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RICHARDSON EXTRAPOLATION AND DEFECT
CORRECTION OF MIXED FINITE ELEMENT METHODS
FOR ELLIPTIC OPTIMAL CONTROL PROBLEMS

YANPING CHEN, YUNQING HUANG, AND TIANLIANG HOU

ABSTRACT. In this paper asymptotic error expansions for mixed finite
element approximations to a class of second order elliptic optimal control
problems are derived under rectangular meshes, and the Richardson ex-
trapolation of two different schemes and interpolation defect correction
can be applied to increase the accuracy of the approximations. As a by-
product, we illustrate that all the approximations of higher accuracy can
be used to form a class of a posteriori error estimators of the mixed finite
element method for optimal control problems.

1. Introduction

The aim of this paper is to discuss the asymptotic behavior of the mixed
finite element approximation for a elliptic optimal control problem described
as follows:

) i, {5 -y +5 1w
subject to the state equation

(2) —div(AVy)+cy=f+Bu, z€0
with the boundary condition

(3) AVy -n =0, z e,

where 0 C R? is a bounded and convex open set with the Lipschitz boundary
09, n indicates the outward unit normal vector along 99, L?(2) stands for
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the usual L?-inner product space, K is a nonempty closed convex set in L2(2),
fs ya € L*(Q), B is a continuous linear operator from U = L?(Q) to L?(Q),
W = L*(Q). c(z) € L>®(Q) and there exists a constant ¢, > 0 such that
c(z) > cx, ¥V o € Q. The coefficient matrix A € L*(£2;R2*?) is a symmetric
and uniformly elliptic, i.e., A(z) is a symmetric and positive definite 2 x 2-
matrix and there exists a constant ¢, > 0 satisfying for any vector X € R2,
XTA(2)X > ¢, || X|)? for almost all z € Q.

Optimal control problems [27] have been extensively utilized in many aspects
of the modern life such as social, economic, scientific and engineering numer-
ical simulation. Due to the wide applications of these problems, they must
be solved successfully with efficient numerical methods. Among these numer-
ical methods, finite element method is a valid numerical method of studying
the partial differential equation, but it is not deeply studied in solving op-
timal control problems. There have been many studies on this aspect, see
[33, 19, 20, 30, 12, 3, 16, 28, 1, 2]. A systematic introduction of finite el-
ement method for PDEs and optimal control can be found in, for example,
[32, 31, 17]. In the recent years, we utilized the mixed finite element method to
solve the optimal control problems. In [7, 8, 9], we obtained the error estimates
and superconvergence of mixed finite element methods for elliptic optimal con-
trol problems. In [10], we derived a posteriori error estimates of mixed finite
element methods for elliptic optimal control problems. We also investigated
the parabolic optimal control problems by mixed finite element methods, see
[36, 11]. Very recently, in [29], in order to increase the accuracy of finite ele-
ment approximations for optimal control problems, they studied two numerical
approaches of higher accuracy, namely, the Richardson extrapolation schemes
and an interpolation defect correction method.

It is well known that the extrapolation method, which was established by
Richardson in 1926, is an efficient procedure for increasing the accuracy of
approximation of many problems in numerical analysis. The effectiveness of
this technique relies heavily on the existence of an asymptotic expansion for the
error. This technique has been well demonstrated in its applications to the finite
element and the mixed finite element methods for elliptic partial differential
equations [4, 6, 22, 34, 35], parabolic partial differential equations [18], integral
and integro-differential equations [22, 24, 25, 26, 38], and to the boundary
element methods and collocation methods in [37] and [21], respectively. The
defect correction (Galerkin and Petrov-Galerkin) finite element by means of an
interpolation postprocessing technique is another numerical method to obtain
approximations of higher accuracy, which has been proved for a wide variety
of models, see, for example, [22, 23, 5], and the references cited therein.

Our objective in this paper is to present an analysis for the Richardson
extrapolation method of two different forms and an interpolation defect cor-
rection method for the mixed finite element approximations in the L2-norm.
Firstly, we derive the asymptotic expansion of the error in the mixed finite
element solution, by the asymptotic expansion the Richardson extrapolation
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of two different types and the interpolation defect correction can be applied to
generate mixed finite element approximations of higher accuracy. In addition,
by means of these approximations with higher accuracy, a class of a posteriori
estimators are constructed for this mixed finite element method.

The paper is organized as follows: In Section 2, the approximation subspace
and the variational formula of (1)-(3). Also, the asymptotic expansion for
the Raviart-Thomas projection is presented for the future need. In Section 3,
we investigate the asymptotic expansion of the error between the mixed finite
element solution and the Raviart-Thomas projection of the exact solution to
the model problem in the L2-norm. Section 4 deals with an interpolation defect
correction approximation in the L?-norm based on the results given in Section
3. Furthermore, at each end of Sections 3 and 4, a posteriori error estimators are
furnished as by-products of these numerical solutions with higher convergence
rates. In the last section, we briefly give conclusions and some possible future
work.

We adopt the standard notation W™ (Q) for Sobolev spaces on {2 with a
norm || - |, given by || v |5, = Z\a|§m || D*v ||1£p(m7 a semi-norm | - | p
given by | v [}, ,= > = || DM Hip(m . We set Wi"P(Q2) = {v e W™P(Q):
v |ga= 0}. For p=2, we denote H™(Q) = W™2(Q), Hy"(Q) = WJ*(Q), and
- lm=l - llm.2, I - 1=l - llo,2 - In addition C' or ¢ denotes a general positive
constant independent of A.

2. The asymptotic expansion

In this section we give the weak variational formula and the mixed finite
element method for the elliptic optimal control problem (1)-(3). For the sake
of simplicity of analysis, we take the domain 2 to be a rectangle and B = I in
this paper.

Next, we introduce the co-state elliptic equation

(4) —div(AVz)+cz=y—ya, x€Q
with the boundary condition

(5) AVz-n =0, x € 0f.

