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OSCILLATORY BEHAVIOR AND COMPARISON FOR
HIGHER ORDER NONLINEAR DYNAMIC EQUATIONS ON
TIME SCALES'

TAIXIANG SUN*, WEIYONG YU AND HONGJIAN XI

ABSTRACT. In this paper, we study asymptotic behaviour of solutions of
the following higher order nonlinear dynamic equations

Si(t,@) + 6p(t) f(2(9(1)) = 0
and

S (@) + dp(t) f(2(h(1)) = 0
on an arbitrary time scale T with sup T = oo, where n is a positive integer,
§d=1or —1 and

z(t), if k=0,
Sk(t,z) =< ap(t)Se | (1), if 1<k<n-1,
an(®)[SE ()], if k=n,
with a being a quotient of two odd positive integers and every aj (1 <

k < n) being positive rd-continuous function. We obtain some sufficient
conditions for the equivalence of the oscillation of the above equations.

AMS Mathematics Subject Classification : 34K11, 39A10, 39A99.
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1. Introduction

A time scale T is an arbitrary nonempty closed subset of the real numbers.
Thus, R, Z, N, that is, the real numbers, the integers and the natural numbers are
examples of time scales. The theory of time scales, which has recently received a
lot of attention, was introduced by Hilger in [21] in order to unify continuous and
discrete analysis. Not only can this theory of so-called “dynamic equations” unify
the theories of differential equations and of difference equations, but also it is able
to extend these classical cases to cases “in between”, for example, to so-called
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q-difference equations when T = {1, ¢, ¢?, ...}, which has important applications
in quantum theory (see [22]). Many other interesting time scales exist, and they
give rise to plenty of applications, among them the study of population dynamic
models (see [4]). A book on the subject of time scale by Bohner and Peterson
[4] summarizes and organizes much of the time scale calculus (see also [5]). For
the notions used below, we refer to [4].

In the last years, there has been much research activity concerning the oscil-
lation and nonoscillation of solutions of some dynamic equations on time scales,
and we refer the reader to the paper [1-3, 6-7, 10-14, 16-21, 23-24].

Erbe et al. in [9] obtained comparison theorems for the second order linear
equations

(p(t)z™ ()™ + q(t)2” (t) =0,
(p(t)y™ (1)) + a” (t)q(t)y° (t) = 0
and
(p(t)z> ()™ + a(t)q(t)z" (t) = 0.

Zhang and Zhu in [25] established the equivalence of the oscillation of the non-
linear dynamic equations

a2 (t) +p(t) f(z(t — 7)) =0
and
22 (1) + p(t) f (7 (1)) = 0.

Higgins in [20] further studied the equivalence of the oscillation of the non-
linear dynamic equations

(a(t)x™ ()™ +p(t) f(x(a(t)) = 0
and
(a(t)z®(1))® + p(t) f(z(7(t))) = 0.

Grace et al. in [15] obtained the new conditions of oscillation for the second
order nonlinear dynamic equation

(a(t)(@>(£)*)” + p(H)2” (1) = 0
and obtained the comparison results for
(a(t)(@®(£)*)> + p(t)z” (t) > 0 (< 0).

Motivated by the above studies, in this paper, we shall consider the higher
order nonlinear dynamic equations

Sty )+ op(t) f(z(g(t))) =0 (1.1)
and
Sy (¢, ) + op(t) f(z(h(t))) =0, (1.2)
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on an arbitrary time scale T with sup T = oo, where § =1 or —1, n is a positive
integer,
x(t), if k=0,
Si(t,z) = ap(t)Se  (t,x), if 1<k<n-1,
an(t)[Sa i (t,2)]*, if k=n,
with « being a quotient of two odd positive integers, and ar (1 < k < n),
p, g, h, f satisfying the following conditions:

(1) p,ar € Crg(T,(0,00)) (1 <k <mn).

(2) g,h € Crg(T,T) and lims—, o0 g(t) = limy—,00 A(t) = 0.

(3) f: R — R is continuous, nondecreasing, f(—u) = —f(u) for v € R, and
uf(u) > 0 for u # 0.

