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OSCILLATION THEOREMS FOR SECOND-ORDER
MIXED-TYPE NEUTRAL DYNAMIC EQUATIONS ON SOME
TIME SCALES

JING SUN

ABSTRACT. Some oscillation results are presented for the second-order neu-
tral dynamic equation of mixed type on a time scale unbounded above

(rO(®) + pr(@a(t — 1) + pa(Dat +72012) 4 (alt—rs) +a(t)a(t4rs) =0.

These criteria can be applied when T = R, T = hZ and T = P, 3. Two
examples are also provided to illustrate the main results.
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1. Introduction

This paper concerns the oscillatory property of the second-order neutral dy-
namic equation of mixed type

(r()[x(t) + pr(O)2(t — 1) + pa(B)a(t + 72)]2) "
+q )zt —73) + @2(t)x(t+714) =0, t €T. (1)

Throughout this paper, we will assume the following conditions hold.

(h1) 7 > 0 are constants, for ¢« = 1, 2, 3, 4, {t — 71 : ¢t € [tg,00)r} =
[to — T1,00)11‘, {t + 7t e [to,OO)T} = [to + TQ,OO)T, {t —T13:t€ [to,OO)T} -
[to — T3,00)T and {t + 74 : t € [tg,00)1} C [to + T4, 00)T;

(ha) € C([to,00)1, R), r(t) > 0 for t € [to, 00)T;

(h3) pi € Cra([to, o0)T, [0, a;]), where a; are constants for i = 1, 2;

(h4) q; € Crd([t()voo)']l‘a [0,00)), for j =1, 2.

A time scale T is an arbitrary nonempty closed subset of the real R. Since we
are interested in oscillatory behavior, we assume throughout this paper that the
given time scale T is unbounded above. We assume ¢y € T and it is convenient
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to assume to > 0. We define the time scale interval of the form [tg, c0)r by
[t(), OO)T = [to, OO) NT.

We put z(t) = z(t) + p1(t)x(t — 1) + p2(t)z(t + 72). By a solution of Eq.
(1), we mean a nontrivial real-valued function x which has the properties z €
CL ([T, 00)r, R) and 722 € CL, ([T, 00)1, R) for some T}, € [to, c0)T and satisfy-
ing Eq. (1) on [T}, 00)r. We restrict our attention to those solutions z(t) of Eq.
(1) which exist on some half linear [T, co)r and satisty sup{|z(¢)| : ¢t > T} >0
for any T € [T, 00)r. As is customary, a solution of Eq. (1) is called oscillatory
if it is neither eventually positive nor eventually negative, otherwise, it is called
nonoscillatory. Eq. (1) is said to be oscillatory if all its solutions are oscillatory.

In recent years, with the development of dynamic equations on time scales,
e.g., [1, 3, 4, 8], there has been much research activity concerning the oscillation
and nonoscillation of solutions of various equations on time scales, we refer the
reader to the [2, 5, 6, 9, 12, 13, 14].

It is interesting to study Eq. (1). We note that if T = R, then Eq. (1)
becomes the second-order neutral differential equation

(r(O(®) + pr(B)x(t — 1) +p2(O)z(t +72)]') + a1 (B)z(t —73) + g2()x(t +72) = 0.

For the oscillation of such differential equation; see the related papers [10, 11].
In particular, the special case of the above equation

[(t) + pra(t — 1) + paz(t + 72)]" + qrae(t — 73) + gox(t + 74) = 0,

which is encountered in the study of vibrating masses attached to an elastic bar

(see Hale [7]).
If T = Z, then Eq. (1) becomes the second-order neutral difference equation

A(r®)Az(t) +prD)z(t = 71) + p2(D)a(t + 1)) + @ (®)z(t = 73) + g2(t)2(t + 74) = 0.

So far, there are no results regarding the oscillation of Eq. (1) on time scales.
This motivated us to examine the oscillatory property of Eq. (1). The organiza-
tion of this paper is as follows: In Section 2, we present the basic definitions and
the theory of calculus on time scales. In Section 3, by using Riccati substitution
technique, some oscillation criteria are established for Eq. (1) under the case

when
(o) 1

In Section 4, we give two examples to illustrate the main results.
Below, when we write a functional inequality without specifying its domain
of validity we assume that it holds for all sufficiently large t.