Let

V = H(div; Q) = {v € (L*(Q))?,divw € L*(Q)}

equipped with the following norm given by

1o Iv=1v la@vo= (v 5 + I divo |5 o).

In addition, set
Vo={veV:v.-n=0, xec O}
To consider the mixed finite element approximation of our convex optimal
control problems, we need a weak form of the optimal control problem (1)-(3).
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We recast (1)-(3) in the following weak form: (CCP) find (p,y,u) € Vox W xU
such that

(1 , 1,
® i, 5yl 5 i3}
(7) a(p,v) — (y,dive) =0, Vv eV,
®) (divp.w) + (ey.w) = (F +u,w), ¥ w e W,

where (-, -) denotes the stands L?(Q) inner product, and a(-, ) is a bilinear form
defined by

a(p,v) = /Q A~ p . vdQ.

It is well known (see, e.g., [27]) that the optimal control problem (6)-(8) has a
unique one solution (p,y, u), and that a triplet (p,y,w) is the solution of (6)-(8)
if and only if there is a co-state (g, z) € Vo x W such that (p,y,q, z, u) satisfies
the following optimality conditions: (CCP-OPT)

(9) a(p,v) — (y,dive) =0, Vv eV,

(10) (divp, w) + (cy,w) = (f +u,w), YweW,
(11) a(q,v) — (z,dive) =0, Yov eV,

(12) (diva, ) + (c2w) = (y — ya, w), ¥ weW,
(13) (u+z,a—uy >0, VaeK.

In this paper, we only consider the unconstrained case, that is, K = U =
L?(Q), which is the special simple case. Thus, it is easy to deduce from (13)
that w = —z. Then (9)-(13) can be rewritten into

(14) a(p,v) — (y,dive) =0, Vv e Vy,

(15) (divp, w) + (cy,w) + (z,w) = (f,w), YweW,
(16) a(gq,v) — (z,dive) =0, Vv eV,

(17) (divg, w) + (cz,w) — (y,w) = (—yq,w), YVwe W,

which is the mixed weak form of the following problem:
—div(AVy)+cy+2z=f, z€Q,
AVy-n =0, T € 01,
—div(AVz)+cz—y=—yq, x€Q,
AVz-n =0, x € 0N.

Now, let us consider the mixed finite element approximation to (14)-(17).
Let Thy.h, to be a finite element partition of £ into uniform triangles and
Vihihe X Why n, CV x W denote a pair of finite element spaces satisfying the
Babuska-Brezzi condition, where h; and hg are the mesh sizes in the x- and y-

axis, respectively. Even if there are now several choices for V', 5, and Wy, p,,
here we will consider only the Raviart-Thomas space of the lowest order; i.e.,

(18) Vh17h2 = {vhl-,hZ ev :vh17h2|€ € Ql,o(e) X QOJ(e)a ec 77L1,h2}7
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(19) Wh17h2 = {wh1,h2 S whl,h2|€ € QO,O(e)’ ec 7711,/12}’
where Q. ,(€) indicates the space of polynomials of degree no more than m
and n in x and y on e, respectively. The extension to other stable rectangular
element spaces can also be made. Moreover, we let

Vohihe = Vi ne NVo.

Then the corresponding mixed finite element discretization of (14)-(17) is as

follows: compute (Yn, hy»Phy.has Zhyhss@hyhs) € Whyhy X Vo n)? C (W x

V)? such that

(20)  aPny her¥) — Yy by, dive) =0, Yo € Vo, n,

(21)  (divpy, py» W) + (CYny by W) + (2hy by w) = (fyw), YV w € Wiy gy,

(22)  a(@ny hesv) = (2hy 0o, dive) =0, Vv € Vo p,,

(23)  (div@n, by, W) + (€21 by W) — (Yny hes W) = (=Yg, w), Y w € Wi, py.
Let us recall the Raviart-Thomas projection

0 0 .
th,hz X Phl,h2 VW — VO,hl,hz X Whl,hz

is defined by the following conditions:

(24) /(u—H%hhzu)-nds:O, i=1,2,3,4,

Si

(25) /(p — P} 4,p) =0,

e
where s;(i = 1,2,3,4) are the four edges of the rectangle e € T, p, and n
is the outward normal direction on the s;. This projection has the following
projections [13]:
(i) Py, j, is the local L*(Q) projection;

(i) 1T}, 5, and Py, satisfy
(26) (div(u - H?Ll,hgu)7 wh17h2) =0, v Why ,hy € Whhhm
(27) (div’vhhhz?p - Pi?l,th) =0, v Vhy,hy € thhz;
(iii) there holds the approximation properties,
(28) lu—11;, ,ullo < Chlluls,
(29) [div(u — 1T} ,u)l|—s < CR'™®||divull;, 0<s<1,
(30) Ip = Py, popll—s < CRMIpll, 0<s <1,

where h := max{h, ha}.
Also, from [15], we recall the following two lemmas to conclude the section.

Lemma 2.1. Assume thatu €V N (H*(Q))? and a;; € HA() (1 <4,j <2).
Then we have
h2
(@ (u— H?M,h2u)7v) = 31 Q[all(ul)zx + 12(U2) 5] 01dQ
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h?
+§/ﬂ[(0422)x(uz)z—0421(u1)m]02d9

h2
+ 32 [(a11)y(u1)y — a1z (uz)yylv1dQ
Q
h2
- 52 [ (u2)yy + @21 (u1)yylv2dS2
Q

+O(hY)|allsllvllo, v € Vo h

where ui,us and vy,vy are the first components and the second components
of the vector-valued functions u and v, respectively, and o = (aj)ax2 is the
inverse of the matriz A: a = A™L.

