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Abstract 
 

An experimental study was carried out in order to understand the kinematics of bichromatic waves. Bichromatic 

waves are generated in a two-dimensional wave tank, and measured by panorama PIV technique, which allows the 

flow fields to be captured with respect to a spatial coordinate system. We compared wave profiles and velocities 

of wave particles obtained by experiment with theoretical results using Stokes 1st and 2nd order waves. The ve-

locity distribution at wave crest and trough of the highest and lowest point of a bichromatic wave are investigated 

in this study. 
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1. Introduction  

Korea has recently been carrying out a variety of 

research and experiments at various locations, to take 

advantage of the oceans surrounding the Korean pe-

ninsula. Research on wave-making tests in wave ba-

sins has brought many methods for analyzing topics 

of linear and nonlinear irregular waves. Hudspeth and 

Sulisz (1991) carried out wave-making tests of mo-

nochromatic waves, considering 2nd order Stokes 

waves. Moubayed and Williams (1994), and Schäffer 

(1996) carried out experiments on bichromatic waves. 

Recent experiments on wave-making addressed mea-

suring wave height along different locations on a 

wave basin, simulating the Schrödinger equation, and 

numerically analyzing bichromatic waves. Bichro-

matic waves are different from those found in a real 

sea state. However, research on bichromatic waves 

can explain interactions of wave profiles, and the flow 

structure of each component wave. 

 For measuring flow field, Laser Doppler Veloci-

metry (LDF) gives comparatively high accuracy of 

measurement of velocity of flow particle (Skjelbreia 

et al., 1991). Kim et al. (1992) used Laser Doppler 

Anemometry (LDA) for measuring flow field of tran-

sient waves. Longridge et al. (1996) also used results 

from LDA, and then calculated local and convective 

acceleration of flow particle. However these methods 

only allow measurement of velocity at a single fixed 

location. Swan et al. (2002) carried out a number of 

experiments at different locations in order to calculate 

the velocity field on a spatial coordinate system. 

Hence it is recommended to use PIV (Particle Image 

Velocimetry) for the calculation of velocity field in a 

spatial coordinate system by single experiment with 

minimum error (Sung and Doh, 2004). Chang and 

Liu (1998) showed that the PIV method can measure 

velocity and acceleration of water particles in wave-

breaking phenomena with better accuracy. Jacobsen 

et al. (1997) applied the PIV method to the standing 

wave case, and Jensen et al. (2001) estimated time 

derivatives of the velocity of water particles using 
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two cameras and a PIV system. 

 Recent research on analysis of flow field utilizes 

PIV for quantitative measurement of complex flow 

field, since the PIV system in particular is considered 

to be the best measurement system for the nonlinear 

flow structure of waves. 

 In this study, panorama PIV techniques are applied 

for analysis of flow structure of a bichromatic wave 

which consists of two regular waves with different 

frequencies, and is generated in a 2-D wave basin. 

When two regular waves are combined, nonlinear 

interaction effects are observed, so the characteristics 

of flow structure need to be investigated. Theoretical 

calculations using Stokes wave theory based on po-

tential theory are compared to the results from expe-

riments, and then the applicability of theoretical cal-

culation and characteristics of a flow field is investi-

gated. 

 

2. Formulation 

Under the assumption of inviscid fluid, irrotational 

flow, and negligible surface tension, velocity poten-

tial inside the flow satisfies the Laplace equation and 

Bernoulli equation. 
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(: Velocity potential, x: horizontal distance, z: ver-

tical distance, u: horizontal velocity, w: vertical veloc-

ity, p: pressure, : density, t: time, g: gravitational 

acceleration). 

 

The x-direction means the direction of wave propa-

gation, and the z-direction means the vertical down-

ward direction. The boundary conditions are as fol-

lows: 
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2.1 1
st
 Order Approximation of Stokes Wave  

1) Velocity potential 
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2) Wave profile 
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3) Velocity 
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1) Velocity Potential 

 



10  Hyo-Jae Jo, Seung-Jae Lee and Je-Eun Choi /International Journal of Ocean System Engineering 2(1) (2012) 8-15 

 

1

1 1 1 1

1

2

2 2 2 2

2

1

1 1

1

2

2 2

2

1 2

1 2 1

1 2

cosh ( )
sin ( )

sinh

cosh ( )
sin ( )

sinh

cosh 2 ( )
21 sin 2 ( )

sinh 2

cosh 2 ( )
22 sin 2 ( )

sinh 2

cosh( )( )
23 sin[( ) (

sinh( )

k h z
a c k x c t

k h

k h z
a c k x c t

k h

k h z
B k x c t

k h

k h z
B k x c t

k h

k k h z
B k k x c

k k h








  


  


  


   

 
  


1 2 2

1 2

1 2 1 1 2 2

1 2

) ]

cosh( )( )
24 sin[( ) ( ) ]

sinh( )

k c k t

k k h z
B k k x c k c k t

k k h





  

 
    



2 3 3 2

1 1 1

2 2

1 1 1

2 3 3 2

2 2 2

2 2

2 2 2

3
( 1 1)

221   
4 3 2

3
( 2 1)

