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A CHARACTERIZATION OF THE GENERALIZED
PROJECTION WITH THE GENERALIZED DUALITY
MAPPING AND ITS APPLICATIONS

SANG HYEON HAN AND SUNG Ho PARK

ABSTRACT. In this paper, we define a generalized duality mapping, which
is a generalization of the normalized duality mapping and using this, we
extend the notion of a generalized projection and study their properties.
Also we construct an approximating fixed point sequence using the gen-
eralized projection with the generalized duality mapping and prove its
strong convergence.

1. Introduction

Let B be a real Banach space with the norm || - | with the dual space B*.
A Banach space B is said to be strictly convex if for any 2,y € U = {x € B |

o] =1},

x #y implies

T+y
—|| < 1.
2

It is also said to be uniformly convex if for each € € (0, 2], there exists § > 0
such that for any z,y € U,

vty

|z -yl >e implies ‘

<18

It is well known that a uniformly convex Banach space is reflexive and strictly
convex. A Banach space B is said to be smooth if the limit

t —
W Ll tyl = el
t—0 t
exists for all z,y € U. If the limit (1.1) is attained uniformly for z,y € U, we
say that a Banach space B is uniformly smooth. It is well known that the space
LP(1 < p < 00) is a uniformly convex and uniformly smooth Banach space.
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Let C be a nonempty, closed and convex subset of B. The metric projection
Po : B — C has been wisely used in many areas of mathematics such as opti-
mization theory, fixed point theory, nonlinear programming, game theory and
variational inequalities (see [6], [7], [9], [11], [13], [14], [18]). In Hilbert spaces,
these problems have been sufficiently studied and there are many interesting
results (see [8], [16]). But it is difficult to transfer these results into Banach
spaces using the metric projection because the metric projection in Banach
spaces does not possess a number of properties which make them so effective in
Hilbert spaces. In 1994, Ya. 1. Alber introduced other kinds of projections to
replaced with the metric projection, which are natural extension of the classical
metric projection in Hilbert spaces (see [1]). Here, we introduce one notion of
the definitions of projection defined by Ya. I. Alber.

Let (-,-) denote the duality product. The normalized duality mapping J :
B — 287 is defined by

J(@) ={a" € B" | (", 2) = ||, |2l = "]}, =€ B.

Assume that B is smooth so that J is single-valued on B and hence we can
define a function ¢ : B x B — R by

$(a,y) = || =2 (J(2),y) + |ylI*, 2,y € B.

It is easily seen that

(lzll = lIyl)? < ¢z, y) < (lzll +ly)?, 2,y € B.

The definition of a generalized projection with the normalized duality mapping
is as follows:

Definition ([1]). Let B be a smooth Banach space, C' a nonempty, closed and
convex subset of B, x € B and xg € C. If

d)(xa 130) = ;Ielg ¢($, y)7

then zq is called a generalized projection of x with the normalized duality
mapping J and is denoted by zg € P‘C](ac)

In this paper, we define a generalized duality mapping, which is a gener-
alization of the normalized duality mapping, and using this, we extend the
notion of the generalized projection in a smooth Banach space and study their
properties. Also we characterize the generalized projection with the generalized
duality mapping in terms of normalized and generalized duality mappings in a
smooth Banach space. This characterization is a generalization of characteri-
zation of the generalized projection with the normalized duality mapping in a
Banach space and the metric projection in a Hilbert space.

In [21], using the generalized projection with the normalized duality map-
ping, H. K. Xu constructed an approximating fixed point sequence in a smooth
and uniformly convex Banach space and proved the strong convergence of it.
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Theorem 1.1 ([21]). Let C be a smooth and uniformly conver Banach space,
C' a nonempty, closed and convex subset of X and T : C — C a nonexpansive
mapping such that Fix(T) = {x € C | Tx =z} # 0. Let {x,} be the sequence
generated by
_ pJ
Tnt1 = Pg,nq, (7o),

where

Cp=t{z€C||z—-Tz|| <tplltn — Tz,|}, n>1,

Qn={vel|{J(zy) — Jy(zo),v—x,) >0)}, n>1
Then {x,} is an approximating fized point sequence for T and strongly conver-
gent to a fized point of T.

Using the argument of the theorem above, we construct an approximating
fixed point sequence in a smooth and uniformly convex Banach space using
the generalized projection with the generalized duality mapping and prove its
strong convergence.