Lemma 2.2. Assume that p,c € H*>(Q). Then we have the asymptotic expan-
ston:

h? h3
(et~ Pl pop)w) = [ coprwd+ 2 [ eppyuds
Q Q

+O(hY) |pllsllwllo, w € Wiy p,.
From Lemmas 2.1 and 2.2 we immediately obtain:

Corollary 2.3. Assume thatu € VN(H?(Q))? and a;j € H*(Q)(1 <i,j < 2).
Then we have

(- (u =115, ,0),0)| < Ch?|lullz|lvllo, v € Vo n-

Corollary 2.4. Assume that p,c € HY(Q). Then we have the asymptotic
eTpansion:

[(e(p = P, o), w)| < CRZ[lpla[lwllo,  w € Wi,y -

3. The Richardson extrapolation

In this section we turn to the asymptotic expansions between the mixed
finite element solution and the interpolation of the exact solution of the prob-
lem (14)-(17), from which asymptotic expansions between the exact solution
and the postprocessed mixed finite element solution by interpolation are fur-
ther obtained. The Richardson extrapolations of two different schemes will
be performed to generate high order approximations to the exact solution of
(14)-(17).

3.1. The global Richardson extrapolation in two directions

We first discuss the global extrapolation method of mixed finite element
approximation for (14)-(17) in both x and y directions as follows.

Theorem 3.1. Suppose that (y,p,7,q) and (Y, hysPhy has Zhi b @hahy) OT€
the exact solution and the mized finite element solution, respectively. Then we
have the following asymptotic expansions in the sense of the L?-norm under
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the conditions that y,z,c € H*(Q), p,qg € VN (H*(Q))?, and a;; € H*(Q2) (1 <
1,7 <2):

0 _p2e1 1 1 4
Yniho = Py o = 07800 na + Ynoney 1 Vhnallo < OB,
0 2.2 2 2 4
Zhihs = Py ny? = W8y + Vi her 1V nollo < CAY,
0 _ 2.1 1 1 4
Phiho = iy 0P = P00y + Yayhes [Vaonsllv < CRY,
0 _ 2.2 2 2 4
Qhy by = Upy 0@ = D000y + Yhohes Vhinellv < CR7,

1 1 2 2 2 0 0 .
where (£h1;h2’ nhhhz’ghl,hz’nhhhz) € (Whl’h2 X V07h11h2) and th,hz X Ph17h2 :
VX W = Von he X Why n, is the Raviart-Thomas projection operator.

Proof. Let
by = Py o), 11
ph],hz T yh17h2 h],hzy’ h1, hg ph17h2 h17h2p7
2 o o 0
Phi,he ‘= Rhihy — Phl,hg ) ahl,hQ *=qhy,hy — th,hﬂ-

From (14)-(17) and (20)-(23), we have the following error equations:

(31) a(P — Phy hss V) — (Y — Yny o, dive) =0,
(32) (div(p — Phy hy)s 0) + (Y = Yny hy), W) + (2 = 2hy hy,w) = 0,
(33) a(q@ = Ghy,has ) = (2 = 2y by, dive) = 0,
(34) (div(g — gny ko )y w) + (c(2 = 201,05 ), W) = (Y = Yny ks w) =0

for all v € Vg, pn, and w € Wy, p,. Then, it follows from (31)-(34) and
26)-(27) that

(26)
(35) a(gilzl,hgv v) — (Ph1 h27dlvv) (a(p— th hoP P),v),
(36) (divlh, 1y ) + (Phy iy ) + (Phry s w) = (c(y = PRy )5 0),
(37) (0}, jy ) = (i, py» dive) = (alg = 1T}, 1,,q),0),
(88)  (div}, s t) + (P2 s ) = (P, pys0) = (2 — P, 4,2, )

for allv € Vo, p, and w € Wy, p,, where @ = A~!. From Lemmas 2.1 and
2.2 we have

(39)  (alp —1I}, 4,p),v) = h2Ly, 4, (@) + O(hY)[[vllo, Vv € Vo, h,,
(40) (cly — Ph1 ho¥)s W) = thhl ho (W) + O [[wllo, ¥V w € Wi,
(41) (alg =TI, 1,,9),0) = B2L3 4, (v) + O(hY)|[vllo, Vv € Vo, h,,
(42) (c(z = Py, p,2),w) = h2Gh1 he (W) + O [wllo, Y w € Wiy h,
where
1 hy ?
Ly, p, () =— <h> /Q[all(pl)a:a: + a12(p2) 2 |t1dQ

1
3
% (%)2 /52[(0‘22)90(1’2)% — 21 (p1) 2z |1P2d
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+ % (%)2 /Q[(O‘H)y(pl)y — a12(p2)yylP1dQ
- % @2)2 /Q (o2 (p2)yy + 21 (p1)yy b2,
L @)=~ (’;) [tz + asla.alinds
‘e (’;) [ (@2)a(ae). = cna)as a0
- (’;) [ o)), = ana(a) e
- (’;) [zl + @z (@r)
Gl (@) =1 (f;;)z | oo+ 5 (@j) | csmeas,
Gy o () % (}2)2 /Q Co2a§dQ + 3 (lﬁf) /Q Cy 2y $dS2.

Here 9 = (1, 12) is a vector-valued function. Obviously,
L;Ll/Z,hg/Z(w) = Lﬁll,hz ("p) and G;ll/2,h2/2(¢) = G;;Il,hz <¢)7 Z = 17 2

Let (517 7717 627 772) € (W X V0)2 a‘nd (gflll,hy 77}17,11}12 ) f}%hhy 77}27,1,}12) € (Whhhz X
Vo.h.h)? be the exact solution and the mixed finite element solution, respec-
tively, of the following auxiliary problem:

(43) a(nt,v) — (¢4, divw) = th h,(0), Vv eV,
(44) (divy',w) + (c€', w) + (€%, w) = G, p, (w), Y w e W,
(45) a(n?,v) — (€2, divw) = th (), VeV,
(46) (div®, w) + (€, w) — (€', w) = G}y, (w), YweW.