2B22
4 4 2

a c k D

B
c k D gk

a c k D

c k D gk

 


  

 


  




 

1 2 1 2 1 2 1 1 2 2

3 3 2 3 3 2

1 2 1 1 1 2 2 2

2

1 1 2 2 1 2

23 ( )(1 1 2)

1 1
( 1 1) ( 2 1)

2 2

/ ( ) 5 ( )

B a a c c k k c k c k D D

a a c k D a a c k D

c k c k D g k k

    

  

    




 

1 2 1 2 1 2 1 1 2 2

3 3 2 3 3 2

1 2 1 1 1 2 2 2

2

1 1 2 2 1 2

24 ( )(1 1 2)

1 1
( 1 1) ( 2 1)

2 2

/ ( ) 6 ( )

B a a c c k k c k c k D D

a a c k D a a c k D

c k c k D g k k

    

  

    

1 2 1

2 1 2

1 2

1 coth , 2 coth , 3 coth 2 ,

4 coth 2 , 5 coth( ) ,

6 coth( )  )

D k h D k h D k h

D k h D k k h

D k k h

  

  

 

(10) 

 

2) Wave Profile 
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3) Velocity 
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The above equations can be used to calculate the 

profile of a bichromatic wave for 1st and 2nd order 

approximation, and velocity of fluid particle along 

water depth. 

 

3. Experiments 

3.1 Wave-making and Measuring Profile 

In this study, bichromatic waves are generated in 

two ways. The first method is to compose two 

component waves of different frequencies. We first 

generate one component wave of slow phase ve-

locity, and then generate the other wave of fast 

phase velocity, so that the two component waves 

are superimposed at a particular location. The 

second method is to synthesize an electronic signal, 

which is used as the input of a wave-maker, so that 

bichromatic waves spread out all around the wave 

basin. 

 The reason two methods are used to generate 

bichromatic waves is to investigate how the flow 

structures differ between the naturally superposed 

case of pure composition, and the artificially super-

posed case of forced composition. Fig. 1 shows the 

electronic signal for a wave-maker required to gen-

erate bichromatic waves composed of two regular 

waves of two frequencies, 1=7.5, and 2=6. 

 

 

Fig. 1. Input signal for pure composition (1=7.5, 2=6)  

 

At a certain location, a bichromatic wave can be 

observed, and the phase difference of two regular 

waves can be calculated from the wave profile 

measured by wave probe. Two cameras are set up 

where the bichromatic waves are to be observed, 

and panorama PIV technique is adopted to analyze 

a wide flow field. 

Fig. 2 shows the input signal for a bichromatic 

wave made by forced composition of regular waves 

of two frequencies, 1=7.5 and 2=6. At a location 

15m away from the wave-maker, we measure wave 

profile by wave probe, and look for a wave profile, 

through analysis of measured wave profile, that has 

the same phase as in the first method of pure com-

position. The same panorama PIV technique is ap-

plied to the bichromatic wave at a phase we have 

found, in order to measure the flow field. 

 

 
Fig. 2. Input signal for forced composition (1=7.5, 2=6)  

 

The experiments are carried out in a 2-D wave ba-

sin that has a length of 25m, breadth of 1m, and 

water depth of 0.8m. The wave maker is of piston 

type. The profile of a bichromatic wave is measured 

at a location 15m away from the wave-maker, using 

a capacitive wave probe. Two wave frequencies 

(1=7.5, 2=6) are selected, by considering the 

relation between length of wave basin and phase, in 

order to obtain the most visible bichromatic wave. 

 

3.2 Panorama PIV System 

The PIV system for measuring particle velocity is 

configured as shown in Fig. 3: 

 

 
Fig. 2. Panorama-PIV measuring system  

 

The type of particle for measuring velocity using 

the PIV method is polystyrene of 50m, 

1.016016g/cm
2
. We used ND-Yag Laser, which has 

an output in trigger mode. The laser sheet created is 

captured with a high definition CCD camera (Nikon, 

1K*1K, 52mm lens), and captured images used for 

calculations of fluid field by the PIV analysis 

program, Thinkers. The panorama PIV technique is 
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basically analyzing images taken by two cameras 

installed in the vertical direction. 

In this study, the panorama PIV technique is 

selected in order to obtain nonlinear wave elevation 

and velocity information along the water depth for a 

wide range. Since the panorama PIV system’s 

accurate measurement requires information from 

two separate cameras, two images of a calibration 

board are taken by two cameras. Then we estimate 

the relative position of a calibration board and 

characteristics of the camera lenses. The captured 

images are converted to one image using a mapping 

function, and used for calculating 2-D velocity 

vectors using a cross-correlation PIV method. The 

basic theory of estimating the velocity field using 

PIV measurement is measuring the displacement of 

cast particles in a fluid at a given time segment. For 

calculating displacement of particles, a particle 

tracing method by cross-correlation coefficient is 

used. Some degree of error in the calculation of 

velocity vectors is expected in this procedure, 

particularly when the particle information from two 

consecutive images is not adequate. Therefore it is 

obvious that sufficient amounts of particle in the 

fluid will give better results. Fig. 4 shows two 

images for calibrating two cameras, and Fig. 5 is 

the resultant images of velocity vectors calculated 

from a single image, converted from two images 

using a mapping function. 

