f1(6,0)}
= AN {F(z.0), 72w 0)}.
Clearly, f9(0,a) = —1 and f(0, @) = 1. Thus Fp = (S x Q; £, f$!) is a normal
bipolar Q)-fuzzy sub-semigroup of S. g

and

Definition 2.17. Let ¢ : § — T be a homomorphism of semigroups and let

Gqo = <T X Q;gf},g]?> be a bipolar Q-fuzzy set in T. Then the inverse image of

Go = (T x Q§9279§>7 denoted by ¢ 1[Gq] = (T x Q971 (g2), 7" (g§)> is the

bipolar Q-fuzzy set in S given by ¢~!(¢) (z,a) = g((z), ) and ! (gf,z) (x,a) =

gg(go(x),a) for all z € S and a € Q. Conversely, let Fo = <S>< Q;fg,f§>

be a bipolar Q-fuzzy set in S. The image of Fq = <S X Q;f,?,f;}% written as
= <T x € ga(f,?) ,gp(fgz)> , is a bipolar Q-fuzzy set in T defined by

A [z ) if o7l (y) #0,
o(£3) (g, @) :{ 2ep1(y)

0 otherwise,
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V fQ(z,a) if —1( )7&@,
‘P(fl?) (y, ) = { eo-1(y) p e (y

0 otherwise,
for all y € T and o € Q, where ! (y) = {z | ¢(z) = y}.

Theorem 2.18. Let ¢ : S — T be a homomorphism of semigroups and let Go =
<T x €Q; gn,gp> be a bipolar Q-fuzzy sub-semigroup of T. Then its inverse image
“1Gq] = <T x Q; o1 (gf}) Lot (g§)> is a bipolar Q-fuzzy sub-semigroup of S.

Proof. Let x,y € S and o € Q). Then
v (gn) (2y, @) = g3 (p(2y), a) = g3 (p(2) (), @)
<\ {gi(p(2), ), g5 (¢(y), @) }
=\ {7 (9r) (z.0), 07 (g))) (v, )}

and
v (gy) (zy, @) = g3 (p(xy), @) = g (p(z)p(x), @)
> N\ {95 (o(2), ), (()a)}

@)
= N {e ' (9)) (@), 07" (9) (v, )} -

Hence p~1[Gq] = <T x Q71 (g,?) , ( )> is a bipolar Q-fuzzy sub-semigroup of
S. O

Theorem 2.19. Let ¢ : S — T be a homomorphism between semigroups S and T.
If Fo = <S X Q;fg,f§> is a bipolar Q-fuzzy sub-semigroup of S, then the image
= <T x €Q; go(f,?) ,gp(fl?)> s a bipolar Q-fuzzy sub-semigroup of T.

Proof. We first prove that

(2.5) e (w1  (y2) € o )
for all y1,y2 € T. For, if z € ¢ (y1)¢ ' (y2), then x = z129 for some z1 € o~ (y1)
and x9 € p~ !(y2). Since ¢ is a homomorphism, it follows that
e(x) = p(r122) = p(z1)P(22) = Y13)2
so that = € = !(y1y2). Hence (2.5) holds. Now let 31,72 € T and o € Q. Assume

that y1y2 ¢ Im(y). Then gp(fﬂ) (y2,a) = 0 = go(fﬂ) (y1y2, ). But if y1ys ¢
Im(p), i.e., o (y1y2) = 0, then = (y1) = 0 or ¢ '(y2) = O by (2.5). Thus
SD(fTKLZ) (ylva)zozso(fp)(yla or So(fv?) y?) _O: (f;?) (yQ,OZ), and so

o(f2) (nya, @) =0 = N\ {e(f7) W), o(£7) (2, @)},
P (1) wrya, @) = 0= \/{o(£3}) (w1, ), 0(£3) (w2, )} -



34 MEE KwanGg KANG & JEONG GI KANG

Suppose that ¢~ !(y112) # 0. Then we should consider two cases as follows:

(1) ¢ y) =0 or ¢ '(y2) =0,

(i) ¢ '(y1) #0 and ¢ ' (y2) # 0.
For the first case, we have o (f$}) (y1,0) =0 = go(fg) (y1,@) or p(f) (y2,00) =0 =
‘P(fg?) (y2, ). Hence

o(f3) (v, ) < N {e(£) (1, 0), 0 (£) (g2, 0)}
and

@(f;?) (Y192, ) > \/ {@(f;?) (yl,a),SO(f;?) (y2, ) } .
Case (ii) implies that

o(f) yz,0) = N\ fze) < A £z )

z€p~1(y13y2) z€p~1(y1)e~(y2)

= /\ fflz(xlxg,a) < /\ \/ {fQ «771; .%'2, )}

1€ 1 (y1) 1€ 1 (y1)
z9€p~ 1(ya) z9€p~ 1(y2)

— \/ /\ fg(xl,oz), /\ fﬁ?(xz,a)

z1€07 (Y1) z2€p 1 (y2)

=\/ {e(£D) W), 0(£2) (2, 0)}

and

o (£)) e, ) = \/ £z o) > \/ £z )

z€p~1(y1y2) z€p~(y1)p~H(y2)

=/ faze) > ) A{f @), (z2,0)}

z1€0 1(yy) z1€p ()
z9€p 1 (yg) o€ 1 (yg)

AV e Vo e

z1€0~ (1) z2€0~ 1 (y2)
= A\ {e(f9) (v, @), 0(F£2) (y2,0)}

for all y1,y2 € T and «a € 2. This completes the proof. O

3. CONCLUSIONS

In this paper we have defined the notions of bipolar 2-fuzzy sub-semigroups in
semigroups by using a set ). We have described a bipolar 2-fuzzy sub-semigroup

by using a bipolar fuzzy sub-semigroup and vice versa. We have stated how the



BIPOLAR FUZZY SET THEORY APPLIED TO SUB-SEMIGROUPS 35

homomorphic images and inverse images of bipolar Q-fuzzy sub-semigroups become
bipolar Q-fuzzy sub-semigroups. We have discussed normal bipolar 2-fuzzy sub-
semigroups, and provided a characterization of a bipolar Q-fuzzy sub-semigroup.
Our future work will focus on studying the bipolar Q-fuzzy structure with operators

of several ideals in semigroups.
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