Then, from (35)-(46) we can get that
a(gflzl,hz - hg??flzl,h27”) - (pllzl,hg - h2§i1L1,h27diV’U) = O(h4)||'vH0,
(div(Oh, 1y = D1y hy)s W) + (E(Phy g — 2ERy 1y)s W)
+ (Phy iy = 1260, pyrw) = O(h)[[w]lo,
(0, hy = P2, ys©) = (Phy g — D2ER, iy dive) = O(RY)[[v]Jo,
(diV(eil,hz - h277i211,h2)a w) + (C(Pil,hz - hggil,h2)7 w)
~ (Phahs = W°Ehy nyrw) = OB w]lo
for all v € Vo p, n, and w € Wy, p,. Set

ni .t 2,1 A7 N ! 2¢1 L
ghlvh’é’ T 0h11h2 —h Mhy,hs and Phiho = Phyha — h £h1,h2’ i1=1,2.
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Thus, we have

(47) a6}, pyr¥) = (Phy g dive) = O(BY)[[vllo, ¥ v € Vg, s

(48) (divy, s w) + (Pl pys ) + (P, ysw) = O(hY)|[wllo, ¥ w € Wi, s,
(49) a6}, p,o0) = (P, 1y dive) = O(h)|llo, Vv € Vou na,

(50) (divO, s w) + (B ys @) = (Phygsw) = O(hY)||wllo, ¥ w € Wi, -

Take v =0}, in (47), w = p}, 5, in (48), v =07 , in (49), and w = i},
in (50), respectively, we easily obtain

yha

a(éiln,hyéllzl,hz) + a(éil,h2>éil,h2> + (Cﬁ}u,hy ﬁ}lLl,hz) + (Cﬁil,hz’ﬁil,hz)
= O(W*) (104, nallo + 107, 1y llo + 115, o lo + 117, 1, o),
yields to
(51) 163, o llo + 1167, 1o llo + 115k, s llo + 157,y llo < CR*.
If we choose w = div@}n’h2 in (48), by use of (51), we get

|divé}, 5, llo < Ch*.
Similarly, we see that
[divOZ, 5, llo < CHA.
Thus, the proof of Theorem 3.1 is complete. ([

Following the procedure for Theorem 3.1 and utilizing Corollaries 2.3 and
2.4 we can also prove the following result.

Lemma 3.2. If (&',7',6%,7%) € (W xV)? and (gihhzvnil,hzagzl,hzvnil,hz) €
(Why by X V07h1,h2)2 be the variational solution and the mized finite element
solution of (43)-(46), respectively, then we have the superconvergent estimate

||£f17,1,h2 - Pigl,hz‘leO + H§i211,h2 - P}?l,h2§2||0 + ||nilzl,h2 - Hgl,hganO
(52) i, e = I, pynPllo < CRP(Intll2 + 17712 + 1€ML + 1€%]11)-

Now we use the interpolation postprocessing technique to get a global extrap-
olation approximation of high accuracy in both z and y directions. Analogous
to [22] we need two define two postprocessing interpolation operators I3, 4.
and Pfh1,4h2 to satisfy

(53) HihlAhQH%l,hz = H2h1,4h27

(54) I, 4,200 < Cllwllo, ¥ v € Vo iy s

(55) 034, an,u —ullo < ChYully, ¥ ue (HY(Q))?
(56) P any Piy iy = Pin ahy»

(57) 1Pdh, an,wllo < Cllwllo, ¥ w € Wiy h,

(58) 1P, an,p — llo < Ch*|plla, ¥ p € HY(Q).
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To this end, assume that the rectangular partition 7p, n, has been obtained
from Tap, an, with mesh size 4h by subdividing each element of Tap, ap, into
sixteen small congruent rectangles. Let 7 := Ug; e; with e; € T. We define two
projection operators 113, ;. and P, . associated with Tip, an, of degree at
most 3 in z and y on T, respectively, according to the following conditions:

(59) I3, an,ulr € Qus(7) X Q3a(7), Py, an,plr € Qa3(7),

(60) /(u—HihlAhQu)-nds:O, i=1,2,...,40,

(61) /(p—PfhlAth) =0, i=12,...,16,

where s;(i = 1,2,...,40) is one of the forty sides of the sixteen small elements

ei(i = 1,2,...,16). Tt is easy to check that the two operators IT3, ,,, and
P}, 4n, defined by (59)-(61) satisfy the properties described in (53)-(58).

Theorem 3.3. We have under the conditions of Theorem 8.1 that
Pfh1,4h2?/h1,h2 —y=h"+ ’Yil{f,hgv ||7f11f,h2||0 < Ch',
Pfhl,zlhzzhl,hz —z=h+ Vif,hzv ”7%2;,}12 lo < CRY,
03, anyPhihe —P=h*0" + 95 00 Vi a,llo < CRY,
Hih1,4h2qh1,h2 —q =1 +'Y%Lt,h2a H'Y%f:,hz”O < Ch*,
where (£1,n%,6%2,n%) € (W x V)? is the variational solution of (43)-(46).
Proof. Let
’7}111,h2 = Yhy,ho Pi?l,h2y - h2pf?1,h2fl~
Then, it follows from Theorem 3.1 and Lemma 3.2 that
\Wil,hzno < Ch*.
Thus, we will find from (56)-(58) that

Pfhl,thz Yhi,hy — Y
= Pfhl,thg (Yhyho — Pi(z)l,th) + (Pfhl,thgy —v)
= Pjhl,zihz(hQP}?l,hzgl + ’Vl}bl,hg) + (Pfh1,4h2y )
= h2pfh1,4h2§1 + Pfh1,4h2'7f111,h2 + (Pfh1,4h2y —v)
= h*¢ + hQ(PfhlAhgfl -+ me,:;hﬂil,hg + (Pfhl,z;hzy )
= h%¢t + ’Y}lflk,hz»
where
7}1;,17,2 = h2(szh1,4h2£1 -+ Péfhl,4h2’_y}1zl,h2 + (Pfh1,4h2y )
C

with ||7}1L’1‘7h2H0 < Ch*. Analogously, we can also get other equalities in the
theorem. (]
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Theorem 3.3 guarantees that we can use low order mixed finite element solu-
tions to generate high order approximations by the Richardson extrapolation.
And thus, we employ, in addition to Wy, p, X Vo p,n, the Raviart-Thomas
mixed finite element space Wy, /2 n,/2 X Vo 1, /2,h, /2 Of the lowest order gained
by subdividing each element e; € Tj, 5, into four small congruent elements
€ij € Thij2nay2(i = 1,2,3,4). Denote by (Yn,/2.hs/2:Phy /2,hs/25 Zhy /2,025
th/g’hz/g) S (Whl/g’hz/g X VO,hl/Z,h2/2)2 and th1,2h2 X P23h1,2h2 the mixed
finite element approximation and the Raviart-Thomas projection of degree at
most 3 in x and y with respect to this new partition. From Theorem 3.3 we
know under the L?-norm that

