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CERTAIN INTEGRAL REPRESENTATIONS OF EULER
TYPE FOR THE EXTON FUNCTION Xg

JUNESANG CHOI, ANVAR HASANOV, AND MAMASALI TURAEV

ABSTRACT. Exton introduced 20 distinct triple hypergeometric functions
whose names are X; (¢ = 1, ..., 20) to investigate their twenty Laplace
integral representations whose kernels include the confluent hypergeomet-
ric functions o F1, 1 F1, a Humbert function ¥, and a Humbert function
®5. The object of this paper is to present 18 new integral representa-
tions of Euler type for the Exton hypergeometric function Xg, whose
kernels include the Exton functions (X2, Xg) itself, the Horn’s function
Hy, the Gauss hypergeometric function F', and Lauricella hypergeometric
function Fo. We also provide a system of partial differential equations
satisfied by X5g.

1. Introduction

Exton [4] introduced 20 distinct triple hypergeometric functions whose names
are X; (i =1, ..., 20) to investigate their twenty Laplace integral representa-
tions which include the confluent hypergeometric functions ¢ Fy, 1 F1, a Humbert
function Wy, a Humbert function ®5 in their kernels. The Exton functions X;
have been studied a lot until today, for example, see [2, 5, 6, 7, 8, 9, 10]. Here,
we choose to investigate the Exton function Xg to present (presumably new) 14
integral representations of Euler type whose kernels contain the Exton function
X, itself, the Horn’s function H4, Gauss hypergeometric function F' = 5 F}, and
Lauricella hypergeometric function F¢.

Exton [4] defined the function Xg by the following triple series
(1.1)

2 (ar), (a2),, (as3)
Xg (a1, az,a3;01,02,c352,9,2) = E (c1) nz+n)+p( ) ; ! Ipl Yt
mmp=0 C1 m C2 n C3 pm.n.p.
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where (), denotes the Pochhammer symbol defined by

'A+m)
A), =—————= (AeC\Z;; meNy),
C, Zy , and Ny being the set of complex numbers, the set of nonpositive integers,
and the set of nonnegative integers, respectively. The precise three-dimensional
region of convergence of (1.1) is given by Srivastava and Karlsson [10, p. 102,
44a):

{2vr+s+t<1}, |z|<r |yl <s, |2] <t,

where the positive quantities r, s and ¢ are associated radii of convergence. For
more details about this function and many other three-variable hypergeometric
functions, we also refer to Srivastava and Karlsson [10].

It may be recalled the Laplace integral representation of (1.1) (see [4]) in
passing that

Xs(a, b1, ba; 1, c2, 35 T, Y, 2)

1 T )
(1.2) = /e_bs”_loFl(—; c1; 28%)1 Fy(by; co;ys)1 Fi(ba; c3; 28) ds
0

I'(a)
(R(a) > 0).

2. Integral representations of Euler type for Xjg

Theorem 1. FEach of the following integral representations for Xg holds true.

Xs (a1, a2,as;c¢1, ¢, 352, y, 2)

_ F(C3) ! az—1 _ g\cz—az—1 . —aq
- T | era—gema-s
(2.1) )
x Hy <CL1,CL2;01702; 1-7'1 _yZ€> dg§
(?R(Cg) > éR((L3) > 0);
Xg (a1, az,a3;c1,¢2,3;2,Y, 2)
_ F(C3)(1+)‘)a3 ' az—1 _ ¢\e3—az—1 by ai—cs3
e TG [era—gem aeag

X [L4+ A — (14 A) 26" Hy (a1, a2; c1, c25 0%, 0y) d€

_ 1+ X .
(U_ THAE— (14 n) 26 ) > Ra) >0 A>—1>,
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(2.3)
Xs (a1, a2,a3;¢1,¢2,¢3,,Y, 2)
r (03) (ﬁ — ’7)(13 (Oé - ’7)6370’3 b _ ¢\ez—az—1
Fla e (5o, (=9
X(E—a)® T E-NTT2[B-a) (-~ (B=7)(E—a)z] ™™

x Hy (a1, a2;c1,c2; 0%, 0y) dE,

_ (B—a)(E—) . ) ) |
<U B -7 = (F-mE—a)e Tle)>Ras) >0, 7< <ﬁ>,

(2.4)

Xg (a1, a2,as;c1,c2,¢3;2,Y, 2)
D) (=A™ (=)™ (%

T (a3)T (c3 —as) (B — 04)03_6“_1 /a ¢ )