Since we are interested in the asymptotic and oscillatory behavior of solu-
tions near infinity, we assume that sup T = oo, and define the time scale interval
[to,00)r = {t € T : t > to}, where tg € T. By a solution of (1.1) (resp.
S2(t,) + p(t) f(a(g(t)) < 0 or S(t,) + 6p(t)f(2(g(t))) > 0) we mean a
nontrivial real valued function = € Cyq([T,00)T, R) with T, > ¢, which has
the property that S;(t,z) € C!,([Ty, o0)r,R) for every 0 < i < n and satisfies
(1.1) (resp. S2(t,x) + dp(t) f(a(g(t))) < 0 or S2(t.a) + op()f(@(g(1))) > 0)
on [T}, o0)r, where C?, denote the space of functions that are differentiable
and whose derivative are rd-continuous. The solutions vanishing in some neigh-
borhood of infinity will be excluded from our consideration. A solution = of
(11) (resp. S2(t,) +8p(t) f(x(g(£))) < 0 or S2(t,7) + 6p(t) f(x(g(¢))) > 0) om
[T, 00)T) is said to be oscillatory if it is neither eventually positive nor eventually
negative, otherwise it is called nonoscillatory.

2. Main results

For convenience, we write

o, if kE=n,
TV, i 1<k<n—1.

We call the condition (C) holds if there is a constant M > 0 and a sufficiently
large T' € T such that for any t > T,

(1) A(t) < g(t).
2) fg(t) 1 w1 e }‘J‘%A A <Mfg(t) 1
" ) h(t) ah(ul) T 1a2(u2)"’ T a;(u;) Ui AU S T ay(uy)
1 i—2 .
T m T mAUifl...AU1 for 2 S 1 S n.

: a1
3) }?((t)) [all(s)] As < M.
Lemma 2.1. Assume that

—_— As = Il 1<k< 2.1
/to [ak(s)] s=o00 fora <k<n (2.1)

and m € [1,n]. Then
(1) iminf, o0 Sy (t, ) > 0 implies lim;_, o Sk(t,x) = oo for k € [0,m—1].
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(2) limsup,__, o Sy (t, ) < 0 implies lim;_, o0 Sk(t,2) = —o0 for k € [0,m —
1].

Proof. If liminf; o Sy, (t,2) > 0, then there exist a sufficiently large T > tg
and a constant ¢ > 0 such that S,,(t,z) > ¢> 0 for t > T and

t

¢ [Sm(s, x)

am($)

(] 2s.

}%’”As = Sn-1(T,2) +/ am(s)

T

Sm-1(t,x) = Sm-1(T, ) +/

T

Thus lim; o0 Sy—1(t, ) = 0o. The rest of the proof is by induction. The case
(2) can be treated similarly. The proof is completed. O

Lemma 2.2. Assume that (2.1) holds. If S5(t,z) < 0 and z(t) > 0 fort > t,
then there exists an integer m € [0,n] with m + n is even such that

(1) (—=1)™*S,(t,x) > 0 fort > to and i € [m,n].

(2) If m > 1, then there exists T > to such that S;(t,z) > 0 fort > T and
iel,m—1].

Proof. First we shall prove that S,(t,z) > 0 for ¢ > ty3. If not, then there
exists some t; > to such that S, (t;,z) < 0 since S2(t,x) < 0 and S, (¢,z) is
strictly decreasing on [tg,00)r. It follows S, (¢t,2) < S, (t1,z) < 0 for t > ;.
But from Lemma 2.1 we find lim;_, o x(t) = —oo, which is a contradiction to
x(t) > 0 (t > tg). Thus S,(¢t,x) > 0 for t > ty and there exists a smallest
integer 0 < m < n with m +n even such that (—1)"%'S;(t,z) > 0 for t > to and
m<i<n.

Next let m > 1. Then we get Sﬁfl(t,:c) = [Sm(t,x)/am(t)]ﬁ >0 (t > to)
and either there exists t1 > o such that S,,—1(t,2) > Sy—1(t1,2) > 0 for t > 1
or Sp,—1(t,x) < 0 for t > tp.

If there exists t; > ¢ such that S,,_1(¢,2) > S;—1(t1,2) > 0 for ¢ > ¢, then
from Lemma 2.1 we find lim;__,o, S;(¢t,2) = oo for 0 <i <m — 1.