B 2
P23h1,2h2yh1/2,h2/2 —y= (2> e+ 0(hY),

which produces by applying the Richardson extrapolation that under the L2-

norm
4p3 R
(62) 2h1,2h2yh1/2,h2/32 4hy ,4ho Yh1,ho _ y+O(h4).

Similarly, we have under the L2-norm that

3 3
4P2h1,2h2zh1/2,h2/2 - P4h1,4h22h17h2

ATTS - P

(64) 2h172h2ph1/2,h2/32 4h174h2ph1,h2 =p+ O(h4),
ATT3 - Py

(65) 2hl,2hz‘1hl/2”wé2 i ana@iihe oo o(nt),

It is very important for a mixed finite element method to have a computable
a posteriori error estimator such that we can assess the accuracy of the approx-
imate solutions by means of the error estimator in applications. The supercon-
vergent approximations generated above in (62)-(65) can be used naturally to
produce efficient a posteriori error estimators. In fact, we have by the same
way as in Theorem 5.3 in [14] that the following theorem holds.

Theorem 3.4. Under the assumptions of Theorem 8.3, we have
ly — P23h1,2h29h1/2,h2/2||0

(66) = %"P§h1,2h2yh1/2,h2/2 — P anyYho,hollo + O(h*),
12 = Pan, ahs 2hi /2.8 210

(67) = %"P§h1,2h22h1/2,h2/2 - Pfhl,z;hzzhl,hz llo +O(h*),
lp — H§h1,2h2ph1/2,h2/2 llo

1
(68) = 320, 2naPhs /2072 = iy angPhoallo + O(RY),



560 YANPING CHEN, YUNQING HUANG, AND TIANLIANG HOU

”q - thl,thth/Q,hz/QHO

1.
(69) = gHthl,thth/Q,hz/Q — T3, 4n,@hn hollo + O(RY).

In addition, if there exist positive constants C1,Cy,C3,Cy and €1,€3,€3,€64 €
0,1) such that

1Y = Psh, onoYnij2,nes2llo0 = C1h* =,

|z — P23h1,2h22h1/2,h2/2||0 > Cyht=e2,

u4 N 9
N = O
~— ~—

lp — th1,2h2Ph1/2,h2/2”0 > C3h*™,
73) g — P23h1,2h2‘Ih1/2,h2/2||0 > Cyht~e,

then we have

(
(
(
(
(

31y — Psh, 2nyUhij2.n2/2ll0

(74) lim =1,
h—0 ||P23h1,2h2yh1/2,h2/2 - Pfh1,4h2yh1;h2 llo
. 3”2_P23h1,2h22h1/27h2/2|‘0
(75) lim 73 73 =1,
h=0 || 2hy1,2ho %h1/2,h2 /2 — 4h1,4h22h1,h2||0
3|p — 112
(76) lim . Hp 2h1,2h2ph1?/)27h2/2”0 -1,
h=0 |13, 93, Phy /2,072 — Wi, an,Pha ka0
3
(77) im 3llg — I3, 94,901 /2,h2/2l0 _1

h—0 ||th1,2h2‘1h1/2,h2/2 - Hihl,zlhﬂhuhz lo

From (66) we see that the computable error estimator %HP;’thhQ Yhy /2,he /2 —
Pfh1’4h2yh17h2 |lo is the principal part of the error ||y — P§’hh2h2yh1/g,h2/g||0, and
can be used as a posteriori error indicator to assess the accuracy of the pressure
error ||y — P53y, on,Yhyj2.hs/2/l0- Meanwhile, the condition (70) seems to be a
reasonable assumption because O(h?) is the optimal convergence rate of ||y —
P3y,. oh,Yhy /2,5 /2]l0 according to Theorem 3.3{. Also, it can be furjsher seen from
(74) that the a posteriori error estimator $[|P3y, o, Un, /2,ha/2 = Pin, anyUn bz llo
is quite reliable. The same comments are also valid for (67)-(69), (71)-(73), and
(75)-(77).

3.2. The global Richardson extrapolation in one direction

The approach introduced in the last subsection has a limitation in that it
requires a global and uniform refinement in both the z- and y-directions, and
hence, it wastes computing time and memory. To overcome this shortcoming,
here we propose an extrapolation method of a partial refinement [22], in which
the meshes are fined just in either the xz- and y- direction. Thus, this method
is more efficient and is also more suitable for parallel computations.

Theorem 3.5. Under the conditions of Theorem 3.1, we have in the sense of
the L%-norm that

0 2411 2,12 1 1 4
Yo = Py no¥ = P& e + 103805 hy T Thynes Thynollo < CRT,
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0 2 4
Zhyhe — Py pe? = fhl ho T hthl hy T Thl har Thy mollo < CRY,
— 105, 4,0 = hingt p, + h3mp2 1, + 75 I}, llv < CR?
Phy sy hi,hoP 101 he T 2MRT By ha,hao hi,ho IV S )
0 2 4
Qhyhe — o, @ = W3 gy + 0305 1y + 75 0s 75 as v < CRY,
where (fhl h2a77h1,h275h1 h2’77h1,h2) (fhl,h2v7lh1 hzafhl,h2a7lh1 hg) € (Whyn, ¥

Vohh)? and l_Iohh2 X Phl,h2 VXW = Von hy X Whyn, is the Raviart-
Thomas projection operator.