Xx(B=EP By =" [(B-a)(y—&) - (v-B)(E—a)] "

x Hy (a1,a2;c1,c2;0°w,0y) dE,

(o (B-0) (-8

B-a)(y=&—-(v=B)({-a)z’

R(cz) > N(az) >0, a<p< 7>;

(2.5)

Xg (a1, a2,a3;c1,¢2,3;2,Y, 2)

ZF (63) /72" -2 ag—l 2 Cg*dg*% -2 —ai
= X sin 2 (cos 1 — zsin
[(a3)T (c3 —a3) 0 ( 5) ( 6) ( 5)
x Y
x Hy { ai,az;cy,co; ; , dg
( (1—zsin2§)2 1—2511125)

(§R(a3) > 0, 5}%(63 — a3) > 0) ;

(2.6)

Xs (a1, a2,a3;¢1, ¢, €357, Y, 2)
_or (c3) (T+X1)*
r (a3) r (03 — (13)
T2 \A3—3 2 p\C3—az—3
></2 (sin) (cos 5)7 [1—|—/\Sin2§—(l—l-/\)zsinzf}_a1
.2 4\C3—a1
0 (1+)\sm 5)
x Hy (a1,az2;c1,c2;0°w, 0y) d€
1+ Asin?¢
g = ) IS
1+ Asin“€ — (1+ A) zsin“ &

R(es) > R(az) >0, A > —1) ;
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(2.7)

Xg (a1, a2,as;c1,c2,3;2,Y, 2)
o 2 (63) A%3
F (CLg) F (Cg — CL3)
1

T /.9 az—% 2 ~\C3—az—3
X /2 (sm 5) (cos 5) —a [0082 £+ Asin? € — Azsin? 5] o
0 (c0s2§+)\sin2£) e
Hy (a1, az;c1, c2;0°, 0y) dE

( _ cos? € + Asin? €
© cos2 €+ Asin? € — Azsin? ¢’

R(az) >0, R(cz—az) >0, A> O> ;

(2.8)  Xg(a1,a2,as;c1,¢2, 3,2, Y, 2)

_ [ (c2) T (c3)
I (a a3) T (ea —az) T (e3 — as)
/ / gl (1)@ (1 — )2 2T (1 — gy — 26)7 "
ay ap 1, 4—95
XF<2 2 +2’Cl,(1—y’l’]—25)2>d€dn

(R(e2) > R(az) > 0, R(es) > R(az) > 0);

(2.9)

Xg (a1, az,a3;c1,c2,3;2,Y, 2)
_ F@ﬂr<>u+xn%u+wa@
1—‘( 3)1"(62—@2)1"(03—@3)

g / € (L () (" (1
X {14+ ME) (1 +Aam) — (14 X2) (T4 &) yn — (1 + A1) (1+ Xop) 28]

1
x F ((121, % + 2;01;096) dédn

(U: 4(L+ 08" (Lt don)?
[(1 4+ A18) (14 Aam) — (14 A2) (14 X&) yn — (14 A1) (14 Aon) 2]

%(02) > §R(a2 > O), %(63) > %(ag) >0, Ay >—-1, Ay > —1);
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Xs (a1, a2,a3;¢1,c2,¢3;2,y, 2)

a1+a2 /f‘“ 1 joa1

(2.10)
X Xz (a1 +ag, as;c1, o, 03287, y€ (1 =€), 2€) dE
(R(a1) >0, R(az) >0);
(2.11)
Xz (a1,a2,as;¢1,¢2,¢3; 2,9, 2)
T “ g —
_ (a/l +a2 +)\ / é_al _ a2 1 (1+)\€) al1—as

1+X)°& A+NE0-9y 1+N¢&z dt
(1+X)? 7 (142 T (14X
(§R(a1) >0, §R(a2) >0, A> 71);

x Xo (al + az,as;c1, c2,C3;

(2.12)

Xs (a1, a2,as;¢1,c,¢3;2,y, 2)

F - a - 2 A az— ay— —a1—as
=Iwi;¥3fiﬂjléﬁ@”f xL (B-6"= " (€—a)" (€ )

x X (a1 + az,as;c1,co, 35012, 02y, 03%) d€

Qﬁz<ﬁ—w2@—af by =N BN (=) (B
)2

G-’ """ (Bl 1)
_B=E-a)g . . .
B Fma) ey )7 )20 s <ﬁ>
(2.13)

