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1. Introduction

In this paper we establish some fixed point results in a fuzzy metric space
by applications of certain fixed point theorems in metric spaces. Also we prove
some fixed point results in metric spaces. Fuzzy metric space was first intro-
duced by Kramosil and Michalek [8]. Subsequently, George and Veeramani had
given a modified definition of fuzzy metric spaces[1]. Fixed point results in such
spaces have been established in a large number of works. Some of these works
are noted in [2], [10], [11], [14],[15] and [16].

Definition 1.1 ([1]). A binary operation « : [0, 1]x[0, 1] — [0, 1] is a continuous
t-norm if it satisfies the following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3) ax1=aforalla €[0,1],

(4) a*b < cxd whenever a < ¢ and b < d, for each a,b,c,d € [0,1].

Two typical examples of continuous t-norm are a*b = ab and axb = min(a, b).

Definition 1.2 ([1]). A 3-tuple (X, M, «) is called a fuzzy metric space (in the
sense of George and Veeramani) if X is an arbitrary (non-empty) set, * is a
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continuous t-norm, and M is a fuzzy set on X2 x (0, 00), satisfying the following
conditions for each x,y,z € X and t,s > O:

1) M(z,y,t) >0,

M(x,y, )—11fand0nly1fx—y7
M(z,y,t) = M(y, z,t),

M(z,y,t) + M(y, 2,5) < Mz, 2,t + ),
M(z,y,.) : (0,00) — [0,1] is continuous.

Here we have considered another definition of fuzzy metric space (non-Archimedean).
We describe the space along with some associated concepts in the following.

Definition 1.3 ([12]). A 3-tuple (X, M, %) is called a fuzzy metric space if X is
an arbitrary (non-empty) set, x is a continuous t—norm and M is a fuzzy set on
X2 x (0, 00) satisfying the following conditions for each z,y,2z € X and t,s > 0:

(1) M(x,y,t) >0,

(2) M(z,y,t) =1if and only if x =y,

(3) M(z,y,t) = M(y,z,t),

(4) M(z,z,t)* M(z,y,s) < M(z,y,tV s), where (tV s) = max{s,t},
(5) M(z,y,.): (0,00) — [0, 1] is continuous.

All fuzzy metric in this paper are assumed to be non-Archimedean. The
following properties of M noted in the theorem below are easy consequences of
the definition.

Theorem 1.1. (i) M(x,y,t) is nondecreasing with respect to t for each xz,y €
X.
(1)) M(x,y,t) > M(x,z,t)* M(z,y,t) for all z,y,z € X and t > 0.

Example 1.2. (1) Let a b = ab for all a,b € [0,1] and M be the fuzzy set on
2% :]0, +oo[ defined by

_d(x,y)
t )
where d is an ordinary metric on set X. Then (X, M, x) is a fuzzy metric space.

M(z,y,t) = exp

(2) Let a x b = ab for all a,b € [0,1] and M be the fuzzy set on RT x Rt x
(0, +00) defined by

min{z, y}
max{z,y} ’

for all z,y € R*. Then (X, M, %) is a fuzzy metric space.

M(z,y,t) =

Example 1.3. If M be the fuzzy set on X? x (0, +00) defined by

M(z,y,t) = ———
(x7y7 ) t+d($7y),
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where d is any metric on X, then it is easy to see that M satisfies all the conditions
of definition 1.3, but not all of the conditions of definition 1.2 are satisfied for
each x,y,z € X and t > 0.

Let (X, M, «) be a fuzzy metric space . For ¢ > 0, the open ball B(z,r,t)
with center z € X and radius 0 < r < 1 is defined by

B(z,rt)={ye X : M(z,y,t) > 1—r}.

Let (X, M, x) be a fuzzy metric space. Let 7 be the set of all A C X with
x € A if and only if there exist ¢ > 0 and 0 < r < 1 such that B(z,r,t) C A.
Then 7 is a topology on X (induced by the fuzzy metric M). A sequence {z,}
in X converges to x if and only if M(z,,x,t) — 1 as n — oo, for each t > 0.
It is called a Cauchy sequence if for each 0 < € < 1 and ¢ > 0, there exits
ng € N such that M(x,,xm,,t) > 1 — ¢ for each n,m > ng. This definition of
Cauchy sequence is identical with that given by George and Veeramani[l]. The
fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence is
convergent.
Let @ denote a family of mappings such that for each ¢ € @,
(1) ¢:(0,1] — [0,00),
(2) ¢ is continuous and decreasing,
(3) ¢(x) =0<= 2z =1and ¢(z.y) < é(x) + é(y), for every z,y € (0,1].