P?“OOf Let (611,771175217 ) (612 ,,712 522 22) c (WXV()) and (fhl h2’77h1 ho

fh17h2»77h1 hz) (é“}lfm,nhl,hz,ﬁhhhzﬂ?hl hz) € (Whl,hz X V07h17h2) be the exact
solutions and the mixed finite element solutions, respectively, of the following
two auxiliary variational problem:

(78) a(n*t,v) — (&M, divww) = L1 (v), Yv eV,

(79) (divp™ w) + (€' w) + (€', w) = Ls(w), YVweW,
(80) a(nzl,v) - (5217divv) = Lo(v), Yv eV,

(81) (divn217w) + (0521,10) —( 11,w) = Lg(w), YweW,
and

(82) a(n*?,v) — (£'2,divw) = Ly(v), Vv €V,
(83) (divy'?,w) + (€', w) + (6%, w) = Ly (w), YweW,
(84) a(n®,v) — (6%, divw) = Ly(v), Yv eV,
(85) (divn??,w) + (c€%2,w) — (€2, w) = Lg(w), Y w €W,

where
1
Li(v) = — 3 /Q [a11(P1)ze + @12(D2) 2 ]v1dQ
+ %/Q[(OQZ)x(pz)x — a1 (p1) e ]v2d,
La(v) = — %/9[0411(111)95;1: + 012(q2) 22 )v1dQ
+3 [ [0m)e(a2); = an(@)uloads
Ls(v) :é /Q[(all)y(pl)y — a12(p2)yylv1dQ
1
~3 /{2[0422(102)34@/ + a21(p1)yylv2dQ,
Ly(v) :% /Q[(all)y((h)y — a12(q2) yyv1dQ2

1
~3 / [a22(q2)yy + @21 (q1)yylv2dQ,
Q
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1 1
Ls(w) :g/gcocydbdg, L¢(w) = g/ﬂcmzwcﬁdﬂ,

1 1
L7 (w) =§/Qcyyy¢d§2, Ls(w) = g/QCUZU¢dQ

Then, it follows from (35)-(38) and Lemmas 2.1 and 2.2 that

(86) a(Ohy nys©) = (Phy g dive) = Wi L1 (v) + h3Ls(v) + O(h*) v ]lo,
(divH,lmh?,w) + (Cﬂ}ln,hww) + (p}%l,hzaw)

(87) = hiLs(w) + h3Lz(w) + O(h*)[|wllo,

(88) (07, 1y ) = (P, hy» dive) = hiLa(v) + h3La(v) + O(h*)|[v]lo,
(diVG%I,hsz) + (Cpizn,hng) - (pilLl,hng)

(89) = hiLs(w) + h3Ls(w) + O(h*)|[wllo

for allv € VO,hl,hz and w € Whihs- Set
v;‘th2 = Qzl,hg - h?n?ﬁ,hQ - h%n?ﬁ,m and
p’;Ll,hQ = p;ll,hg - h%é-;Lll,hg - h’gg;?l,hQ’ Z = 1’ 2'
Thus, we have from (78)-(89)
90) a(é}ln,hyv) - (ﬁ}zl,hz’divv) = O(h4)||v||07 Ve VO,hhhzv
91) (diVéilll,hyw) =+ (Cp}L17}L27w) + (ple,hyw) = O(h4)||w||0’ Vwe Whth’
92) a(é}%l,hgﬂv) - (ﬁ%l,hydivv) = O(h4)||v||07 Ve VO,hhhm
93) (diveil,h27w) + (Cp%zl,h27w) - (p}lzl,h27w) = O(h’4)”w||0’ Vwe Whth'

~ o~ o~ o~

Following the steps for the estimates in the proof Theorem 3.1 yields by means
of (90)-(93) that

il 52 <1 -2 4
105, 1o IV + 105, oIV 4 15k, 1o llo + 165, 1y llo < CRE. 0
By the same argument as that for Theorem 3.3, we can establish the following
result.
Theorem 3.6. We have under the conditions of Theorem 8.5 that
3 2411 2612 | =1 =1 4
Pihy anyYnihe — Y =0 + 08"+ T hy Th, nollo < CRY,
3 2421 2422 | =2 ) 4
Pihy any2hahe — 2 = 165 + B8 + 7 oy 175, pyllo < OB,
3 2, 11 2,12 | =1 ~1 4
Wy, anyPhohe =P =hin " +hon = + 7 s T4, pyllo < CRY,
3 2, 21 2,22 | =2 ~2 4
Wyp, ano@hy e — @ =01~ +han™ + 75, 4oy ITh, pollo < CRT,

where (Y1, €21 21 (€12 912,622 0%2) € (W x V)2 are the variational
solutions of (78)-(81) and (82)-(85), respectively.
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From Theorem 3.6 one can obtain the following unidirectional Richardson
extrapolation results under the L2-norm:

3 3 3
4(P2h1,4h23/h1/2,h2 + P4h1,2h2yh1,h2/2) - 5P4h1,4h2yh1,hz

(99 : =y + O,
(95) 4(P23h1,4h23h1/2,h2 + Pfhl,m;fzhl,hzm) - 5Pfh1,4h22h1,h2 — O(h4)7
(96) A(TT3,, 4,Phy 2.1y + Hihl,Q};Phl,hz/Q) — 513, 4pyPhi o —p+ O,
(97) 4(th1,4h2‘1h1/2,h2 + Hihl,Z};qhhhz/?) - 5Hih1,4h2qh17h2 —q+0(Y,

where (Y, /2,15 Phy /2.hss Zhi /2,0 Dy J2.02) s (Uhi ks /20 Phy ks /25 Zhha /2 @iy ha /2)
and (Yny hasPhy has Zhi,hes@he he) are the mixed finite element solutions corre-

sponding to the meshes Ty, /2 1y, Thy ho/2, @0d Thy h,, respectively, and Tp,, /2 p,
as well as Ty, p,/2 are gained by subdividing each element of Ty, p, into small
congruent rectangles in the z-direction and y-direction, respectively.