Xs (a1, a2,as;c¢1,c2, €352, Y, 2)

= F(al + a2) (’Y — 6)(11 (v— a)a2 X ’ _aye e Lyl (g L gy ez
- T et [ -9 et -

x Xo (a1 + a9, az;c1, ¢a, C3; 01, 02y, 032) d€

(m =8 E-a) (-G-8 E-a)(B-9
) )

) (€

)

B-aZ(r—o> (B—a) (y—¢)
(v

= &%(al) >0, Riaz) >0, a<p <“/>;

B—a)(y—¢)



262 JUNESANG CHOI, ANVAR HASANOV, AND MAMASALI TURAEV

Xs (a1, a2,a3;¢1,¢2,¢3;2,Y, 2

_ F(a1+a2+a’3 ap—1 a1+a2 1 as—1 _ az—1
- FoT //s (1-9=" (-

(2.14) XFC[CH +a2+a3’a1 + a2 + as
2 2
1
+ giens a4, dy€n® (1= &) 4260 (1 - n)}dédn

(?R(al) > 0, %(ag) > 0, %(ag) > 0);

Xs (a1,a9,as;¢1,¢2,¢3;2,Y,2)

_ a2+a3 /gaQ (1 — gyt
(2.15)

X X4 [al,az+a3,01,02,03,$7y§a2(1*f)] dg
(%(ag) > 07 ?R(ad) > O);

Xg (a1, a2,as;¢1,¢2,¢3; 2,9, 2)
_ I'(s)
['(a)T (s —ay)
1
X / (1 — ) X (s,a2,a3;c1,c0,c3;2E%, Y€, 2€) dE
0
(R(s) > R(a1) > 0);

(2.16)

Xg (a1, a2,a3;¢1,c2,c3; 2,9, 2)
_ I'(s)
[(a2)T (s —ag)
1
X / €27 (1 — )" "7 Xg (a1, 8, a3; €1, C2, €35 T, £y, 2) dE
0
(R(s) > R(az) > 0);

(2.17)

Xg (a1,a2,as;¢1,c2,¢3; 2,9, 2)

I (01)
[(c;—9)T (s)

1
X / 6871 (]- - 6)61—3—1 X8 (a17a27a3; S,CQ,Cg;IL'f,y,Z) df
0
(éR(Cl) > %(S) > O),

(2.18)
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where F = oF) is the Gauss hypergeometric function, Hy, (X2, Xg) and F¢
denote the Horn’s, Exton and Lauricella functions defined, respectively, by

i (a)2m+ (B)n z™ yn

(¥),, (€), mln!’

Hy (o, Bsv,652,y) =

)
(a1)2m+2n+p (a2)p m, n

o0
X5 (a1, a0;¢1, ¢, ¢35, y,2) = E

A
m,n,p=0 (Cl)m (CQ)n (Cg)p m:n.p:
FC (a’ b’ 6176270351773/72) = Z ( m+"+p( )m—H’L-HU xmynzp_

o (¢1), (c2),, (c3), minlp!

3. Proof of results

It is noted that each of the integral representations in Section 2 can be proved
mainly by expressing the series definition of the involved special function in each
integrand and changing the order of the integral sign and the summation, and
finally using the following well-known relationship between the Beta function
B(a, ) and the Gamma function I':

/1 L1 =)~ tdt (R(a) > 0; R(B) > 0)
0

I'(a)T(B)
T(a+p)

(3.1) B(a, B) :=
(o, € C\Zy).

4. A system of partial differential equations

Here we just provide a system of partial differential equations satisfied by
Exton function Xg.

Theorem 2. u = Xg satisfies the following system of partial differential
equations:

(1 — 42) Uy — dTYUgy — 422Uy, — y2uyy + +[e1 — 2(2a1 + 3)x)u,
—2(a1 + Dyuy — 2(a1 + 1)zu, — a1(a1 + H)u = 0,

Y(1 — Y)uyy — 22YUzy — Y2Uy> — 2022 + [c2 — (a1 + a2 + 1)ylu,
— ag2U, — ar1a2u = 0,

2(1 = 2)Uzz — 202Uy, — Y2Uy, — 2a3TUy — 2a3YUy + [c3(a1 + a3 + 1)2]u,

—ajagu = 0.
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