2. Main results

Lemma 2.1. Let (X,M,*) be a fuzzy metric space with a xb > ab for all
a,b € [0,1] and M(z,y,.) having discontinuity at 0, for all x,y € X. If we
define d : X% — [0,00) by d(z,y) = supq, f; d(M(z,y,t))dt, then d is a metric
on X for fired 0 < a < 1.

Proof. Tt is clear from the definition that d(x,y) is well defined for each z,y € X.
(i) d(z,y) > 0 for all z,y € X is trivial.
(i) d(z,y) = 0<= ¢(M(z,y,t))=0forallt>0

— M(z,y,t)=1forallt >0<=z=y.

(#4i) d(z,y)

supa/ d(M(x,y,t))dt
— supa [ SOy z,0))dt = dly. ),

(iv)Since M(z,y,t) M(z,z,t) * M(z,y,t)

>
> M(x,z,t).M(z,y,t).
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and also since ¢ is decreasing, it follows that,

d(xvy> = Supa/ QS(M((Ly,t))dt

1
< Supa/ ¢(M($7Z,t).M(Z,y7t))dt

1 1
< supa/ (M (z, z,t))dt + supa/ d(M(z,y,t))dt
= d(z,z)+d(zy)
This proves that d is a metric on X. O

Theorem 2.2. Let (X, M,*) be a fuzzy metric space with a xb > ab for all
a,b € [0,1] and M(z,y,.) having discontinuity at 0, for all x,y € X. If we
define d : X? — [0,00) by d(z,y) = supq f; logfz\/l(w’y’t) dt, then d is a metric
on X for0<a<1.

Proof. The proof follows from the above lemma 1.7 by choosing ¢(z) = logh. O

Let ¥ denote a family of mappings such that for each ¢ € ¥,
¥ : [0,00) — [0, 00),
(1) % is continuous ,
(2) ©(t) is increasing and
(3) ¥(0) =0 and ¥(t) < t for every t > 0.

Lemma 2.3. Let ¢ € U, then corresponding to this 1, there exists a
v : (0,1] — (0,1] such that 7 is a continuous, increasing function such that
v(t) >t for0<t <1 andy(1l)=1.

Proof. Let X : [0,00) — (0,1] be such that A(t) = a¥®) for every t € [0,00)
and 0 < a < 1. It is easy to see that A is a continuous, decreasing function and
A0) = 1. Now, we define 5 : (0,1] — [0,00) such that n(t) = log’, for every
t€(0,1] and 0 < a < 1. We define v : (0,1] — (0, 1] such that

7(t) = A@(t)) = Mlogy) = a’(esw)

for every t € (0,1] and 0 < a < 1. Then + is a continuous, increasing function
and y(t) >tfor0<t<landy(1)=1. O

Example 2.4. Let ¢ : [0,00) — [0,00) be defined as ¢ (z) = kx where 0 <
k < 1. Now corresponding to this function ¢, we define 7 : (0,1] — (0, 1] by
y(t) = tF where 0 < t < 1.

Lemma 2.5. Let (X,M,*) be a fuzzy metric space with a xb > ab for all
a,b €[0,1] and M(z,y,.) having discontinuity at 0, for all x,y € X. We define
d: X% —10,00) by d(x,y) = sup, f; cot(F M (x,y,t))dt, then d is a metric on
X.

Proof.
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(i) d(z,y) > 0 is trivial.