Similar to (62)-(65), we can also construct a posteriori error estimators by
virtue of (94)-(97).

Theorem 3.7. Under the assumptions of Theorem 3.6, we have

ly — P23h1,4h2yh1/2,h2 llo
| 3 3 4
= gHPth,ZIthhl/Q,hQ + 4P4h1,2h2yh1,h2/2 - 5P4h1,4h2yh1,h2 lo +O(R%),

12 = Pih, ahy2ha/2,h2 ll0

1
_ 3 3 3 4
- §HP2}L1,4}L22h1/2)h2 + 4P4h1,2hgzh1,h2/2 - 5P4h1,4h22h17h2 ||0 =+ O(h’ )7

lp— th1,4thh1/27h2 llo
1

= §||th1,4h2ph1/2,hz + 4Hih1,2h2ph17h2/2 - 5Hih1,4h2ph17h2”0 + O(h4),
lg — H§h1,4h2¢1h1/2,h2 lo
103 3 3 4
= §||H2h1,4h2‘1h1/2,h2 + 4H4h1,2h2‘1h1,h2/2 - 5H4h1,4h2qh17h2 llo +O(h%),

||y - Pjh1,2h2yh1,h2/2||0

L3 3 3 4
= §||P4h1,2h2yh1,h2/2 +4Ps. an,Yhi /2,0 — YPihy 4y Yy b llo + O(R%),

||Z - Pfh1,2h2'zh17h2/2HO

L3 3 3 4
= §||P4h1,2h22h1,h2/2 + 4P, 4y Zhy /2,0 — OPiny anyZhi b llo + O(R),

1P — I13),, 2nyPhinay2llo

1
= §||H431h1,2h21’h1,h2/2 + 4th1,4h2ph1/2,h2 - 5Hih1,4thh1,h2 llo + O(h4),
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”q - Hihl,thth,hQ/Z HO

L3 3 3 4
= §||H4h1,2h2qh1,h2/2 + 415y, 4ny@hy/2,he — SWin, an,hy hollo + O(RY).
Moreover, if there exist positive constants C1,Cy,...,Cs and €1,€a,...,€5 €

(0,1) such that
1y = Pih, anyUnij2,msllo = C1h* ™,
|z — P§h1,4h22h1/2,h2”0 > Coht—<2,
1P — 103, 4, Phyj2.hs llo > C3h* =,
lg — P23h1,4h2‘1h1/2,h2 o > Cyht—c4,
1y — Pih, anyUninay2llo = Csh* ™,
Iz — Pfhl,zhzzhl,hg/zﬂo > Cgh*~*o,
lp — Hih1,2h2ph1,h2/2”0 > Crhter,
lg — Pfh1,2h2‘1h1,h2/2||0 > Cght~es,

then we have

3lly - Pz?’hl,4h2yh1/2,h2 llo

lim =1
3 3 3 )
h—0 ||P2h1,4h23/h1/2,h2 + 4P}, onyYhihay2 = 9P 4, Yha ke llo

3z — Pzghl,4h22h1/2,h2 llo

lim =1
3 3 3 )
h—0 ||P2h1,4h2zh1/2,hz + 4P, on,Zhaha/2 = OSP4, an, Zha he llo
3
. 3P — 115y, 4n,Phy/2,hs ll0
lim

=1
3 3 3
h—0 ||H2h1,4h2ph1/2,hz + 4Ly, 0p,Phihay2 — 5H4h1,4h2ph1,h2”0

)
3|lq — 113 q lo
lim 2hy,4ho9h1/2,he _
3 3 3 =
h—0 ||H2h1,4h2qh1/27h2 + 4H4h1,2h2qh17h2/2 - 5H4h174h24h1,hz llo

L,

3ly — P, anyUnihay2llo )

lim 3 ,

3 3 =
h—0 ||P4h1,2h2yh17h2/2 + 4P2h1,4h2yh1/27h2 - 5P4h1,4h2yh1,h2 llo

3|12 = Py, ony2hi hay2ll0

lim

=1
3 3 3 )
h—0 ||P4h1,2hgzh17h2/2 + AP, 4hyZhi/2,he — 9P, ahyZhihs llo

3
lim 3llp — 1T, oy Phyhas2ll0

=1
3 3 3
h—0 ||H4h1,2h2ph17h2/2 + 4Ly, 4poPhi2,hs — Oy 4 PRy s llo

)

i 3llg — 1135, 01,90, 1o /2ll0
1im

=1
3 3 3 :
h—0 ||H4h1,2h2‘1h1,h2/2 + 4H2h1,4h2‘1h1/2,h2 — 5IL3),, 4n,qhy ks llo

4. The interpolation defect correction

In this section we propose and investigate an interpolation defect correction
scheme (see, for example, [6, 23]) applied to the mixed finite element solution
(Yhy has Pha has Zhy b @haohe) € (Why hy X Vo ny ne)? to obtain approximations
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with higher convergence rate. Also, these new approximations are naturally
used to form a posteriori error estimators in order to estimate the actual accu-
racy of the mixed finite element solutions.

First of all, for the future need we construct two projection interpolation
operators H%hh% and P21h1,2h2 associated with Tap, 2n, satisfy

(98) H%h1,2hgngl,h2 = H%h1,2h27

(99) T34, 2n,0ll0 < Cllvllo, ¥ v € Vo ha,

(100) T30, 20,0 = ullo < CR?[[ull2, ¥ ue (H*(Q))%
(101) P21h1,2h2P181,h2 = P21h1,2h27

(102) 1Poh, 2n,wllo < Cllwllo, ¥ w € Wiy p,,

(103) 1Pan, 2n,p = pllo < Ch?|Ipll2, ¥ p € H?(Q).