2. A generalized projection with the generalized duality mapping

Let ¢ : [0,00) — [0,00) be a continuous, strictly increasing function such
that 1(t) — oo as t — oo, ¥(t) < ¢ for any ¢t € [0,00) and ¥(0) = 0. This
function 9 is called a gauge function. The generalized duality mapping Jy :
B — 287 associated with a gauge function ¢ is defined by

Jy(x) ={z" € B* | (z",z) = ||z ([z]), l=*| = ¥ (=)}
If ¢(t) = t, then J, = J. Notice that, in a Hilbert space, the generalized
duality mapping with a gauge function 1 is

Jo(a) 0 if 2 =0,
xXr) = z .
i (I P

First we collect many properties of the normalized duality mappings in dif-
ferent Banach space (see [19], [20]).

(1) For any x € B, J(x) is nonempty, bounded, closed and convex.
(2) J is a homogeneous operator in arbitrary Banach space B, that is, for
any ¢ € B and a real number «,
J(az) = aJ(x).
(3) J is a monotone operator in arbitrary Banach space B, that is, for any
x,y € B, ke J(x)andl € J(y),
(k—1lx—y)>0.

(4) If B is smooth, then J is a single-valued mapping.
(5) If B is reflexive, then J is a mapping of B onto B*.
(6) If B is strictly convex, then J is one-to-one, that is,

x#y=Jx)nJy) =0.
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(7) J is a continuous operator in smooth Banach spaces.
(8) J is the identity operator in Hilbert spaces.
(9) For any =,y € B and j € J(y),

]| = llylI> > 2,z —y).

The following properties of the generalized duality mapping (Remark 2.2 and
Propositions 2.3, 2.4, 2.5, 2.6) correspond to the above properties of the nor-
malized duality mapping.

Proposition 2.1.

wllel) 70y if 2 £ 0.

llIl

Jw(x):{J(m) if x =0,

Proof. Assume that z = 0. Then Jy(z) = {0} since ¢(0) = 0. Hence Jy(x) =
{0} = J(z). Assume that = # 0. If 2* € Jy(z), then

N N R
<1/1(9:||) ’> 7/’(||IH)< ) 1/}(HI||)” Izl = ll=]I*,

[|]]

since ||2*| = ¥(]|z||). Hence TS J(x) and so z* € %J(x) Simi-
larly, we can show that

Y([=l)
e ) < T
Therefore
J@) ifx=0,
Sy () = {WJ(;E) if 2 # 0. .

Remark 2.2. From Proposition 2.1, we can see the following:
(a) For any = € B, Jy(x) is nonempty, bounded, closed and convex.
(b) If B is smooth, then Jy, is a single-valued mapping.
(c) If B is smooth, then Jy, is a continuous operator.

Proposition 2.3. If B is reflexive, then Jy is a mapping of B onto B*.

Proof. Let * € B*\ {0} be arbitrary. Then |z*| > 0. Since ¢ is strictly
increasing, there exists a unique tz« > 0 such that ¢(tz«) = ||z*|. Since
ter 4% € B* and J is a mapping of B onto B*, there exists z € B such that

llz=|

fema* € J(z). Then ||z|| = t,- and

[J]|
L. to.x
lall? = < H> LR

[Eal

So

(2%, ) = [lz"|[[lx]| = ll=ll¢(l2])-
Hence z* € Jy(z). Note that J,(0) = {0}. Soif z* =0 € B*, then z* € J,(0).
Thus Jy is onto. O
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Proposition 2.4. Let ¢ be a gauge function with ¥ (at) = ap(t) for a > 0.
For anyx € B and a > 0,

Jy(ax) = ady(x).

Proof. If o = 0, it holds clearly. Assume that o > 0. From Proposition 2.1
and Property 2 of the normalized duality mapping J, we have

Juaay = Bl gl o )

o] LhiEd [l O
Proposition 2.5. Jy is a monotone operator in arbitrary Banach space B,
that is, for any x,y € B, k € Jy(x) and | € Jy(y),
(k—l,x—y)>0.
Proof. For any x,y € B, k € Jy(x) and | € Jy(y), we have
(k—lLx—y) =(kz) —(ky —{z)+{y)
2 [l lll) = Nyl el =zl Ayl + vl iyl
= ([l =y @ l=ll) — 2 lyl}) = 0. O

Let B be a smooth Banach space. Then Jy is a single-valued mapping in
B. We define the functions ¢, : B x B — R by

$u(,y) = llzllp(llz]) = 2 (Jy (@), 9) + lly]?
for any x,y € B. It is obvious from the definition of the function ¢, that
(2.1) @zl = llyl)?* < ¢u(@.y) < (l=]l + lyl)?
for any z,y € B since ¥(||z]) < ||z]|

Proposition 2.6. Suppose that B is a smooth Banach space. Then for any
z,y € B,

11 =yl lyll) > 2 (Jy(y), x —y) -
Proof. Since ¢y (y,z) > 0 for any =,y € B, we have
lylledlyll) = 2 (Jy(y), @) + l|lz[* > 0.