It S, —1(t,x) < 0forall t > tp, then using arguments similar to ones developed
in the above it follows S,,_o(¢,2) > 0 for all ¢ > to, which is a contradiction to
the definition of m. The proof is completed. O

Using arguments similar to ones developed in the proof of Lemma 2.2, we can
get
Lemma 2.3. Assume that (2.1) holds. If S>(t,x) > 0 and x(t) > 0 for t > to,
then there exists T > to such that S;(t,x) > 0 fort > T and i € [1,n] or there
exists an integer m € [0,n — 1] with m +n is odd such that

(1) (—1)™ %S (t,z) > 0 for t >ty and i € [m,n].

(2) If m > 1, then there exists Ty > to such that S;(t,z) > 0 fort > T and
ie€[l,m-—1].

Lemma 2.4 ([4] L'Hospital’s Rule). Assume that f and g are differentiable on
T with lim;_, o g(t) = co. If

g(t) >0 and g®(t) >0 forall t>to,
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then
2@

t—s o0 gA (t)

=r (oroo) implies tgnoog((g:r (or 0).

Lemma 2.5 ([8] Knaster’s fixed-point theorem). Assume that (X, <) is an or-
dered set. Let §) be a subset of X with the following properties: The infimum of
Q belongs to Q0 and every nonempty subset of Q has a supremum which belongs
to Q. If S : Q — Q is an increasing mapping, that is, x <y implies Sx < Sy,
then S has a fixed point in €.

Lemma 2.6. Let 6 =1 andn =2r—1 (r € N). Assume that (2.1) holds. Then
(1.1) has no eventually positive solution if and only if

Sty (t, ) + p(t) f(z(g(t))) <0 (2.2)

has no eventually positive solution.

Proof. Sufficiency is obvious.

Necessity. Assume that (1.1) has no eventually positive solution. Suppose the
contrary that (2.2) has an eventually positive solution y, namely, there exists
t1 > to such that y(¢) > 0 and y(g(¢)) > 0 for t > ¢;. Then

Shr_1(ty) < —p(6)f(y(g(t))) <0 for t>t;.

By Lemma 2.2, there exist an odd integer m € [1,2r — 1] and an t2(€ T)> t;
such that

(1) (=1)™*iS;(t,y) > 0 for t > t; and i € [m,2r — 1].

(2) S;(t,y) >0fort >ty and i € [0,m — 1].
Let T (€ T) > tg such that g(t) > t5 for t > T. For any € Crq([to, 00)1,R), u €
Cra(T, (0,00)) and v € Cp4(T, T), we write

L7 u(s) f(z(v(s)))As, if k=n+1,
n, m, , u, v, 8)] —— .
Ag(n,m,zuo t) = fT [P IS As, i m1<k<n,  (23)
t 1A (n, m, =, u, v, s) % .
[ [ O |oxAs, if 1<k<m.

By replacing = by y and integrating both sides in (2.2) from ¢t > T to oo, we
get

SZr—l(tyy) > A2r(2T - 17m7yapagvt)'

Thus
A2r(2r_17may7pag7t) 1

Sor_o(t,y) > a1,
2r 2( y) [ a2r—1(t) ]
Integrating the above from ¢ > T to oo, it follows

SQT‘—Q(ta y) S *A2r—1(27’ - 1amayap7gat)7

then

AQT—I(QT — 1,m7yap7gat)} m

S&_a(ty) < —[ a2r_a(1)
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Continuing the above process we can obtain that for ¢ > T,

Apmi1(2r —1,m,y,p,g,t), 2
SA ¢ > m—+ ) sy Iy Y am
mfl( ay) e [ CLm(t) }
Integrating it from T to t > T, we get
Sm—l(tvy) Z Am(zr - 1; m, y,p797t)~

Continuing the above process, we can get that for ¢t > T,

Let X be the Banach space of all bounded rd-continuous functions on [tg, c0)r
with sup norm [[z[| = sup;>,, |z(t)]. Let

D={weX:0<w(t)<1 fort>ty},

which is endowed with usual point-wise ordering <: w; < we <= w1 (t) < wa(¥)
for all t > tg.