(i)
dlz,y) = 0= Cot(gM(w, y,t)) =0forallt >0
— M(y,z,t)=1forallt >0<=z=y.
(iii)
! T
d(l’,y) = Supoc/ COt(iM(xvyvt))dt
1
= supa/ cot(%M(x,y,t))dt =d(y,x).
(iv)

Since M (z,y,t) M(z,z,t) x M(z,y,t)

>
> min{M(z,z,t), M(z,y,t)}.

and also since 0 < § M (x,y,t) < 7 it follows that,

3
! T
dlay) = sup | cot(G Mo, t)de
1
< supa/ cot[I(M(x,z,t)*M(z,yﬂf))]dt

1
= supa/ Cot(gmin{M(:z:,z,t),M(z,y,t)})dt

1
< supa/ cot(gM(a:,z,t))dt
«

1
—|—supa/ cot(gM(z,y,t))dt
= d(z,2) +d(z,y),

that is d is a metric on X. O

Remark 2.1. Let a,b € (0, 1], then it is a standard result that
T

Arccot(min{a,b}) < Arccot(a) + Arccot(b) — 1

Lemma 2.6. Let a b = min{a,b} for all a,b € [0,1] and (X, M, *) be a fuzzy
metric space. We define d : X? — [0,00) by

d(z,y) = supq fi(%Arceot(M(x,y,t)) — 1)dt, then d is a metric on X. Also
0 <d(z,y) < 1.

Proof. (i) 0<d(z,y) <1 is trivial.
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4
d(z,y) =0 <= —Arccot(M(z,y,t))—1=0forallt>0
T

<= Arccot(M(z,y,t)) = % for all £ > 0.
<~ M(z,y,t)=1forallt>0<= z=y.
(iii) d(z,y) = d(y,z) is trivial.

(iv) Since
M(z,y,t) > M(z,z,t)* M(z,y,t)
min{M (x, z,t), M(z,y,t)},
it follows that,

Arccot(M(z,y,t)) < Arccot|M(x,y,t) * M(z,y,t)]
= Arccot(min{M(z, z,t), M(z,y,t)})
< Arccot(M(z, z,t))
+Arccot(M(z,y,t)) — %
Hence,
' 4
d(z,y) = sup/ (=Arccot(M (z,y,t)) — 1)dt
a Ja T

1
4

< su /(fArccot(M(x,z,t))—l)dt
o T

' 1
—|—sup/ (éArccot(M(z,y,t)) — 1)dt
a Jo T
= d(z,2)+d(z,y),

that is d is a metric on X.
O

Remark 2.2. Let (X, M,«) be a fuzzy metric space with a * b > ab for all
a,b € [0,1] and M(z,y,.) having discontinuity at 0, for all 2,y € X. If sequence
{zn} in X converges to x, that is, for every 0 < e < 1 there exist ng € N such
that M (x,,z,t) > 1 — e for Vn > ng and each ¢t > 0, then d(z,,z) — 0 where
d(z,y) = sup, f; logfl\/f(z’y’t) dt. Also it is a Cauchy sequence if for each 0 < & < 1
and t > 0, there exits ng € N such that M (z,,, z,,t) > 1 —¢ for each n,m > ny.
It follows that d(z,, ) = sup, f; logM@memt) gt < sup,, f; logt ™= dt < ), for
every n = (1 — a)logl™¢. Thus {z,} in (X,d) is a Cauchy sequence.

In 1976, Jungck[4] introduced the notion of commuting mappings to find

common fixed point results in metric spaces. Later on, in[5] Jungck proposed
the notion of compatible mappings which is a generalization of the concept
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of commuting mapping. Some common fixed point theorems for compatible
mappings and their generalizations are addressed in [6], [7] [9] and [17]. In this
paper we consider weak compatible mappings.

Definition 2.1 ([13]). Let A and S be mappings from a metric space X into
itself. Then the mappings are said to be weak compatible if they commute at a
coincidence point, that is, Az = Sz implies that ASx = SAx.

The Main Results

Theorem 2.7 ([3]). Let A, B,S,T,L and M be self maps on a metric space
(X, d) satisfying:

(i) L(X) C ST(X), M(X) C AB(X),

(ii) there exists k € (0,1) such that for each z,y € X,
d(Lz, My) < k.N(x,y), where

N(z,y) = max{d(ABx, Ly),d(STy, My),d(ABz, STy),
1
7(d(STy, Ly) + d(ABz, My))};

(iii)one of L(X), M(X), AB(X) or ST(X) is a complete subset of X, then

(a) M and ST have a coincidence point,

(b) L and AB have a coincidence point.
Further if

(iv) AB=BA,ST =TS,LB=BL,MT =TM,
(v) the pairs (L, AB) and (M, ST) are weakly compatible.
Then A, B,S,T,L and M have a unique common fixed point in X.