Hence

) = (), v)
) =2 (Jy(y),y) + (Ju(y),y)
Jp),x —y) + lyllvlyll)-

&
<
8

o~ o~~~
<

A~ A~ o~
<

=SSO
8

Thus we have
l2)1® = Nyl (lyl) > 2 (Ty(y), & —y) - O
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Definition. Let B be a smooth Banach space, C' a nonempty, closed and
convex subset of B, x € B and xg € C. If

¢1b(xa Z’O) = ;Ielg ¢1/)(‘/I;) y)7

then zq is called a generalized projection of x with the generalized duality
mapping Jy, and is denoted by zo € Péw (x).

If (t) = t, then Jy = J and so Pg’” is equal to PZ . Especially, in a Hilbert
space, Pg’” is equal to the metric projection Pg.

Utilizing the idea in [15], we will prove the following propositions.

Proposition 2.7. If B is a reflexive and smooth Banach space and C is a
nonempty, closed and convex subset of B, then for any x € B, Pé"b (x) #0.

Proof. We first prove it when C' is bounded. For any x,y € B, we have

@zl =y < v (@ y) < (l=]l + lylh?*.

It implies that for any fixed z € B, inf,cc ¢y (x,y) is finite. Choose {y,} C C
such that

(T, yn) — Inf dy(x,y) asn — oo.
yel

Since B is reflexive and C' is a nonempty, bounded, closed and convex subset
of B, it is weakly compact. Then there exists a subsequence of {y,}, without
loss of generality we assume that the subsequence of {y,} is itself and a point
xo € C such that y, — x¢ weakly as n — oco. From the properties of weak
convergence, we have

Jaoll < immin g .
Now we have

¢y (@, 20) = ||zl[Y(||2]]) — 2 (Jy (@), z0) + ||zo]|?
i (el = 2 (o (@), ) + 7ol
< timinf (lall () — 2 (Ty(x), ) + la]?)
= liminf ¢y (2, yn)
= lim oy (,yn)
Inf dy(2,y).

Hence we have zg € P(}]”” (z) and so P(}]” () #0.

Next we prove it when C is unbounded. For any r > 0, we denote B, =
{z € B | ||z|]| < r}. In this case, we can find R > 0 such that ||z|]] < R,
|Jy(2)|| = ¥(]|z||) < R and C N Br # 0. If y € C' N Bg, we have

$u(,y) < (lzll + lyl)* < (2R)* = 4R?
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and so

inf < 4R,
yelcr%BRW(x,y)_ R

If y € C and ||y|| > 4R, we have
¢u(,y) > (W(llz]]) — llyl)* > (3R)* = 9R?

and so

inf z,y) > 9R2.
yeo il P (@ Y) 2

Therefore, we have

inf T < inf z,1).
yECﬂBRQSw( 7y) yEC,HyH>4R¢w( 7y)

Now we obtain

infqﬁw(fc,y):min{ inf  ¢y(z,y), inf %(fv,y)}
yeC

yeCNBygr yeC,|lyll>4R

yeCNByr yeCNBRr

> min{ inf  ¢y(z,y), inf qbw(x,y)}
- yECI’?TfBu% (151#(*%'7 y)

inf .

Inf ¢y (2, y)

v

SO7 we have
inf o (x = inf Gy (x .
yIEC w( 7y) yECl'ﬁB4R 7/1( ’y)

It is clear that C' N Bypr is a nonempty, bounded, closed and convex subset of
B. According to the first case, there exists zo € C'N Byg such that

—  inf — inf .
by, 20) yeclng%(%y) ylgcdw(w,y)

It implies that xo € P(}]‘b (x) and so P‘C]’” (z) £ 0. O

Corollary 2.8 ([15]). If B is a reflexive and smooth Banach space and C is a
nonempty, closed and convex subset of B, then for any x € B, PA(x) # 0.

Proposition 2.9. If B is a reflexive and smooth Banach space and C is a
nonempty, closed and conver subset of B, then for any x € B, P(}]”’ () is a
nonempty, closed, conver and bounded subset of C'.