It is easy to see that supA € ) for any nonempty A C ). Define a mapping
U on Q) by

v = d L if to<t<T,
O)t) =\ () + Av@r — Lmowy.pog,t)], it t=T.
By (2.4), it is easy to check that UQ C © and U is nondecreasing. Therefore,
by Lemma 2.5, there exists w € ) such that Uw = w. Hence for ¢t > T,

1

w(t) = m[y(T)_‘_Al(ZT_ 1am7wyapagat)]'
Let z = wy, then z is rd-continuous and for ¢t > T,
Z(t) = y(T)+A1(2T—1,m,Z,p,g,t)>0

It is easy to see that z satisfies (1.1), that is, z is an eventually positive solution
of (1.1), which is a contradiction. The proof is completed. O

Lemma 2.7. Let 6 =1 andn = 2r — 1 (r e N). Assume that (2.1) holds.
Furthermore, suppose that g(t) > h(t) for t > tg and q € Cr4(T, (0,00)) with
p(t) > q(t) fort > to. If (1.1) has an eventually positive solution, then

Sty (t, ) + q(t) f(x(h(t))) = 0 (2.5)

also has an eventually positive solution.

Proof. Assume that (1.1) has an eventually positive solution y, namely, there
exists a sufficiently large ¢; > to such that y(t) > 0, y(g(¢)) > 0 and y(h(t)) > 0
for t > ty, then Sh._,(t,y) = —p(t) f(z(g(t))) < 0 (t > t1). By Lemma 2.2, there
exist an odd integer m € [1,2r — 1] and an t3(€ T)> ¢ such that

(1) (=1)™*iS;(t,y) >0 for t > ¢; and i € [m,2r — 1].
(2) Si(t,y) >0fort >ty and ¢ € [0,m — 1].
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Let T (€ T) > t9 such that h(t) > ¢ for t > T. From g(t) > h(t), p(t) > q(t) >0
and (2.4), we get that for t > T,

y(t) > y(T)+ A1 (2r — 1,m,y,q, h,t), (2.6)

where A;(2r — 1,m,y,q, h,t) is defined as (2.3). The rest of the proof is similar
to that of Lemma 2.6 and the details are omitted. The proof is completed. [

Let m > 2, ¢ € (0,00) (1 < k < m), 8 be a quotient of two odd positive
integers and by, € Cp.q(T, (0,00)) (2 < k < m). We define

A(Ck—lv"' acmabkv"' 7bm767T7t)

t 1 .
_ ) emat fT [b::gs)} P As, if k=m,
Cp—1+ f; Alcky, Cm, b';:t;)“’ bm, B, T, S)As, if 2<k<m.

Theorem 2.1. Let § =1 and n =2r —1 (r € N). Assume that (2.1) and the
condition (C) hold. Then the oscillation of (1.1) and (1.2) is equivalent.

Proof. By Lemma 2.7 the oscillation of (1.2) implies that (1.1) is oscillatory.

Now assume that (1.1) is oscillatory. Suppose the contrary that (1.2) has
a nonoscillatory solution y. Without loss of generality, we assume that there
exists t1 > to such that y(¢) > 0 and y(h(t)) > 0 for t > ¢;. Then Sﬁfl(t,y) =
—p(t)f(y(h(t))) < 0 for ¢ > t;. By Lemma 2.2, there exist an odd integer
m € [1,2r — 1] and an T'(€ T)> t; such that

(1) (=1)™*iS;(t,y) > 0 for t > t; and i € [m,2r — 1].

(2) Si(t,y)>0fort>T and i€ [0,m—1].

Since Sy, (t,y) > 0 and S5 (t,y) = [Smﬂ(t,y)/amﬂ(t)]C‘m1+1 <0fort>T, we
have
oo > lim Sy, (t,y) =L >0.
t—o0

Then there exist € > 0 and ¢9 > T such that
Sm(t,y) < L+ g and Sy,_1(t,y) > M(L—&—E)ﬁ for t > to,

where M is defined as the condition (C).
If m > 2, then for t > to,

2

t
Sm—1(t,y) = Sm71(t2»y)+/ Sﬁfl(svy)AS
t
t. s

(5, )7 2L

- sm_1<t2,y>+/[ Jo As

to - am(s)

€
S A(Sm_l(tg,y),L+i,am,amﬂfg,t).
By induction, it follows that for ¢t > ts,

e
Sl(tay) S A(Sl(t%y)v' o 7Sm*1(t27y)aL+ 57042»' o 7am7amvt27t)'
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Choosing t3 > to such that h(t) > to for ¢ > t3. Then it follows from the

condition (C) that for ¢ > t3,
g(t) g(t)
/ yA(T)AT:/ Sl(svy)AS
h(t) h(t) ax(s)