 

3. Results 

The results are mainly comparisons of measure-

ments and theoretical calculations. Fig. 6 and Fig. 7 

show wave profiles of the two regular waves that 

are used for a bichromatic wave. The measured 

wave height of the regular wave with 1=7.5 is 

0.044m, and that of the regular wave with 2=6 is 

0.048m. This measurement proves that a regular 

wave generated in this wave basin is steady and 

weakly nonlinear, with a slightly larger amplitude 

of crest compared to trough. 

 

camera 1 camera 2 

Fig. 4. Calibration image for camera characteristics 

crest trough 

Fig. 5. Measured velocity vector at crest and trough 

 

 
Fig. 6. Measured regular wave (1=7.5, H=0.044m)  

 
Fig. 7. Measured regular wave (2=6, H=0.048m) 

 

Fig. 8 shows comparison of wave profiles, by 

measurement and by calculation, of a bichromatic 

wave composed by phase velocities of two regular 

waves. The phase difference calculated by the 

measured wave profile is 0.9π, and this phase dif-

ference is also used for theoretical calculation. A 

solid line represents the measured profile, the dot-

ted line represents the 1st order approximation of 

the theoretical calculation, and the dashed line 

represents the theoretical calculation approximated 

up to a 2nd order term. This figure illustrates the 

difficulties in simulating completely identical wave 

profiles along all time instances. It is also known 

that the effect of nonlinearity is very small when 

the maximum wave height is smaller than 0.1m 
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Fig. 8. Wave profile of a bichromatic wave using pure com-

position 

 

Fig. 9 shows a comparison of wave profiles of 

bichromatic waves generated by forced 

composition of two regular waves. The phase 

difference between two regular waves calculated by 

measured wave profile is 1.5π. This method also 

has difficulties in generating completely identical 

profiles. When comparing the measured profiles in 

Fig. 8 and Fig. 9, the forced composition has a 

sharper crest than the pure composition case, which 

implies the interaction effect of composition using 

phase difference causes a slightly blunted crest. 

However, its effect is very small when the wave 

height of each regular wave is small, as in this 

experiment. 

  

 
Fig. 9. Wave profile of a bichromatic wave using forced 

composition  

 

Next, investigations of velocity distribution along 

water depth from the PIV analysis result will be 

given at three remarkable locations; two crests and 

one trough. Fig. 10 shows the locations where the 

velocity profile will be investigated. 

 

 

 
Fig. 10. Selected points for velocity investigation 

 

Fig. 11 and Fig. 12 show the velocity distribution 

along water depth at the 1st and 2nd crest of a 

bichromatic wave by pure composition. The symbol 

"◇" means PIV measurement, "+" means 1st order 

approximation, and "◆" means 2nd order 

approximation. Good agreement between the PIV 

measurement and theoretical calculation is shown 

in these figures. The measurement is slightly small 

in the lower position of the 1st crest, and its 

gradient gets larger as it approaches the top of the 

1st crest. In Fig. 12, the measured results at the 2nd 

crest are closer to Stokes 2nd order solution than to 

the 1st order solution. 

 

 

 
Fig. 11. Velocity profile at 1st crest of pure composition 

 

 

 
Fig. 12. Velocity profile at 2nd crest of pure composition 

 

The velocity distribution along water depth at 

crest 1 and crest 2 of a bichromatic wave generated 

by forced composition are shown in Fig. 13 and Fig. 

14, respectively. The results of forced composition 
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are very similar to those of pure composition, and 

this result confirms that characteristics of a velocity 

field are not much affected by the methods used to 

compose a bichromatic wave, whether by pure 

composition or by forced composition. 

 

 

 
Fig. 13. Velocity profile at 1st crest of forced composition 

 

 

 
Fig. 14. Velocity profile at 2nd crest of forced composition 

 

 A comparison of velocity distribution along 

water depth at trough by pure composition and by 

forced composition is presented in Fig. 15. All three 

sets of results, one measurement and two 

calculations, agree well. 

 

 

 
Fig. 15. Velocity profile at trough of pure composition and 

forced composition 

 

3. Conclusions 

We generated bichromatic waves by composing 

two regular waves, and measured their profile and 

velocity distributions using PIV technique. The 

measurements were compared with calculations, 

and the conclusions are: 

1) The PIV technique used in this study is appli-

cable to the observation of flow field in waves. 

2) The bichromatic wave can be generated by 

two methods: pure composition of two regular 

waves, and forced composition by operating a wave 

maker with synthesized input signal. 

3) Measurements and calculations using Stokes 

theories of bichromatic wave show good agreement. 

4) When generating bichromatic waves, the 

forced composition method does not have much 

effect on the velocity field of fluid particles. 

 

As stated above, PIV technique is found to be a 

proper system for describing characteristics of fluid 

behavior by measuring complex fluid fields. The 

results from this study need to be further validated 

through intensive analysis of fluid fields, in com-

parison with CFD. 
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