Proof. By Proposition 2.7, for any = € B, P(‘J]‘” (x) is nonempty. If 2o € P(‘J]” (x),
1
then [ (||z]]) — l|lzoll] < ¢y (x,x0)2 so

1
[zoll < dy(@,20)? + ¢ (l|2])-
Thus Péw (z) is bounded.
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Next we prove that P‘C]‘“ (x) is closed. Suppose that {y,} C P(‘J]” (z) and
Yn — To as n — 0o. Then

Du(,20) = lall@(le]) — 2 (), 20) + o
= lim_(lallp(lal) = 2 (T ), ) + o)

= lim ¢y(z,yn) = ;gg by, y).

Thus ¢ € P'C{w (z) and so P(‘j]”’ (x) is closed.

Finally, we prove that Pé”’ (z) is convex. Suppose that y;,y2 € Pé”’ (z) and
0 <A <1 Then Ay; + (1 — Ny € C and

Gy (2, Ay1 + (1 = A)y2)
=[lzll(llx]]) = 2 (Jp (@), Ayr + (1 = Nya) + [Ays + (1 = Ngell®
<llzllo(lz]l) = 2X (S (@), 51) = 2(1 = X) (S (@), y2) + M|y 1> + (1 = V)[ya|?
=Apy(z, 1) + (1 = Ny (, y2)
=A yllelg by (2, y) + (1= A) ylgg by (2, y)

— inf .
520%(%.@)

Thus A\y; + (1 — N)yo € P(}]” (x) and so P(}]’” (z) is convex. O

Corollary 2.10 ([15]). If B is a reflezive and smooth Banach space and C' is
a nonempty, closed and convex subset of B, then for any x € B, Pé](x) s a
nonempty, closed, conver and bounded subset of C.

Proposition 2.11. If B is a reflexive and smooth Banach space and C is a

nonempty, closed and convex subset of B, then for any x € B, no two nonzero
Ty .

elements in P5Y (x) are linearly dependent.

Proof. Suppose that there are y;,y2 € PC‘L” (z) with y; = pys for some real
number p # 1. Then ¢y (z, y1) = ¢y (x, y2), that is,

I? I2.

2(Jy(x),y2 = y1) = llp2ll” = Iy

Replacing y; by uys in the above equality, we have
2(1 — ) (Jy(x),y2) = (1 = )|y *.
Since p # 1,
2 (Jy(@),y2) = (1 + p)lly2l*.
Let ys J: et — H'T“yg. From the convexity property of PCJ’” (), we have
Y3 S Pcw (l') Since ¢¢(x’y2) = ‘151/)(@93),

205(@hand = (14552 bl
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Sol+pu=1+ H%, i.e., p = 1. That is a contradiction to the hypothesis p # 1.

Therefore no two nonzero elements in Péw (x) are linearly dependent. (]

Corollary 2.12 ([15]). If B is a reflexive and smooth Banach space and C is a
nonempty, closed and convex subset of B, then for any x € B, no two nonzero
elements in PZ(x) are linearly dependent.

Proposition 2.13. Let B be a reflexive and smooth Banach space and C be
a nonempty, closed and convex subset of B. If B is strictly convex, then the
operator PCJ’” : B — C is single valued.

Proof. Suppose that there exists x € B such that Péw (z) is not a singleton,
ie., y1,y2 € Pé” (), y1 # y2. Then ¢y (z,y1) = dy(x,y2). So
(2.2) 2 (Jy(2),y2 = y1) = llyal® = vl
Since P(‘J]”’ (x) is convex, for any 0 < A < 1, we have
A2 + (1= Ny1 € P2 ().

Since ¢y (x, Adya + (1 — N)y1) = dy(x, y1), we have
(2.3) 2X (Jy (), y2 — y1) = Ay + (1= Nwa |? = [l ]*-
By (2.2) and (2.3), we have

Algell® = l9l*) = A2 + (1 = Nwall* = oI,

SO
Ayz + (1= Nl = Mlya > + (1 = N[y .
Then
Az + (1= Ny ll® < Algell + (1 = Ml l)?
<Algal? + (1 = Ny )1?
= [[Ay2 + (1= My l*.
So

[Ay2 + (1 = Nyl = Mgl + (1 = Myl
Taking \ = %7 we get

ly2 + vl = lly2ll + llya I

Assumeyl,yg#Oandletazﬁ. Then0<a<1l,0<1—a<1and

€z Y
a— + (1 — a)H =1.
H |z llll
Since B is strictly convex, we have HTTH = ﬁ, ie., x = trhy. This is a

contradiction from Proposition 2.11. Hence the above equality shows that B is
not strictly convex. (I
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Corollary 2.14 ([15]). Let B be a reflexive and smooth Banach space and C
be a nonempty, closed and convex subset of B. If B is strictly convex, then the
operator Pg : B — C is single valued.