MA(Sl(t2ay)> e aSm—l(t27y)7 (L + 2)am

a1, ,Am—1, am717t279(t))'

y(9(t)) — y(h(t))

IA

Let 2(t) = y(t)—MA(S1(t2, ), -, Sm—1(t2,y), (L+€/2) &m0 ar, -+ | Gm_1, Am—1, 2, 1).
From Lemma 2.4, we get

lim y(®)
oo MA(Sl(tzvy)a"’ 7Sm—1(t27 ) (L+ )am at, - - 7am—17am—17t27t)
A
= % lim y~ (1)
tree AA(Sl(tQay)a"' aS’mfl(th ) (L+ )am Ay, - ’amflyamflvt%t)
— % lim Sl(t y)
70 A(S2(t2, ), Sm—1(t2,9), (L )“m az, -+ ,am—1,m-1,t2,1)
% lim SQ(t v)
freo A(S3(t27 )a ,Sm—l(t27y) ( )am ag, - - 7am_17am—17t27t)
_1
L g Smoalby) o 1 M(Lke)m

TMee (e - M (L g
which implies z > 0 eventually. Thus
Sar_1(t:2) +p(t) f(2(9(t)))
= SQAT 1(ta y) +p(t)f(y(g(t)) - MA(Sl(t27y)7 e aSmfl(t%y)a
(L4 5™ a1, o, ot 9(1)
< Sga(ty) +p(t) fy(h(1) = 0.

If m = 1. Choosing t3 > to such that h(t) > ty for t > t3. Then it follows
from the condition (C) that for ¢ > t3,

g(t) g(t) 1
/ yA(T)ATZ/ [M}GAS
h(t) hry - ai(s)

g, L
< M(L+§)a1

y(9(®)) —y(h(t))

Let z(t) = y(t) — M(L + %)0%1 Then z(¢) > 0 for ¢ > t3 , which implies z > 0
eventually and

Sar—1(t,2) + p(t) f(2(g(1)))

Spr—1(t:y) + PO F(y(g(®) = M(L+5)7)
< Sho(ty) + O (D) = 0.



Oscillatory behavior and comparison for higher order nonlinear dynamic equations 297

Then z is an eventually positive solution of S&_,(t,z) + p(t)f(z(g(t))) < 0.
By Lemma 2.6, we see that (1.1) has eventually positive solutions, which is a
contradiction. The proof is completed. O

Definition 2.1. A solution y of (1.1)( or S2(t, ) + p(t) f(z(g(t))) < 0) is said
to be strongly eventually positive if y > 0 and 3> > 0 eventually.

Lemma 2.8. Let § =1 and n = 2r (r € N). Suppose that (2.1) holds. Then
(1.1) has strongly eventually positive solutions if and only if

Sau(t,z) + p(t) f(x(g(t))) < 0 (2.7)

has strongly eventually positive solutions.

Proof. Necessity is obvious.

Sufficiency. Suppose that y is a strongly eventually positive solution of (2.7).
Then there exists ¢; > to such that y(t) > 0 and y(g(t)) > 0 for t > t;. So
SQAT(t,y) < —p(t)f(z(g(t))) < 0 for t > ¢;. By Lemma 2.2 and Definition 2.1 ,
we see that there exist an even integer m € [2,2r] and an T'(€ T)> ¢; such that

(1) (=1)™*iS;(t,y) >0 for t > t; and i € [m, 2r].

(2) Si(t,y) >0fort>T and i€ [0,m—1].

The rest of the proof is similar to that of Lemma 2.6. We note that z, eventually
positive solution of (1.1), satisfies that for t > T,

z2(t) = y(T) + A1(2r,m, 2,p, g, 1) (2.8)
and A
2 t
ZA(t): 2( r,m,z,p,9g, ) >0’
a(t)
where Ap(2r,m,z,p,g,t) (k = 1,2) is defined as (2.3). This implies that z is a
strongly eventually positive solution of (1.1). The proof is completed. O

Using arguments similar to ones developed in the proofs of Lemma 2.7 and
Lemma 2.8, we can get
Lemma 2.9. Let § =1 and n =2r (r € N). Assume that (2.1) holds. Further-
more, suppose that g(t) > h(t) fort >ty and q¢ € Crq(T, (0, 00)) with p(t) > q(t)
fort >tg. If (1.1) has strongly eventually positive solutions, then

Sar(t,@) + () f(@(h(1))) = 0 (2.9)
also has strongly eventually positive solutions.
Theorem 2.2. Let 6 = 1 and n = 2r (r € N). Assume that (2.1) and the

condition (C) hold, then (1.1) has strongly eventually positive solutions if and
only if (1.2) has strongly eventually positive solutions.

