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Abstract 
 

This paper propose a new design of fuzzy neural networks based on hard partition to generate the rules of the networks. For this we 

use hard c-means (HCM) clustering algorithm. The premise part of the rules of the proposed networks is realized with the aid of the 

hard partition of input space generated by HCM clustering algorithm. The consequence part of the rule is represented by polynomial 

functions. And the coefficients of the polynomial functions are learned by BP algorithm. The number of the hard partition of input 

space equals the number of clusters and the individual partitioned spaces indicate the rules of the networks. Due to these 

characteristics, we may alleviate the problem of the curse of dimensionality. The proposed networks are evaluated with the use of 

numerical experimentation. 
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1. INTRODUCTION 
 

Fuzzy neural networks (FNN) have emerged as one of the 

active areas of research related to integration of in fuzzy 

inference systems and neural networks [1, 2]. There have 

been many approaches to synthesize and apply for these 

fields [3, 4, 5, 6]. Typically, FNNs are represented by fuzzy 

“if-then” rules while the back propagation (BP) is used to 

optimize the parameters. 

The generation of the fuzzy rules and the adjustment of its 

membership functions were done by trial and error and/or 

operator’s experience. The designers find it difficult to 

develop adequate fuzzy rules and membership functions to 

reflect the essence of the data. Moreover, some information 

gets lost or ignored on purpose when human operators 

articulate their experience in the form of linguistic rules. As a 

consequence, there is a need for an environment to construct 

and/or adjust a collection of linguistic rules. 

In this paper, we propose the design of non-fuzzy neural 

networks by means of hard partition of input space using hard  

c-means (HCM) clustering algorithm [7]. The premise part of 

the rules is realized with the aid of the hard scatter partition of 

input space generated by HCM clustering algorithm. The 

consequence part of the rule is represented by polynomial 

functions. And the coefficients of the polynomial functions 

are learned by BP algorithm. The proposed network is 

evaluated through the numeric experimentation. 

The paper is organized as follows. Section 2 is concerned 

with the design of non-fuzzy neural networks based on hard 

partition. Section 3 presents results of numeric 

experimentations. Finally Section 4 concludes the paper. 

 

2. NON-FUZZY NEURAL NETWORKS 
 

In this section, the design of non-fuzzy clustering-based 

if-then rules along with their development mechanism is 

discussed. More specifically, we elaborate on the four types 

of fuzzy inference and present the learning algorithm. 

 

A. Hard c-means clustering algorithm 

HCM algorithm [7] is aimed at the formation of ‘c’ 

clusters (relations) in R
n
. We obtain the matrix 

representation for hard c-partition, defined as follows. 
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[Step 1] Fix the number of clusters )2( ncc <≤  and 

initialize the partition matrix 
CM∈)0(U  

[Step 2] Calculate the center vectors vi of each cluster:  
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Where, [uik]= U
(r)
, i = 1, 2, …,c, j=1, 2, …,m. 

[Step 3] Update the partition matrix U
(r)
; these 

modifications are based on the standard Euclidean distance 

function between the data points and the prototypes, 
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[Step 4] Check a termination criterion. If 

 

ε≤−+ )()1( rr UU (tolerance level)                  (6) 

 

B. The structure of the HCM-based NFNN 

The structure of the HCM-based NFNN involves HCM 

clustering algorithm in the premise part and neural networks 

present in the consequence part of the rules. The overall 

topology of the network is illustrated in Fig. 1. 

ŷ

 
Fig. 1. The structure of HCM-based NFNN. 

 

The proposed HCM-based NFNN is implied by the hard 

scatter partition of input spaces. In this sense, each rule can 

be viewed as a certain rule of the following format. 
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As far as inference schemes are concerned, we 

distinguish these cases :  

Type 1 (Simplified Inference): 
0jwf =  

Type 2 (Linear Inference): ∑ =
+=

d

k kjkj xwwf
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Type 3 (Quadratic Inference):  
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Type 4 (Modified Quadratic Inference):  
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To be more specific, R
j
 is the j-th fuzzy rule, while Hj 

denotes j-th membership grades using HCM clustering 

algorithm., w’s are consequent parameters of the rule. 

The functionality of each layer is described as follows. 

[Layer 1] The nodes in this layer transfer the inputs. 

[Layer 2] The nodes here are used to calculate the 

membership degrees using HCM clustering algorithm.  

[Layer 3] The nodes in this layer realize a certain inference 

process. 

 

jjj yh µ=                                      (8) 

 

[Layer 4] The nodes in this layer compute the outputs.  
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C. The learning algorithm 

The parametric learning of the network is realized by 

adjusting connections of the neurons and as such it could be 

realized by running a standard back-propagation (BP) 

algorithm. The performance index is based on the Euclidean 

distance. As far as learning is concerned, the connections 

are adjusted in a standard fashion,  
 

000 )()1( jjj wpwpw ∆+=+                         (10) 

 

where this update formula follows the gradient descent 

method. 