Remark 2.3. Theorem 2.1 improves, extends and generalizes the results of
Mishra [9] and Jungck [6].

We next apply theorem 2.1 to establish the following theorem in fuzzy metric
spaces.

Theorem 2.8. Let (X, M, *) be a fuzzy metric space with axb > ab for all a,b €
[0,1] and M(zx,y,.) having discontinuity at 0, for all z,y € X. Let A,B,S,T, L
and H be self maps on X satisfying:

(i) L(X) CST(X),H(X) C AB(X);

(ii) there exists k € (0,1) such that for each z,y € X,
M(Lz, Hy,t) >

[ M(ABz, Ly, t), M(STy, Hy, 1), ’
W M(ABx, STy, t), \/M(STy, Ly, t).M(ABx, Hy, 1))

(iii)one of L(X), H(X), AB(X) or ST(X) is a complete subset of X, then
(a) H and ST have a coincidence point,
(b) L and AB have a coincidence point.
Further if
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(iv) AB=BA,ST=TS,LB=BL,HT =TH,
(v) the pairs (L, AB) and (H,ST) are weakly compatible.
Then A, B,S,T,L and H have a unique common fized point in X.

Proof. We define d(x,y) = supq f: logM @t dt for every z,y € X where
0 < a < 1. Then by lemma 1.8 and Remark 1.14, (X,d) is a complete met-
ric space. From the above inequality, we get,

SUPq f: 1og;”<“’H%t> dt <

SUPa f% logMAB=.Ly:t) gt sup,, f logM(STy Hyt) gy
k max supq [, loga (ABz,STy.t) gt 1 (supa f logM(5Ty:Ly, B dt ,
+SUpaf logM (ABz,Hy,t) dt)
which is,
d(ABx, Ly),d(STy, Hy),
d(Lz, Hy) < kmax ( dEAB% Sg“)y),(%(d?Sngj,)Ly) 1 d(ABz, Hy)) )
Hence all the conditions of Theorem 2.1 hold. Hence the conclusion of Theorem
2.3 follows by an application of Theorem 2.1 . O

Next we establish the following result in metric spaces.

Theorem 2.9. Let A, B,S and T be self maps on a metric space (X,d) satis-
fying:
(i) A(X) CT(X),B(X) CS(X) and T(X) or S(X) is a closed subset of X ;
(ii) there exist positive real numbers a,b, c,e such that a +b+c+2e <1 and
for each x,y € X,

d(Az,By) < ad(Sz,Ty)+ bd(Sz, Az) + cd(Ty, By) + e(d(Sz, By)
+d(Ty, Az));

(iii) the pairs (A, S) and (B,T) are weakly compatible.

Then A, B, S and T have a unique common fized point in X.
Proof. Let xp be an arbitrary point in X. By (i), we can choose a point x; in
X such that yg = Axg = Tz; and y; = Bxy = Sxo. In general, there exists a
sequence {y, } such that, yo, = Axe, = TTop+1 and yon+1 = Brapt1 = STanya,
forn =1,2,--- . We claim that the sequence {y,} is a Cauchy sequence.

By (ii), we have,

d(y2na y2n+1) - d(AxQn; Bx2n+1)

ad(S’mgn, T$2n+1) + bd(Sscgn, A.’Egn)
+Cd(T.’E2n+1, B.’E2n+1) + €(d(S£L'2n, B$2n+1)
+d(T«r2n+17 AxQn))
ad(Yan—1,Yan) + bd(Y2n—1, Yon) + cd(Y2n, Y2n+1)
+e(d(Y2n—1,Y2n+1)

IN
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+d(y2na an))
If we put d,, = d(yn, Yn+1), then by above inequality we have,
don < adan—1 + bdan—1 + cdayn + €(d(Y2n—1,Y2n+1) +0).