Proof. Necessity is from Lemma2.9.

Sufficiency. Suppose that y is a strongly eventually positive solution of (1.2),
namely, there exists t; > ¢y such that y(t) > 0, y(h(t)) > 0 and y>(t) > 0
for t > ¢;. Then SQAT(t,y) = —p(t)f(y(h(t))) < 0 for t > t;. By Lemma 2.2



298 Taixiang Sun, Weiyong Yu and Hongjian Xi

and Definition 2.1, we see that there exist an even integer m € [2,2r] and an
T(e T)> t; such that

(1) (=1)™*iS;(t,y) >0 for t > t; and i € [m, 2r].

(2) Si(t,y) >0fort>T and i€ [0,m —1].
Since Sy, (t,y) > 0 and S5 (t,y) = [Sm+1(t,y)/am+1]ﬁl+l(t) <Ofort>T, we
have

oo > lim Sy, (t,y) =L >0.
t—o0

Therefore there exist € > 0 and ¢5 > T such that
Smlt,y) S L+5 and Spoi(ty) = M(L+e)mn for t> 1,

where M is defined as the condition (C). The rest of the proof is similar to that
of Theorem 2.1, We note that z, eventually positive solution of (2.7), satisfies
that

[S.
Z(t) = y(t)_MA(Sl(t27y)7 e 7Sm71(t27y)u (L+§)am y A1y, Gm—1, am717t27t) > 0

eventually and 22 eventually. Then z is a strongly eventually positive solution
of (2.7). It follows from Lemma 2.8 that (1.1) has strongly eventually positive
solutions. The proof is completed. O

Definition 2.2. A solution y of (1.1) (or S5 (¢, )+ dp(t) f(x(g(t))) > 0) is said
to be strongly increasing if S;(t,y) > 0 eventually for every 0 <i <n .
Lemma 2.10. Let § = —1 and n = 2r — 1 (r > 2). Suppose that (2.1) holds.
Then (1.1) has an eventually positive and eventually increasing solution which
s mot strongly increasing if and only if

A
Sor_1(t, ) = p(t) f((g(t))) = 0 (2.10)
has an eventually positive and eventually increasing solution which is not strongly
Increasing.

Proof. Necessity is obvious.

Sufficiency. Assume that y is an eventually positive and eventually increasing
solution of (2.10) which is not strongly increasing, namely, there exists 1 > ¢
such that y(t) > 0 and y(g(t)) > 0 for t > t;, then S5, (t,y) > p(t) f(y(g(t))) >
0 for ¢t > t1. It follows from Lemma 2.3 and Definition 2.2 that there exist an
even integer m € [2,2r — 2] and an T'(€ T)> t; such that

(1) (=1)™*iS;(t,y) > 0 for t > ¢; and i € [m,2r — 1].

(2) Si(t,y) >O0fort>T and i€ [0,m — 1].

The rest of the proof is similar to that of Lemma 2.6. We note that z, eventually
positive solution of (1.1), satisfies that for ¢t > T,

Z(t) :y(T)+A1(27'7 ]-amaz,pagat) (211)

and
A2(2T — 17m7 vaagat)

(D) >0

22 (t) =
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and
Sora(t,z) = — / p()F (=(g(s))) As < 0,

where Ag(2r — 1,m, z,p,g,t) (k = 1,2) is defined as (2.3). Thus z is an even-
tually positive and eventually increasing solution of (1.1) which is not strongly
increasing . The proof is completed. O

Using arguments similar to ones developed in the proofs of Lemma 2.7 and
Lemma 2.10, we can get
Lemma 2.11. Let 6 = =1 and n = 2r — 1 (r > 2). Suppose that (2.1) holds
and g(t) > h(t) fort >ty and q € Crq(T,(0,00)) with p(t) > q(t) fort > to. If
(1.1) has an eventually positive and eventually increasing solution which is not
strongly increasing, then

A
Sor—1(t,2) —q(t) f(2(h(t))) =0 (2.12)
also has an eventually positive and eventually increasing solution which is not
strongly increasing.