Now we want to prove that the generalized projection P(‘J]”’ is continuous if
B is a reflexive, strictly convex and smooth Banach space.

Proposition 2.15. If B is a reflexive, strictly conver and smooth Banach
space and C is a nonempty, closed and convex subset of B, then the generalized
projection operator P‘CJ“’ : B — C is continuous.

Proof. Since B is a reflexive, strictly convex and smooth Banach space, from

Proposition 2.13, for any = € B, Pé’” (z) is single-valued. Suppose that x,, — x

as n — oco. Let y, = Péw (xn) and xo = P‘C]'“” (z) for n =1,2,3,.... Since
@llznll) = lynlD)? < bp(@n,yn) < Gy (@n,x0) < (Jzall + llzoll)?

and x,, = x as n — oo, we know that {y,} is a bounded sequence of B. Since
B is reflexive, there exists a subsequence of {y, }, without loss of the generality,
we may assume it is itself, such that y,, — z(, weakly as n — oo.

Sy (,20) = ||zl (ll2]) — 2 (Jy(2), 26) + [0l
< liminf (||lzn[[Y (lzal)) = 2 (Jp (@), yn) + lyal?)
= lim inf ¢y (2, yn)
= 1inni>ioréf Oy (Tn,y) forallyeC
= ¢y(z,y) forallyeC.
Hence z), € P2 (z). Since P2* (x) is a singleton set, we have z) = P2 (z) = .

For any A € [0, 1], one has Azg+(1—\)y,, € C. Since ¢y (x, xo) < ¢y (T, Ao+
(1 = XN)yn), we have

(2.4) 2 (Jy(2), (1= N)(Yn — 20)) < [IAzo + (1= N)ynll® — [lzol|*.
Since ¢y (xn, Yn) < dp(Tn, xo), We get
(2.5) 2(=Jy(@0), yn — o) < [|zol® — [lynll*.
By (2.4) and (2.5), we have
2 (Jy(x) = Jy(@n), yn — o)

<Az + (1 = Nynll® = llyall? + 2X (Jy (@), yn — z0)

< Mlaoll® + (1= Nllgall® = llyall® + 2A (S (), yn — o)

= Allzoll” = llynll*) + 2A (Jy (), Yo — o) -
So
(2.6) 2(Jy(x) = Jy(@n), 0 = yn) = Allynll® = llzoll*) + 2X (Jy(2), 20 — yn) -
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Since ¢y (, 20) < Py (2, yn) and ¢y (Tn, Yn) < Gy (@n, Axo+ (1 — A)yy), we have
(2.7) 2(Jy(@) = Jyp(@n), w0 — yn)
> 2(1 = ) (=Jy(@n), 20 = yn) + (L = N ([lzol* = [lynll*)-
By (2.6) and (2.7) with A = %, we have
(28)  4{Jy(@) = Jy(@n) 20 = yn) = lyall® = llzoll + 2 (S (), 20 — )
and
(29) 4 (Jy(2) = Jy(@n), 0 = yn) = |70l = llynl® + 2 (= Jyp(2n), 20 = yn) -

From the conditions that z,, — = and y,, — zo weakly as n — oo, and combin-
ing (2.8) and (2.9), we have

[ynll = llzoll  as n — oc.

Since y,, — xo weakly as n — oo and B is reflexive and strictly convex, we

. J Ty Ty s .
obtain y, — xo as n — oo. Thus P.” (z,) — P5"(x). Hence P;" is continuous

for any = € B. (]

Corollary 2.16 ([15]). If B is a reflexive, strictly conver and smooth Banach
space and C is a nonempty, closed and convex subset of B, then the generalized
projection operator Pé’ : B — C is continuous.

3. A characterization of the generalized best approximation with
the generalized duality mapping

In this section, we will give a characterization of generalized projections
with the generalized duality mapping. From this characterization, we can get
a characterization of metric projections, and generalized projections with the
normalized duality mapping.