2. Some preliminaries

A time scale T is an arbitrary nonempty closed subset of the real numbers
R. Since we are interested in oscillatory behavior, we suppose that the time
scale under consideration is not bounded above, i.e., it is a time scale interval of
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the form [tg, 00)r. On any time scale we define the forward and backward jump
operators by

o(t) :=inf{s € T|s > ¢}, and p(t) :=sup{s € T|s < t}.

A point ¢ € T is said to be left-dense if p(t) = t, right-dense if o(t) = t,
left-scattered if p(t) < t, and right-scattered if o(t) > ¢. The graininess p of the
time scale is defined by u(t) := o (t) —t.

For a function f: T — R (the range R of f may actually be replaced by any
Banach space), the (delta) derivative is defined by

fla(t)) — f(t

- L) = 1)
o(t)—t

if f is continuous at ¢ and ¢ is right-scattered. If ¢ is not right-scattered then
the derivative is defined by

e®) = f(5) _ . 0= f(s)

s—tt t—s s—tt t—s ’

provided this limit exists.

A function f: T — R is said to be rd-continuous if it is continuous at each
right-dense point and if there exists a finite left limit in all left-dense points.
The set of rd-continuous functions f : T — R is denoted by C,4(T,R).

f is said to be differentiable if its derivative exists. The set of functions
f: T — R that are differentiable and whose derivative is rd-continuous function
is denoted by C},(T,R).

The derivative and the shift operator ¢ are related by the formula

Fo(8) = fo(t) = F(8) + u(t) f2 (D).
Let f be a real-valued function defined on an interval [a, b]. We say that f is
increasing, decreasing, nondecreasing, and nonincreasing on [a, b] if ¢1, t2 € [a, ]

and to >ty imply f(t2) > f(t1), f(t2) < f(t1), f(t2) = f(t1) and f(t2) < f(t1),
respectively. Let f be a differentiable function on [a,b]. Then f is increasing,
decreasing, nondecreasing, and nonincreasing on [a, b] if f2(t) > 0, f2(t) < 0,
fA(t) >0, and f2(t) <0 for all t € [a,b), respectively.

We will make use of the following product and quotient rules for the deriv-
ative of the product fg and the quotient f/g (where g(t)g(o(t)) # 0) of two
differentiable functions f and g

(f9)2 () = FR0)g@) + f(a(t)g™(t) = f(t)g™(t) + f2(t)g(o(t)),
I\ A — F(H)g™ ()
(g> 0= =gy

For a, b € T and a differentiable function f, the Cauchy integral of f2 is
defined by

/ FA0)AL = f(b) — f(a).
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The integration by parts formula reads

b b
/ fA(t)g(t)At:f(b)g(b)*f(a)g(a)*/ Fo(6)g> ()AL,

and infinite integrals are defined as

/:O f(s)As = lim /atf(s)As.

t—o00

3. Main results

In this section, we will establish some oscillation criteria for Eq. (1). Before
stating our main results, we begin with the following lemmas which will play a
crucial role in the proofs of the main results.

Lemma 3.1 ( [3, Theorem 1.93] (Chain Rule)). Assume that v € T — R is
strictly increasing and T = v(T) s ‘a time scale. Let w: T — R and A denote
the derivative on T. If v2(t) and w™(v(t)) exist for t € TF, then

A A

(wov)? = (w ov)v?.

Lemma 3.2. Assume that there exists T € [to, 00)T, sufficiently large, such that
2(t) >0, 22(t) > 0, (r(t)22()™ <0, t € [T,00)r.

Then . A
—T3 s
Z(t — 7-3) fT r(s)

t = [t As

Z( ) T r(s)

Proof. The proof is similar to that of Erbe et al. [6, Lemma 2.4], and so is
omitted. 0

Throughout this paper, we let
Q(t) = Q1(t) + Q2(t), Q1(t) = min{q1(t), q1(t — 1), 1 (t + 12)},
Q2(t) = min{qa(¢), g2(t — 71), q2(t + 72)} and (ﬁ(t) = max{0,6°(t)}.