Theorem 2.3. Let 6 = —1 and n=2r —1 (r > 2). Suppose that (2.1) and the
condition (C) hold, then (1.1) has an eventually positive and eventually increas-
ing solution which is not strongly increasing if and only if (1.2) has an eventually
positive and eventually increasing solution which is not strongly increasing.

Proof. Necessity is from Lemma2.11.

Sufficiency. Assume that y is an eventually positive and eventually increasing
solution of (1.2) which is not strongly increasing, namely, there exists t; > ¢ such
that y(¢) > 0 and y(h(t)) > 0 for t > ¢;. Then S5'_,(t,y) = p(t)f(y(h(t))) > 0
for t > t;1. It follows from Lemma 2.3 and Definition 2.2 that there exist an even
integer m € [2,2r — 2] and an T'(€ T)> ¢; such that

(1) (=1)™*iS;(t,y) > 0 for t > t; and i € [m,2r — 1].

(2) Si(t,y) >0fort>T and i€ [0,m —1].

Since S (t,y) > 0 and Spy1(t,y) = amy1(H)[SE (L, y)]om+ < 0 for t > T, we
have
oo > lim S,,(t,y) =L > 0.
t—o0

Then there exist € > 0 and ¢9 > ¢; such that
Sp(t,y) < L+ % and Sp_1(t,y) > M(L +&)am for t> b,

where M is defined as the condition (C). The rest of the proof is similar to that
of Theorem 2.1, we note that z, eventually positive solution of (2.10), satisfies
that for sufficiently large ¢,

e, _1_
Z(t) = y(t)_MA(Sl(tQay)7 e aSm—l(t27y)7 (L—|—§)O¢7n , A1y, Gm—1, am—lat2at)

with So,_1(t,2) = Sa,_1(t,y) < 0 eventually and 22 > 0 eventually. By Lemma
2.10, we see that (1.1) has an eventually positive and eventually increasing so-
lution which is not strongly increasing. The proof is completed. O
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Lemma 2.12. Let § = —1 and n = 2r (r € N). Suppose that (2.1) holds. Then
(1.1) has an eventually positive solution which is not strongly increasing if and
only if

Sar(t,@) = p(t) f(2(9(t))) > 0 (2.13)

has an eventually positive solution which is not strongly increasing.

Proof. Necessity is obvious.

Sufficiency. Assume that y is an eventually positive solution of (2.13) which
is not strongly increasing, namely, there exists t; > ¢y such that y(t) > 0 and
y(g(t)) > 0 for t > t;. Then Sfr(t, y) > p(t)f(z(g(t))) > 0 for t > t;. By Lemma
2.3, there exist an odd integer m € [1,2r — 1] and an T'(€ T)> ¢; such that

(1) (—=1)™*iS;(t,y) >0 for m <i <2r and t > t;.

(2) Si(t,y)>0fort>T and i€ [0,m —1].

The rest of the proof is similar to that of Lemma 2.6, we note that z, eventually
positive solution of (1.1), satisfies that for ¢ > to,

Z(t) zy(T)—FAl(?T’,m,z,p,g,t) (214)
and

Sapltsz) = — / " p(s) F(=(g(s))As <0,

where Ay (2r,m, z,p, g,t) is defined as (2.3). Then z is an eventually positive
solution of (1.1) which is not strongly increasing. The proof is completed. O

Using arguments similar to ones developed in the proofs of Lemma 2.7 and
Lemma 2.12, we can obtain
Lemma 2.13. Let § = —1 and n = 2r (r € N). Suppose that (2.1) holds and
g(t) > h(t) fort >ty and g € Cpq(T, (0,00)) with p(t) > q(t) fort >to. If (1.1)
has an eventually positive solution which is not strongly increasing, then

Sor(t,x) — (1) f(x(h(1))) = 0 (2.15)
also has an eventually positive solution which is not strongly increasing.

Theorem 2.4. Let § = —1 and n = 2r (r € N). Suppose that (2.1) and the
condition (C) hold. Then (1.1) has an eventually positive solution which is not
strongly increasing if and only if (1.2) has an eventually positive solution which
s not strongly increasing.

Proof. Necessity is from Lemma2.13.