Proposition 3.1. Let B be a smooth Banach space, C' a nonempty, closed and
convez subset of B, and x € B. Then zq € Péw () if and only if

(J(w0) = Jy(x),y — xo) =2 0
for ally € C.
Proof. Suppose that zg € péw (). Let y € C and X € (0,1]. Then
Py (x, o) < Py (@, (1 = N)wo + Ay).
So
0> ¢y(z,20) — ¢y (x, (1 = A)zo + Ay)
=2 (Jy(2), Ay — z0)) + [[zo]|* = [|(1 = N)zo + Ay|?
> 20 (Jy(2),y — zo) — 2A(J((1 = N)zo + Ay), y — o)
=2X (Jy(z) = J((1 = N)zo + Ay),y — wo)
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since ||lzo||? = [[(1 — N)zo + My||? > 2 (J((1 = N)ao + My), A(zo — y)). Then
(Jyp(z) = J((1 = N)zo + Ay), y — 20) < 0.
Taking the limit A | 0, we obtain
(Jy(x) = J(20), y — 20) <0
since J is continuous. Thus
(J(x0) = Jy(x),y — z0) = 0

for all y € C.
Suppose that (J(xg) — Jy(z),y — x9) > 0 for all y € C. Then for any y € C,
we have

Gy (2, y) — du(x,20) = [yl = [l = 2 (Jy(2), y — o)

> 2(J(20),y — xo) — 2 (Jy(x),y — z0o)

=2 (J(wo) = Jy(x),y — m0) =0
since ||y — [|zo||* > 2 (J(z0),y — o). Thus ¢y (z,y) > ¢y (z,z0) for all y € C
and so zp € P‘C]"" (z). O
Corollary 3.2 ([2]). Let B be a smooth Banach space, C a nonempty, closed
and convez subset of B, and x € B. Then zo € PZ(z) if and only if

(J(@o) = J(x),y — o) 20

for anyy € C.

If B is a Hilbert space, then J(z) = z for any # € B. Then we have the
following.

Corollary 3.3 ([8]). Let H be a Hilbert space, C a nonempty, closed and
convex subset of H, and x € H. Then xo = Pc(x) if and only if

(xo— 2,y —x0) >0
for anyy € C.

Proposition 3.4. Let B be a smooth Banach space, C a closed subspace of B,
and © € B. Then g € péw (z) if and only if

(J(zo) = Jy(x),y) =0
for any y € C.

Proof. (=) Suppose that g € Pé"’ (z). Since C'is a subspace, zo—y, zo+y € C
for all y € C' so by Proposition 3.1,

(J(z0) = Jy(x), (o — y) — wo) = (J(w0) — Jy(x), —y) = 0
for any y € C. Similarly, we have

(J (o) = Jy(@), (xo +y) — wo) = (J(x0) = Jy(x),y) > 0
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for any y € C. Thus
(J(zo) = Jy(x),y) =0
for any y € C.

(<) Suppose that (J(xo) — Jy(x),y) = 0 for any y € C. Since y —zp € C
for all y € C', we have

(J(@o) = Jy(x),y — 20) 20
for any y € C. By Proposition 3.1, xg € Pé’” (). O

Corollary 3.5 ([17]). Let B be a smooth Banach space, C a closed subspace
of B, and x € B. Then xo € PZ(z) if and only if

(J(w0) = J(2),y) =0
for anyy € C.

Corollary 3.6 ([8]). Let H be a Hilbert space, C a closed subspace of H, and
x € H. Then xg = Po(x) if and only if

<LL‘0 -, y) =0
for anyy € C.

Proposition 3.7. Let B be a smooth Banach space, and let M (e) be the one-
dimensional subspace of B spanned by a vector e with the unit norm. Then for
any r € B, we have

J,
(Jy(@),e)e € P (@),
Proof. Since J is homogeneous, for any A € R,
<J(<Jw(3;‘), 6> e) - sz(ﬂ«”% )\6) =A <J1/1(x)7 6> —A <J1/1(33)7 €> = 0.
By Proposition 3.4, we obtain

(Jy(x),€) e € Pypi,y (x). 0

Corollary 3.8 ([4]). Let B be a smooth Banach space, and let M(e) be the
one-dimensional subspace of B spanned by a unit vector e. Then for any x € B,
we have

(J(),¢) e € Piye)(2)-

Example 1 ([4]). Lete = (%, %) and z = (1,0) € 3(R?). Then Py (.)(z) #
(J(x),e)e. But (J(z),e)e € PA{[(e)(x) and (Jy(z),e)e € PAJ;’(E) (x).