Theorem 3.3. Assume that (2) holds, T3 > 71 — pu(t) fort € [to,00)r, {t — 73 :
t € [to,00)r} = [to — 7T3,00)1 and T2(t) > 0 for t € [ty,o0)r. Furthermore,
assume that there exists a positive function § € C};([to,00)T,R) such that

oy bt anr(s - m)(62(5))?
lim sup /to [6(5)@(5) 1 5(s)

t—o0
holds. Then every solution of Eq. (1) is oscillatory on [tg, c0)T.

As =00 (3)

Proof. Let = be a nonoscillatory solution of (1). Without loss of generality,
we assume that there exists ¢; € [tg,00)r such that z(t) > 0, z(t — 71) > 0,
x(t+712) >0, 2(t —73) > 0 and z(t + 74) > 0 for all ¢ € [t1,00)r. Then z(¢) > 0
for ¢t € [t1,00)7. In view of (1), we obtain

(r®) 22 ()™ = —qu()z(t — 73) — qo(t)z(t +74) <0, t € [t1,00)7.  (4)
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Thus, r(¢)22(t) is nonincreasing. Condition (3) implies that Q(¢) is not identi-
cally zero eventually, i.e., 7(t)z®(t) can not be an eventually constant function.
By (2), there exists t2 € [t1,00)r such that

2(t+7) >0, 2(t) >0, 22t —7) >0 (5)

for all t € [ta,00)T (see also [5, Remark 3.2]). By applying (1) and Lemma 3.1,
for all sufficiently large ¢, we obtain

(r®=21)% + @t =) + gt + )
+ ar(r(t—m)z2(t—1))2 +arq(t — )zt — 1 — 73)
+ a1qe(t — )zt + 14 — 1) 4 as(r(t + )22 (t + 1))2
+ aqi(t+m)x(t+ 72 —73) + asqe(t + 72)x(t + 72 + 74) = 0.
Thus
(r®)z2))> 4+ ar(r(t —m)z2t —11))2 +az(r(t + 1) 22 (t + )2
+ Q1(t)z(t —73) + Qa(t)z(t +74) < 0. (6)
Since z2(t) > 0, we have z(t + 74) > 2(t — 73). Then, we get
(r®)z2)% + ai(r(t—m)22(t —m))?
+ ag(r(t + )22t + 1) +Q(t)z2(t—73) <0. (7
Using the Riccati transformation
() = (0,
Then wy (t) > 0 for ¢ € [t2, 00)r. Differentiating (8), from Lemma 3.1, we obtain

t € [to, 00)T. (8)

A = (r(£) 22 ()2 5(t) F(1) 2D ()7 32(t)

a0 = (02 0P s+ 00
Ay O )
(r(t)="(®) 2(t —13)z(0(t — 13))°

(
By (4), we have r(t — 13)22(t — 73) > (r(t)z(t))?. Thus, from (5) and (8), we

get N
52 (¢)
wiB(t) < (;(t)

Next, define function wy by

. (r(®)z21)% 5 w7 (1))?
w” (1) +0(1) At—75)  (67(0)2r(t—75) ©)

wo(t) :T(t—Tl)ZA(t—Tl)ﬂ7 t € [ta,00)T. (10)
z(t — 13)
Then ws(t) > 0 for t € [ta, 00)7. Differentiating (10), by Lemma 3.1, we see that
AR = (1t — 70221 — 7 A 5(t) r(h— 7028 — 7)) 32 (t)
w2 (t) - ( (t 1) (t 1)) Z(t — 7_3) +( (t 1) (t 1)) Z(O’(t) — 7'3)

5(t)z2(t — 73)
2(t —13)2(0(t) — 13)°

—(r(t— )25 (t — 71))°
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Note that 73 > 71 — u(t). By (4), we have r(t — 13)22(t —73) > (r(t — )22 (t —
71))?. Hence by (5) and (10), we obtain

oo M), (r(t—m)z2(t —7))®  8(t)(w2 (1))
N O R wop - Y
Next, define another function ws by
A 6(t)
w3(t) =r(t+ 1)z (t+7’2)f7 t € [tg,00)T. (12)
z T3)
Then ws(t) > 0 for ¢ € [ta, 00)r. Differentiating (12), from Lemma 3.1, we have
_ o(t) o O02(t)
ws(t) = (r(t + 1) 2% (t + 1)) Py ra— + (r(t + 1) 22 (t + 12)) FEOEED)
NN )
e ) e ® - )