Sufficiency. Assume that y is an eventually positive solution of (1.2) which
is not strongly increasing , namely, there exists t; > to such that y(¢) > 0 and
y(h(t)) > 0 for t > t;. Then S5.(t,y) = p(t)f(g(h(t))) > 0 for t > t;. By Lemma
2.3, there exist an odd integer m € [1,2r — 1] and an T'(€ T)> ¢; such that

(1) (=1)™*S;(t,y) >0 for m <4 <2r and t > ;.

(2) Si(t,y)>0fort>T and i€ [0,m—1].

Since S (t,y) > 0 and Spy1(t,y) = amy1(t)[SH(t,y)]*m+ < 0 for t > T, we



Oscillatory behavior and comparison for higher order nonlinear dynamic equations 301

have
oo > lim Sy, (t,y) =L > 0.
t—o00

Thus there exist € > 0 and ¢ > ¢1 such that
Sm(t,y) < L+ % and  Sp_1(t,y) > M(L +E)$ for t > to,

where M is defined as the condition (C). The rest of the proof is similar to that
of Theorem 2.1, we note that z, eventually positive solution of (2.13), satisfies
that for sufficiently large ¢,

1

y(t) - MA(Sl(t27y)a e aSm—l(t27y)a (L + %)am
Z(t): @y, vamflvamflvt%t)v if m227
y(t) — M(L+ 5)mm if m=1.

with Sa, (¢, 2) = Sa,(t,y) < 0 eventually. By Lemma 2.12, we see that (1.1) also

has an eventually positive solution which is not strongly increasing. The proof
is completed. O

3. Example

In this section, we give an example to illustrate our main results.
Example 3.1. Consider the following higher order dynamic equation
S (t,y) + op(t)y”(t) = 0 (3.1)

and

S2(L,y) + p(t)y (9(1)) = O, (3.2)
on time scales T = U2, [2k, 2k + 1], where n > 2, g € C,4(T, T) with ¢t < g(t) <
t+ M (M is a constant), § = 1 or —1, @ and § are the quotient of odd positive
integers, a,(t) =t* ar(t) =1 (1 <k<n-1),

)~ { t(n_1)i”+_19ff'[£(21_(?1”;+15]1*’ if t € URZ,[2k, 2k + 1),
= S Y [ G .
D2 e -yeps e {2k + 1k €Ny,

and
x(t), if k=0,
HSg (1), if 1<k<n-—1,
an(t)[Sa (D], i k=n
It is obvious that y(t) =t + (—1)"*1§/t is a positive solution of (3.1), y*(t) =
1+ (=1)"*2§/to(t) > 0, and
[5(n—1)1*

Sn(t,y) = { Sy
D (t+2) - (tFn—D !

if t € U2, 2K, 2k + 1),
ifte{2k+1:keN},

and

1—n)a[d(n—1)1% . -
S2(ty) = { e i1 € URe, 2k, 26+ 1),

t+1)*—(t+n)*][§(n—1)1* . .
. [(t)-i-l)ét+2))~~]([t_f_n)]a)] , ifte{2k+1:keN}
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It is easy to check that

/ / As=o00 forall 1<k<n-1
2 ak

/f[ais>%=/f?=°o-

Then (2.1) holds. On the other hand, for any T' € T, it is easy to check that if
t > T, then t < g(¢), and

g(t) 1 4 g9(t)
/ [ ] “t As = As < M,
t ai(s) t

and

and for 2 <i <n,

g) 1 ur ] Ui—1 1 .
“ Au;...Au
/t a1<u1>/T as(uz) /T ) '

ft(” e J7 T v A, if2<i<n—1,
9(®) u" 1[ } Auy...Auy, if i =n.

< / “ / / / e

g(t) 1 Uj—2 1
ar(u) Jo a2( o) Jr aioi(uio1)
Then the condltlon (C) holds.

(1) If nis an odd integer and § = 1, then we see that (3.2) has an eventually
positive solution by Theorem 2.1; if n is an even integer and d = 1, then we see
that (3.2) has strongly eventually positive solution by Theorem 2.2.

(2) If nis an odd integer and 6 = —1, then we see that (3.2) has an eventually
positive and eventually increasing solution which is not strongly increasing by
Theorem 2.3; if n is an even integer and § = —1, then we see that (3.2) has an
eventually positive solution which is not strongly increasing by Theorem 2.4.
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