Proposition 3.9. Let B be a smooth Banach space, let C' be a monempty,
closed and convex subset of B and let x € B. Then for all xg € Pg’”’ (2),

(blb(xaxo) + ¢(I0,y) S ¢’L/J(‘ray) fOT’ all Yy e C.
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Proof. By the definitions and Proposition 3.1, we have

by (@, y) — Gu(x,20) — ¢(20,Y)
= —2(Jy(2),y — xo) + 2 (J (w0),y) — 2||zo|”
=2(J(z0) — Jy(x),y — 0) 2 0
for all y € C'. Thus
du(x,20) + O(z0,Y) < @y(x,y) forallyeC. 0

Corollary 3.10 ([2]). Let B be a smooth Banach space, C' a nonempty closed
and convex subset of B, and x € B. Then for all xg € PZ(x),

oz, o) + P(zo,y) < d(z,y) for ally € C.

Proposition 3.11 ([17]). Let B be a smooth Banach space, C a closed subspace
of B, and x € B. Then for all xg € Pé‘” (z),

¢¢($7$0)+¢(x07y) :Qsd,(fl',y) fO’I" allye C.

Corollary 3.12. Let B be a smooth Banach space, C be a closed subspace of
B, and x € B. Then for all xo € PZ(x),

d(x,20) + ¢(x0,y) = ¢(w,y) for ally € C.

4. Strong convergence of approximating fixed point sequences

Let B be a smooth and uniformly convex Banach space, C' a nonempty,
closed and convex subset of B and T': C' — C' a nonexpansive mapping such
that Fix(T) # 0.

Recall that a sequence {z,,} in C is said to be an approximating fixed point
sequence for T if

lim ||z, — Tx,| =0.
n—oo

Now we want to construct an approximating fixed point sequence for a non-
expansive mapping 7" as follows: Starting an arbitrary initial guess zy, we can
construct an approximating fixed point sequence of T as follows. Take a se-
quence {t,} in (0, 1) so that ¢, — 0 as n — oo. If z,, has been constructed, we
construct two closed convex subsets C,, and @, such that Cy = Q¢ = C and

Cp=to{zeC||z=Tz| < tullxn — Tz},
Qn={v e C|{J(zn) — Jy(z0),v — zn) = 0)}
for n > 1. Then we define the (n + 1)th iterate x,11 by

o
(4.1) Tni1 = Pglng, (20)-

Before discussing the convergence of the sequence {z,}, we first use induction
to verify that Fix(T) C C,NQ,, and x,,41 is well-defined. As a matter of fact, it
is trivial that Fix(T") C C,, for all m > 0. It is also trivial that Fix(T) C Qo = C
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and thus z; = P(}];“on (x9) is well-defined. Since x; is the general projection of
xo with Jy onto Cyp N Qo = C, by Proposition 3.1 we have

(J(x1) — Jyp(x0), 2 —x1) >0 for all z € CoN Qo.

Since Fix(T") C Cp N Qo, the last inequality holds for all z € Fix(T'). This
together with the definition of @1 implies that Fix(T") C Q1. Assume now that
Fix(T) C @, and x,41 is well-defined. We need to prove that Fix(T) C Q11
and x,42 is well-defined. Since z,4; is the general projection of xg with Jy,
onto C, N @, by Proposition 3.1 we have

(J(@n+1) — Jp(x0), 2 — Tpy1) >0 forall z € C, N Q.
Since Fix(T) C Cp, N @y, the last inequality holds for all z € Fix(T). This
together with the definition of Q,; implies that Fix(T) C Qn+1. Now as

the general projection of xy with Jy onto the nonempty closed convex subset
Cn+1 N Qni1, Tpto is well-defined. We used the similar terminology in [21].

We now state and prove the main result of this paper.

Theorem 4.1. Let B be a smooth and uniformly convexr Banach space, C
a nonempty, closed and convexr subset of B and T : C — C a nonexpansive
mapping such that Fix(T) # 0. Let {x,} be the sequence generated by the
process (4.1). Then {x,} is an approzimating fized point sequence for T and
strongly convergent to a fized point of T'.

We need the following three lemmas to prove Theorem 4.1.

Lemma 4.2 ([12, 21]). Assume that B is a smooth and uniformly convex
Banach space. Consider two sequences {xn} and {y,}. If one of them is
bounded, then ¢(xy,yn) — 0 if and only if ||x, — ynl| — 0.