By (4), we have r(t — 73)22(t — 73) > (r(t + 72)2®(t +72))°. Then, from (5) and
(12), we get

(=9

r T9)28 9))2 w3 (t))?
an(0) < G (0 + ol R SOy
Therefore, by (9), (11) and (13), we obtain

wlA(t) + alng(t) + agng(t)

A
+

<o) |:('r(t)zA(t))A +a1(r(t — Tl)ZA(t — 7-1))A + az(r(t + TQ)ZA(t + TQ))A:|
- Z(t—Tg)
O SWw®) | 2O o 80w (1)
[ o0 G- | T 0T G- )
0N 8B (ws (1)
[ w0 G- | (4
It follows from (7) and (14) that
IO 3(t) (w17 (1))2
w12(0) + a1 () + axws O <~ SHQME) + [ s (t)—(&f(t))();(f_”m)}
o (Sﬁ(t)wa(t)_ 5(t) (w27 (t))?
57t (87 (£)2r(t — 73)
02 Lo d()(ws (1)
az |:6g(t) w3 (t) (6g(t))2r(t_7,3):| : (15)

Then, by (15), we get

1+ ay +as r(t — 73) (05 (1))?
4 5(t)

Integrating the above inequality from ¢5 to ¢, we obtain

Wi () + arwe® () + asws™ () < —6(t)Q(t) +
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As < wi(t2) + a1wa(t2) + azws(t2),

¢ (62 (8))2
| [ - e e o)

which contradicts (3). This completes the proof of the theorem. O

From Theorem 3.3, if we define function 6 by d(¢) = 1, and §(t) = ¢, we derive
the following oscillation results.

Corollary 3.4. Assume that (2) holds, T3 > 11 — pu(t) fort € [to,00)T, {t — 73 :
t € [tg,00)r} = [to — T3,00)r and T2(t) > 0 for t € [tg,00)r. If

Q(s)As = o0,
to
then every solution of Eq. (1) is oscillatory on [tg, o0)T.
Corollary 3.5. Suppose that (2) holds, 73 > 1 — p(t) fort € [to,00)r, {t — 73 :
t € [tg,00)1} = [to — T3,00)T and T2(t) > 0 for t € [tg,c0)r. If

t —
limsup/ {sQ(s) _ltataar(s 7—3)} As = o0,
to

t—o0 4 S

then every solution of Fq. (1) is oscillatory on [tg, o0)T.

Theorem 3.6. Suppose that (2) holds and 71 > 13. Moreover, assume that there
ezists a positive function § € C},([to, 00)T, R) such that

¢ a1 ag (S —T1 A S 2
liirisogp/t [6(5)(2(5) LS 4+ ( 52i§+( ) ] As =00 (16)

holds. Then every solution of Eq. (1) is oscillatory on [tg, 00)T.

Proof. Let x be a nonoscillatory solution of (1). Without loss of generality,
we assume that there exists ¢; € [tg,00)r such that z(t) > 0, z(t — 1) > 0,
x(t+712) >0, x(t —73) > 0 and z(t + 74) > 0 for all ¢ € [t1,00)r. Then z(¢) > 0
for t € [t1,00)r. Proceeding as in the proof of Theorem 3.3, we obtain (4)—(7),
for ¢ € [t2,00)T C [t1,00)1. Using the Riccati transformation

wi(t) = r(t)zA(t)Z(f(_t)ﬁ), t € [ta,00)T. (17)
Then wy (t) > 0 for ¢ € [ta, 00)7. Differentiating (17), by Lemma 3.1, we have
oA = ()22 (A () (1) 2D ()7 32(t)
B0 = (020 0+ (00 o
i SR =)
) et ® )

By (4), we get r(t — 71)22(t — 11) > (r(t)22(t))?. Then, from (5) and (17), we
obtain