Hence,
dapn < adan—1 + bdan 1 + cday + edon 1 + eday,.
Hence we have,

b
doy, < Md%,l
l—c—e
- td2n—17
WhereO<t:%<l.
Similarly, it follows that
a+t+c+e
don, < —doy,
Il = T TP
= t/d2n7

where 0 < t/ = 4E¢E¢ < 1. If we set k = max{¢,t'} < 1, then for every n € N
by above inequalities we get d,, < kd,,_1.
Hence,
dp < kdpy < kPdyn < - < K dp.
That is,
d(Yn, Yn+1) < K" d(yo, Y1)
If m > n, then

d(yn’ ym) < d(yna ynJrl) + d(yn+1» yn+2) + -+ d(qu, ym)
< K"d(yo,y1) + K" d(yo, y1) - + K™ N d(yo, 1)
k.n
S 1_kd(y07y1)_>0

as n — oo. It follows that, the sequence {y,} is Cauchy sequence and by the
completeness of X, {y,} converges to y € X. Then
lim y, = lim Azg, = lim Bzg,t+1 = lim Szonio = lim Txon11 = y.
n—oo n—oo n—oo n—oo n—oo

Let T'(X) be a closed subset of X, then there exists v € X such that Tv = y.
We now prove that Bv = y. By (ii), we get

nhﬁn;(} d(Aze,, Bv) < nlirgo[ad(ngn,Tv) + bd(Azap, Sxayn)
+cd(Bv, Tv) + e(d(Bv, Stap) + d(Azan, Tv)))
and so
d(y, Bv) < ad(y,Tv)+bd(y,y) + cd(Bv,y) + e(d(Bv,y) + d(y, Tv))
< d(y, Bv).

It follows that Bv = y = Tw. Since B and T are two weakly compatible map-
pings, we have BTv = T Bv and so By = Ty.
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Next, we prove that By = y. By (ii), we get
lim d(Azs,,By) < lim [ad(Szan,,Ty) + bd(Azey,, Stay)
n— oo n— o0
+cd(By, Ty) + e(d(By, Sxap) + d(Azan, Ty))].

Hence,
d(y,By) < ad(y,Ty)+bd(y,y) + cd(By,Ty) + e(d(By,y) + d(y, Ty))
< d(y, By)
and so By = y.

Since B(X) C S(X), there exists w € X such that Sw = y. We prove that
Aw = y. By (ii) we have
d(Aw, By) < ad(Sw,Ty)+ bd(Aw, Sw) + cd(By, Ty) + e(d(By, Sw)
+d(Aw, Ty))
and it follows that
d(Aw,y) < ad(Sw,y) + bd(Aw, Sw) + cd(y, Ty) + e(d(y, Sw)
+d(Aw, Ty))
< d(Aw,y).
This implies that Aw = y and hence Aw = Sw = y. Since A and S are weakly
compatible, then ASw = SAw and so Ay = Sy.
Now, we prove that Ay = y. From (ii), we have
d(Ay, By) < ad(Sy,Ty)+ bd(Ay, Sy) + cd(By, Ty) + e(d(By, Sy)
+d(Ay, Ty))
it follows that
d(Ay,y) < ad(Sy,y) + bd(Ay, Sy) + cd(By, y) + e(d(y, Sy))

+d(Ay,y))
< d(Ay,y)
and hence Ay = y and therefore Ay = Sy = By = Ty = y. That is y is a
common fixed point for A, B, T, S.
The proof is similar when S(X) is assumed to be a closed subset of X.

Now to prove the uniqueness. Assume that z is another common fixed point
of A, B,S and T. Then

d(z,y) = d(Az,By)
< ad(Sz,Ty) + bd(Ax, Sz) + cd(By, Ty) + e(d(Sz, By)
+d(Ax, Ty))
and so
d(z,y) < ad(z,y)+bd(z,z) + cd(y,y) + e(d(z,y)
+d(z,y))
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< d(z,y).
Thus it follows that z = y. O

We now apply the above theorem to prove the following fixed point result in
fuzzy metric spaces.