Lemma 4.3 ([10]). Let B be a uniformly convex Banach space, C' a nonempty,
closed and convex subset of B and T : C — C' a nonexpansive mapping with a
fized point. Then I —T is demiclosed in the sense that if {x,} is a sequence in
C and if x,, — x weakly and (I — T)x, — y strongly for some x and y, then
(I-T)x=y.

Let
wy () = {x € B | there is a subsequence {z,,} of {z,}
such that z,,, — x weakly}.

The following lemma can be proved by the same argument of Lemma 2.2 in
[21]. For the sake of completeness, we include its proof.

Lemma 4.4. Let B be a smooth and uniformly convex Banach space and C
a nonempty closed convex subset of B. Let {x,} be a bounded sequence in B,

u € B and let ¢ = Pé”’ (u). Assume that {x,} satisfies the conditions
(1) wy(zn) C C and
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(i) @y (u,zn) < dy(u, q).

Then x, — q.

Proof. Since B is reflexive and {z,} is bounded, wy,(x,) is nonempty. Since
&y (u, -) is weak lower semi-continuous. It follows from (ii) that

Oy (u,v) < Py (u,q)  for all v € wy(zy,).

Since wy(z,) C C and ¢ = Pé“’ (u), we must have v = ¢ for all v € wy(zy).
Thus wy,(z,) = {q} and z, — ¢ weakly.

To see x, — ¢, we observe that the inequality ¢y (u,z,) < ¢y(u,q) in
condition (ii) is equivalent to

lznll* < llall? + 2 (T (u), 20 — q) -
Since x,, — q weakly, it follows that
lim sup [z, [| < lq]-
n—oo
This and the uniform convexity of B imply that
Ty — Q. 0O

Proof of Theorem 4.1. First we observe that {z,,} is bounded. From the defi-
nition of @), and the characterization of Péi’ (Proposition 3.1), we have z, =

Péw (o). Hence by Proposition 3.9,

(42) ¢w(x05 Z‘n) + ¢(Z‘n, y) S ¢¢(1"07 y) for all Y S Qn
Since Fix(T') C @, we get
(4.3) Oy (0, 2n) < Py (xo,p) for all p € Fix(T).

Thus {z,} is bounded. Since z,11 € @, we can substitute it for y in (4.2) to
get

(4.4) AT, Tny1) < Gy (T0, Tng1) — Gy (20, Tn).
Thus

¢w (l‘o, xn) S ¢1/J(-T0a xn-i—l)

and so the sequence {@y(xo,z,)} is increasing (and also bounded). Hence
lim,, o0 ¢y (20, zyn) exists. Back to (4.4), we conclude that ¢(z,,xp41) — 0
and so ||Zp4+1 — @pn| — 0 by Lemma 4.2.

We now claim that {z,} is an approximating fixed point sequence of T'. Let
C be a bounded closed convex subset of C' which contains all the points x,, and

Tz, for all n and let n = diam(C). Since x,4+1 € C,, and by the definition of
C,,, we have

¢
Tnt1 — E AiZi

i=1

< tn,
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where A; > 0 satisfying Zle A; = 1 and each z; € C satisfies
llzi — Tzl < tpllen — Tan|| < ntp.

By Bruck [5], there exists a continuous strictly increasing function v (depending
only on 7) with 4(0) = 0 and such that

YT D pavi | =D T
=1 i=1
<max{|v; — vj|| = [|[Tv; = Tvj| [ 1 <4,j < m}

for all integers m > 1, all points {v;} in C, and all nonnegative numbers {y;}
such that > ;" p; = 1. It follows that

Hxn+1 - T$n+1”
0

J4
i=1

i=1

IN

14 y4 4
i=1 i=1 i=1
< @+ 0ty + 7 (max{ |z — ]| ~ 1Tz — Tz | 1< 4,5 < 0})
< (24 Mt + v max{|lz — Tzl + 12 — Tyl [ 1< d,j < £})
< 240ty + 77 (20tn)
— 0 asn— oo.

Therefore {z,} is an approximating fixed point sequence.
Finally let us prove that {z,,} is strongly convergent to a fixed point of T. By
the demiclosedness principle (Lemma 4.3), we have wy,(z,) C Fix(T). Let ¢ =

PI;]ff((T) (o). By (4.3), we see that ¢y (20, Tn) < ¢y (0, q) for all n. Therefore,

applying Lemma 4.4 to the nonempty closed convex subset C' := Fix(T"), we
conclude that

Ty — q. (I
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