(rt)=2(t)> () (w7 (1)

z2(t—m7) (6(t))2r(t — 1) (18)

w17 (t) +0(t)
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Next, define function wy by

o(t)
2(t—m7)’
Then ws(t) > 0 for t € [ty, 00)t. Differentiating (19), from Lemma 3.1, we see
that

r(0) = (r(t = )22 (¢ = ) 2o o (r(e = )2t~ m))”

(JJQ(t) :T(thl)ZA(thl) te [tQ,OO)T. (19)

55 (1)
o) — )

§(t)z2(t — 1)
z(t —m)z(o(t) — 1)
In view of (4), we obtain r(t —71)z2(t —71) > (r(t—71)22(t —11))°. Hence from
(5) and (19), we get

—(r(t — )22t — 1))

A r lezA -7 A wo? 2
o) < g0+ o HZE T - RS, )
In the following, we define another function ws by
n(t) = r(t 4 )B4 ) 2 € a0, (21)

Then w3(t) > 0 for ¢t € [t2, c0)r. Differentiating (21) and using Lemma 3.1, we
obtain

4(t)
2(t — 1)

02(t)

+ ('f’(t + TQ)ZA (t + TQ))am

wil(t) = (r(t 4+ 72)22(t + m))2

S()22(t — 1)
2(t —1)2(o(t) — 1)’
By (4), we have r(t — 71)z2(t — 71) > (r(t + 72)2*(t + 72))°. Thus, by (5) and
(21), we get

—(r(t+ )22 (t + T2))°

o r T2 ZA T2 A OJ3U 2
(1) < G (o) + o) el SOUE) g

It follows from (18), (20) and (22) that

w12 (t) + a1wa® () + azws™ (t)

< 5(t) [(Nt)ZA(t))A +ai(r(t - Tl)ZAZ(Eft—_TTll)))A +ag(r(t+m2)2 (t+ T2))A}
R, 5(t) (w17 (1) L G 3(t) (w27 (1))
b(ﬂ“(“wwm%u—n>*“16%w”(0wwm%u—n>

@{&“%fm 8(1) (w3 (1))
57 (1) (67 (0)2r(t =)

Thus, by (5), (7), (23) and 7, > 73, we obtain

. (23)

§2(t)
5o () !

W12 (8) + arw® (t) + asws®(t) < — 6(t)Q(t)+[ 8(t) (w17 () }

"0 o) — )
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. {&mwzam_ 3027 (1)* }
57 (1) (69 (t)2r(t — 1)
O, SO0
a2 |:6o'(t) ws (t) (6“(t))2r(t—7'1):| ' (@)

Then, by (24), we find that

Wi () + arwe® (t) + asws™(t) < —6(1)Q(t) +

1+ap +agr(t—m)(62())?
4 5(t) '

Integrating the above inequality from ¢5 to ¢, we obtain

¢ — ) (65 (5))2
/t {6(5)42(5) J it ta s )0 )] A < wi(t2) + arwz(t2) + azws(tz),

4 o(s)
which contradicts (16). The proof of the theorem is complete. t

Theorem 3.7. Suppose that (2) holds and t < o(t) — 7. Further, assume that
there exists a positive function 6 € C},([to, 00),R) such that

t 57T Au Af))2
1 5
limsup/ [5(5)62(3) ko gl St r(s); O Ag— o (25)
t—00 to T 7(u) (8)

holds for T € [tg,00)r. Then every solution of Eq. (1) is oscillatory on [tg, 00)T.

Proof. Let x be a nonoscillatory solution of (1). Without loss of generality,
we assume that there exists ¢; € [tg,00)r such that z(t) > 0, x(t — 71) > 0,
x(t+712) >0, x(t —73) > 0 and x(t + 74) > 0 for all ¢ € [t1,00)r. Then z(¢) > 0
for t € [t1,00)r. Proceeding as in the proof of Theorem 3.3, we obtain (4)—(7),
for ¢ € [ta,00)T C [t1,00)1. Using the Riccati transformation

wi(t) = r(t)zA(t)iEg, t € [tz,00)T. (26)
Then wy (t) > 0 for ¢ € [ta, 00)7. Differentiating (26), we get
w — (r()22 aG(t) AW S0 AN - 0(t)22 (1)
1200 = (10:2(0)* J0 + (020 T — (020 S0