Quite commonly to accelerate convergence, a momentum 

coefficient α  is being added to the learning expression.  
 

( ) ( ))1()(ˆˆ
000 −−+−=∆ pwpwyyw jjjppj αµη          (11) 

( ) ( ))1()(ˆˆ −−+−=∆ pwpwxyyw jkjkkjppjk αµη         (12) 

( ) ( ))1()(ˆˆ
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( ) ( ))1()(ˆˆ −−+−=∆ pwpwxxyyw jzjzikjppjz αµη       (14) 

 

3. Experimental Studies 
 

We discuss numerical example in order to evaluate the 
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advantages and the effectiveness of the proposed approach. 

This time series data (296 input-output pairs) coming from 

the gas furnace nonlinear process has been intensively studied 

[8]. The delayed terms of methane gas 

carbon dioxide density y(t) are used as input variables 

organized in a vector format as [u(t-3), u

y(t-2), y(t-1)]. y(t) is the output variable. The 

data set (consisting of 148 pairs) was used for training 

purposes. The remaining part of the series serves as a testing 

data set. We consider the MSE as a performance index.

we construct the network for a two and six

system from the dataset, respectively.  

Fig 2 and Fig 3 summarize the performance index for 

training and testing data by setting the number of clusters and 

inference type. Here, 2, 3, 5 and 10 are the number of the 

rules, PI and E_PI stand for the performance

training data set and the testing data set, respectively.

 

Fig. 2. Performance index for two-dimension 

 

Fig. 3. Performance index for six-dimension 

 

From the Fig 2, we selected the best network

(clusters) with modified quadratic inference that exhibits PI = 

0.117 and E_PI = 0.291 for two-dimension 

From the Fig 3, we selected the best network

rules (clusters) with linear inference that exhibits PI = 0.

and E_PI = 0.238 for two-dimension system

Fig. 4 shows 10 hard-partitioned input spaces using HCM 

clustering algorithm in the selected model in 

input space. The boundaries of each local space indicate the 

binary boundary by the membership matrix with a value of 0 

or 1.  
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advantages and the effectiveness of the proposed approach. 

pairs) coming from 

process has been intensively studied 

ne gas flow rate u(t) and 

are used as input variables 

u(t-2), u(t-1), y(t-3), 

is the output variable. The first part of the 

data set (consisting of 148 pairs) was used for training 

purposes. The remaining part of the series serves as a testing 

set. We consider the MSE as a performance index. 

and six-dimensional 

summarize the performance index for 

training and testing data by setting the number of clusters and 

2, 3, 5 and 10 are the number of the 

performance index for the 

training data set and the testing data set, respectively.  

 
dimension system. 

 
dimension system. 

network with ten rules 

inference that exhibits PI = 

dimension system. 

network with three 

inference that exhibits PI = 0.023 

em. 

partitioned input spaces using HCM 

in two-dimensional 

The boundaries of each local space indicate the 

binary boundary by the membership matrix with a value of 0 

 

Fig. 4. Partitioned input spaces by means of HCM clustering 

algorithm for two-dimension system

 

Fig. 5 and Fig. 6 depict the original and 

training and testing data for the 

shows that the model output is 

original output. 

 

     (a) Training data         

Fig. 5. Model output (10 clusters, 

for two-dimension system. 

 

(a) Training data         

Fig. 6. Model output (3 clusters, 

six-dimension system. 

 

4. Conclusion
 

This paper have designed a non

based on hard-partition of input space to generate the rules of 

the system for nonlinear process. The input spaces of the 

proposed networks were divided as the 

using HCM clustering algorithm 

alleviate the problem of the curse of dimensionality 

design the networks that are compact

From the results in the previous section, we w

design preferred network. Through the use of a performance 
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nput spaces by means of HCM clustering 

system. 

original and model outputs of 

the selected model. This figure 

shows that the model output is approximately the same for 

 
   (b) Testing data 

Model output (10 clusters, modified quadratic inference) 

 
   (b) Testing data 

clusters, linear inference) for 

4. Conclusion 

a non-fuzzy neural networks 

partition of input space to generate the rules of 

the system for nonlinear process. The input spaces of the 

were divided as the hard scatter form 

using HCM clustering algorithm By this method, we could 

alleviate the problem of the curse of dimensionality and 

that are compact and simple.  

From the results in the previous section, we were able to 

Through the use of a performance 
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index, we were able to achieve a balance between the 

approximation and generalization abilities of the resulting 

model. Finally, this approach would find potential application 

in many fields. 
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