Then, like that seen in the last section, it is assumed that the rectangular
partition 7y, p, has been obtained from 7Tap, 2r, with mesh size 2h by sub-
dividing each element of 7ap, 2n, into four small congruent rectangles. Let
é = U?Zl e; with e; € Tp, n,- And this, the two interpolation operators
H%hl,th and Py, . associated with Top, on, of degree at most 1 in z and
y on €, respectively, and defined as follows:

113, on,ule € Q21(6) X Q12(8), Py, ap,ple € Qu1(8),

/ (u =103, op,u) - mds =0, i=1,2,...,12,

/ (p— P on,p) =0, i=1,2,3,4,

where s;(¢ = 1,2,...,12) is one of the twelve sides of the four small elements
e;(i=1,2,3,4). We can also check that the two operators H%h172h2 and P21h172h2
defined above satisfy the properties indicated in (98)-(103).

In addition, we also need two pairs of mixed finite element projection op-
erators Rfln,hz X Siln,hz X R%l)h2 X Sﬁl),w:(W X V0)2 = Whyhe X Vonhe)?
defined by

a(S}Ll’th —p,v) — (R}ll’hzy —y,divw) = 0,
(div(Sp, p,p — ), w) + (c(Bh, 4,y — y),w) + (B, 2 — 2,w) =0,
a(Sﬁl)Mq —q,v) — (R%thz — z,divw) =0,
(div(SE, 1,q — @), w) + (c(R}, .2 = 2),w) = (R}, p,y —y,w) =0
for all v € Vo, n, and w € Wi, p,. Then, (R} .y, Sh .0, Ry ), 2,57 1,.4)
is the solution of (20)-(23) if (y,p, #,q) is the solution of (14)-(17).

Theorem 4.1. Suppose that the conditions of Theorem 3.3 are fulfilled. Then,
we have

(104) Ny, n, = yllo + 125, n, = 2llo + 1P, n, = Pllo + Igi, 1, —allo < ChY,
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where
* . p3 1 1 1 3
Yhy he = P4h1,4h2yh1,hz + P2h1,2hzyh1,h2 - P2h1,2h2Rh1,h2P4h1,4hzyh1,h2v
* ._ p3 1 1 2 3
Zhyhy T P4h1,4h22h1,h2 + Popy ohyZha b — P2h1,2h23h1,h2P4h1,4h22h1,h27
* 173 1 1 1 3
phl,hz T H4h1,4h2ph1;h2 + H2h1,2h2ph1yh2 - H2h1,2h25h1,h2H4h1,4h2ph17h27
* T3 1 1 2 3
Qhiny = Wip, an, Qo he + opy on,@hone — oy 05, Shy o Hiny an,@ha b
Proof. 1t has been proved in Theorem 3.3 that
3 121 1 1% 4
P4h1,4h29h1,h2 —y=h"¢ + Vhi b ||’Yh,1,h2||0 <Ch".
Then, multiplying this equality by the operator (I — Py, o5, R}, 4, ), where I
is the identity operator, results in
1 1 3
(I— P2h1,2h2Rh1,h2)(P4h1,4h2yh1,hz -y)
_ 12 1 1 1 4
= h*(I = Pop, on, By, 1,)€ + O(R7)
_ 22741 1 1 2/ pl 1 1 1 4
= h*(& = Pap, 21,6 ) + 0 (Pany 28,6 — Pany 21,8k ,hy) + O(R7)
_ 12pl 0 1 1 4
= h*Psp, ony (P 1€ = &hy ny) + O(R7),
where we used
1 1 1 2 ¢1 1 0 _ pl
16" = Pap, on,§ llo < Ch7|IE |2 and  Pay, op, Phy hy = Pany on,

according to the properties of the operator P21h1,2h2 described in (101)-(103).
Furthermore, it follows from Lemma 3.2 and the inequality

1P, 2, (Py o€ = €y na)llo < ClIPR, 1,60 = &y oy llo
that
(I - P21h1,2h2R}Ll,hg)(PfhlAhzyhhhz —y) = 0(h4)>
and the left-hand side is nothing but
(I - P21h1,2h2R1111,h2)(PfhlAthhl,hz —y) = y;:l,im - Y.

Similarly, we can gain other terms of (104). O

Analogous to Section 3 we can utilize the superconvergent approximation
provided in Theorem 4.1 to establish a posteriori error estimators for the mixed
finite element solution of the problem (14)-(17). In fact, we have:

Theorem 4.2. If the conditions of Theorem 4.1 are satisfied, then we have
1y = Ynsnallo = 1Y, 5y = Yo nallo + O(RY),
12 = 201 hallo = 12,y = 284 ,ha llo + O(RY),
[P = Py o llo = 195y 5y = Py iallo + O(RY),
g = gnynollo = 5, 5y — Ghonsllo + O(RY).

Furthermore, if there exist positive constants Cy,Cs,Cs3,Cy and sufficiently
small €1, €9,€3,€4 € (0,1) such that

||y — Yh,ho ”0 > Clh47613 ”Z - Zh17h2||0 > 02h4762a
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1P =Py nollo > Csh*%, |lg = gny nollo > Cah®™4,
then there hold
1y =ymmallo  _ o lz=zmmalo
h=0 Y5, py = Ynohallo 7 B0 (25— 2k hslo
i P = Phinallo 1. lim lg —gninallo  _
h=0 [P}, 4, = Phahallo h=0 g}, 1, — @y hallo

)

5. Conclusion and future works

In this paper, we derived asymptotic error expansions in the sense of L2-
norm for the mixed finite element approximation to a class of optimal control
problems under rectangular meshes. Based on the asymptotic error expansions,
the Richardson extrapolation of two different schemes and an interpolation de-
fect correction are given. Furthermore, as a result of all these higher order
numerical approximations, they can be used to generate a posteriori error es-
timators for the mixed finite element approximation. It should be pointed out
that the assumption of the high regularity of the solutions to the state and
adjoint equations is too strong for many practical problems. However, is still
significant to provide these numerical schemes with high accuracy for optimal
control problems in either theory or practice.

There are many important issues remaining to be addressed in this area,
including high accuracy analysis in the sense of L*°-norm and for more com-
plicated control problems. Moreover, many computational issues have to be
addressed for designing high accurate numerical methods for the optimal con-
trol problems.
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