By (4), we get 7(t)z2(t) > (r(t)z>(t))?. Then, from (5) and (26), we have

() < BTl o) PO O SOGCOE oy

z(t) (07 (t))*r(t)
Next, define function wy by

[«

(t
t)

~—

wo(t) = r(t — )22 (t — 1) , t € [ta, 00)T. (28)

IS
—~

Then wy(t) > 0 for t € [ta, 00)r. Differentiating (28), we obtain
A
wo(t) = (r(t — )22 (t — Tl))Ang + (r(t — )22t — 1)) sz((z))
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—(r(t— )25 (t — 71))°

In view of (4), we obtain r(t)z2(t) > (r(t — )22 (t —11)) due to t < o(t) —71.
Hence from (5) and (28), we get

O (rlt = )22t =) 807 (1))
2 (t) < 5‘7(t) 2 (t) +5(t) Z(t) (5U(t) QT(t) . (29)
Below, we define another function wz by
ws(t) = r(t + 72) 22 (t + Tg)ig;, t € [ta, 00)T. (30)
Then ws(t) > 0 for t € [ta, 00)r. Differentiating (30), have
_ 5(t) LO0A()
Wi (t) = (r(t + )22 (t + Tz))Am + (r(t+72)28(t + 7)) s
- 8()z2 (1)
—(r(t 4 )22 (t + 12)) W

By (4), we have r(t)22(t) > (r(t + 72)2z2(t + 72))?. Thus, by (5) and (30), we
obtain

85 (1) (r(t+712)z2E+72)% (1) (ws” (1)
3 (t) 2(t) (67 ()°r(t)
Therefore, it follows from (27), (29) and (31) that

ws® (1) < w3 (t) + 8(t) (31)

wi () + arwa™ (t) + asws™ (t)

<5(t) (r()z2 ()2 + ar(r(t — 1)22(t — 11))2 + ao(r(t + )22 (t + m2))2
- z(t)
82 Lo S (1) 02 o S (wa (1))
[6%) < e e } o {6”@) RN IOV 220
SR Lo (B)(ws (1))
o g - Y
Thus, by (7) and (32) and Lemma 3.2, we obtain
r RS [0 L @ (1)
DA (1) Farw (1) +aws (1) <~ H(HQ) f;TA(:j’ + {atm w1 (t)—m}
o [ 2D oy 02" (1)
lew (37 ()>r(®)
SR L 8(8)(ws” (1))
o {50@) w0 (5«(@)27»@)} e

for all sufficiently large T. Then, by (33), we find that
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e ay + ap (1) (62 (1))2
() +ann™ (1) e (1) < —5(t>@<t>fo; o =

Integrating the above inequality from t5 to ¢, we obtain

t 5-T3 Au A V)2
(u 1 )
J [5(5)%) it - Lo et s < vttt
t2 T r(u)
which contradicts (25). The proof of the theorem is complete. O

4. Examples
In this section, we give two examples to illustrate the main results.
Example 4.1. Consider the second-order Euler dynamic equation
228 (1) + %m(t) =0, t € [tg, 00)r. (34)
Let r(t) = 1, p1(t) = pa(t) = q1(t) = 0, q2(t) = v/t* and 7; = 0, for i =
1,2,3,4. Then a; = as = 0 and Q(t) = ~/t>. Applying Corollary 3.5, we can

obtain that Eq. (34) is oscillatory for v > 1/4, which is a sharp condition for
the oscillation of Eq. (34) when T = R.

Example 4.2. Consider the second-order neutral differential equation

1 1
[z(t) + z(t — Tm) + z(t + 7)) + 5gc(t —57m) + §gc(t +m) =0, t € [tg,0). (35)

Set r(t) =1, p1(t) = p2(t) = 1, q1(t) = q2(t) = 1/2, 4 = Tm, 73 = 57 and
0(t) = 1. Tt is easy to see that all conditions of Theorem 3.6 hold. Thus, Eq. (35)
is oscillatory. For example, z(t) = sint is an oscillatory solution of Eq. (35).
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