Theorem 2.10. Let (X, M, *) be a fuzzy metric space with a *b > ab for all
a,b € [0,1] and M(z,y,.) having discontinuity at 0, for all x,y € X. Let A, B, S
and T be self maps on X satisfying:
(i) A(X) CT(X),B(X) CS(X) and T(X) or S(X) is a closed subset of X;
(ii) there exists positive real numbers a,b, c,e such that a+b+c+2e <1 and
for each x,y € X,

[M®(Sz, Ty, t) x M*(Sx, Az, t)]

M(Ax, By.0) 2 [[\1e(Ty, By.t)  [M*(Sz, By.t) » M*(Ty, Az,1)]]

(iii) the pairs (A, S) and (B,T) are weakly compatible.
Then A, B,S and T have a unique common fixed point in X.

Proof. We define d(x,y) = supq, f; long(w’y’t) dt for every z,y € X and 0 < k <
1. From inequality (i) above, we get,

1
sup / logi/[(AI’By’t) dt

[M@(Sz, Ty,t) + M*(Sz, Az, t)]
X ( *[Mc(Ty, By, t)* )

Me(Sx, By, t) « M¢(Ty, Az, t
S Sup/ logk [ ( m? y) )* ( y7 x? )H dt
M*(Sxz, Ty, t)M°®(Sz, Az, t)
M¢(Ty, By, 1)
! Me(Sz, By, t)M*¢(Ty, Ax,t
S Sup/ logk [ ( x? y7 ) ( y7 1"7 )} dt

asup,, f; logg/l(sx’Ty’t) dt

+bsup,, f; long(SI’AI’t) dt
= +csup, f; logiw(Ty’By’t) dt
+e(sup,, f; log,i/l(sw’By’t) dt

+ sup,, fal long(Ty’Az’t) dt)

It follows that,

d(Az, By) < ad(Sz,Ty) + bd(Sz, Ax) + c¢d(Ty, By) + e(d(Sx, By) + d(Ty, Ax))

Hence all of conditions Theorem 2.4 hold. Thus A, B, S and T have a unique
common fixed point in X. O
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For any set C, OC denotes the boundary of C. The following theorem was
proved by Rhoades.

Theorem 2.11 ([13]). Let (X, d) be a metric space, C a nonempty closed subset
of X. Let g: C — X, f: C — C satisfy the following conditions:

(i) there exists a constant A € (0,1) such that for each x,y € C,
d(z,y) < A.N(z,y), where

N(z,y) = max{d(fz, fy),d(fz, gx),d(fy, gy), d(fz, gy),d(gy, fr)},

(ii) g(C)NC C F(C),
(iii) g(0C) c C
(iv) f(oC) c C,
(v) f and g are weakly compatible.
Then f and g have a unique common fixzed point in C'.

Theorem 2.12. Let (X, M, ) be a fuzzy metric space with a xb > ab for all
a,b € [0,1] and M(x,y,.) having discontinuity at 0, for all x,y € X. Let C a
nonempty closed subset of X. Let g: C — X, f: C — C satisfy the following
conditions:

(i) there exists a constant A € (0,1) such that , for each z,y € C,
M(z,y,t) > L(x,y))‘,where

M(fx, fy,t), M(fx,gx,t),
L(z,y) =min |  M(fy,gy,t), ,
M(fx,gy,t), M(gy, fz,t)

ii) g(C)NC C f(0),
iii) ¢(9C)
iv) £(0C)
v) [ and g are weakly compatible.

Then f and g have a unique common fixed point in C.

(
( ccC,
( ccC,
(

Proof. We define d(z,y) = sup,, f; logM@v:D) d for every x,y € X where 0 <
a < 1. From the inequality (i) above, we get,

1 1
sup/ logM(w’y’t)dt < /\max{sup/ 1ogfl\/[(-ﬂ”’fy7t)dt,

a
o [}

1
sup/ logfl‘/[(fm’gz’t) dt,
e [e%
1
sup/ log(ll‘/f(fy,gy,t) dt,
« e

1
sup/ logg/[(f‘”’gy’t) dt,
@ @
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1
sup/ loglﬂl/f(gy,frv,t) dt}
@ @
Hence we have

d(w,y) < Amax{d(fz, fy),d(fx,gx),d(fy, gy),d(fz,gy),d(gy, fr)}

Hence all of conditions Theorem 2.6 hold. Thus by Theorem 2.6 maps f and
g have a unique common fixed point in C. This completes the proof of the
theorem. 0
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