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Starting with Kubo’s formula and using the projection operator technique introduced by Kawabata, EPR line-

profile function for a Mn2+-doped wurtzite structure GaN semiconductor was derived as a function of temper-

ature at a frequency of 9.49 GHz (X-band) in the presence of external electromagnetic field. The line-width is

barely affected in the low-temperature region because there is no correlation between the resonance fields and

the distribution function. At higher temperature the line-width increases with increasing temperature due to

the interaction of electrons with acoustic phonons. Thus, the present technique is considered to be more conve-

nient to explain the resonant system as in the case of other optical transition systems.
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1. Introduction

In recent years, it has become clear that wide band-gap
semiconductors and oxides doped with transition metals
constitute a new class of material systems exhibiting
magnetic properties whose origin and methods of control
are still not understood [1-4]. Information about the
microscopic configuration of transition metal centers has
been extracted from their paramagnetic resonance in
many crystals, ranging from the purely covalent group IV
semiconductors to the ionic group I-VII salts [5, 6]. The
aim of this study is to determine the magneto-optical
properties of the Mn ground state in epitaxial GaN film.
Up to a doping level of about 1020 cm−3, we investigate
only isolated S = 5/2 centers by electron paramagnetic
resonance (EPR). In GaN with a wurtzite lattice type, the
Ga site has a tetrahedral symmetry that is axially distorted
along the c-axis, resulting in C3V symmetry. To good
approximation, the crystal field can be considered to be
equivalent to the perfect tetrahedral Td symmetry present
in the cubic crystals.
EPR spectroscopy is a technique based on the micro-

wave absorption in unpaired electron spins in the
presence of external radiation. It is a very powerful and
sensitive tool for studying the electronic structures, lattice
defects, and magnetic phases present in a material [7].
From a theoretical point of view, the studies performed
thus far on a resonant system in the presence of external
electromagnetic radiation have usually been based on the
following methodologies: Green’s function approach, the
force-balance approach, Feynmann’s path integral ap-
proach, the Wigner representation approach, and the pro-
jection operator technique. There have been numerous
techniques [8, 9] for the calculation of resonance line-
width. Suzuki presented a formula for electron systems
using the resolvent superoperator method. Shibata and
Ezaki developed a new type of expansion technique for
determining time-correlation function, obtained kinetic
coefficients using Mori’s projection method, and applied
the formula to calculate the half-width for an impurity
system. Among the above mentioned techniques, we focus
on the projection operator technique of Kawabata [10].
By using this method, we succeeded in formulating a
response theory, which includes the Kubo [8] theory as
the lowest-order approximation. The line-width derived is
similar to those obtained by other methods. Furthermore,
the amount of calculation steps involved in the technique
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of Kawabata is considerably less than that required for
any other technique. 
In the present study, first we will briefly review the

response theory described earlier [11]. Next, we calculate
the line-width and compare experimental data of Carlos et
al. [12]. The scattering strength terms of the line-width is
expanded using a conventional series expansion. Through
numerical calculations, we analyze the absorption power
by sweeping an external electromagnetic field and the
temperature dependence of the line-width at a frequency
of 9.49 GHz. Finally, we discuss the analysis for quantum
limit and draw conclusions.

2. The Response Theory

It is convenient to write the expression of 
in the second quantization formalism as  =
Tr(e) , where  on the right hand
side is a second quantized operator, and “Tr(e)” stands for
trace in the space in which the total number of the
electrons is restricted to one. Let us define the inner
product of two operators X and Y by (X,Y) = Tr(e)(XY).
Note that order of X and Y can be exchanged only if X
and Y commute with the total number operator of
electrons. Since the total Hamiltonian conserves the
electron number, we have (X, Y(t)) = (X(−t), Y). The time
dependence of operators can be described by an operator
L as X(t) = exp(iLt)X, where L defined by iLX = i[H, X]/ .
Following Kawabata [10], we define two projection
operators P+− and Q+− as 

,  (1)

with . We easily see that  and  satisfy
the condition imposed on projection operators, ,

 and = . We
consider the equation of motion for

.  (2)

We separate  into two parts, parallel and orthogonal
to . Then we obtain from Eq. (2) 

,

,  (3)

where  and .

Next, we separate  into two parts, parallel and
orthogonal to , and using the useful relations

,  (4)

since , from Eq. (3) it follows that  and
 are orthogonal to each other, i.e., . Then

we obtain

,  (5)

where

.  (6)

We note that

 (7)

,

,  (8)

since  from Eq. (7) and similarly
. Then to calculate line-width to the

second order in Hsp, we may replace L which deter-
mines the time dependence of R(t) by Lf defined as

 (9)

for an arbitrary operator O. Generally the time dependence
of  is complicated, but if we make the above
mentioned relations, the behavior of  becomes
simple,

. (10)

Then we obtain [Appendix]

 

 . (11)

3. System

According to the crystal field model, the effect of a
crystal medium on the electron levels of the interstitial
ion is known as the intracrystalline Stark effect, which is
due to the electrostatic field whose symmetry depends on
the position of the ion in the crystal lattice. Within the
framework of this model the Hamiltonian of a Mn2+ ion
containing electrons can be expressed after taking the basic
interaction between the electrons into account. For an
external circularly polarized radiation 
with angular frequency ω applied along the z-axis. We
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Journal of Magnetics, Vol. 17, No. 1, March 2012 − 15 −

consider the interaction between electrons, and describe
the system in terms of a Hamiltonian. The expression con-
sists of four parts, i.e., orbital energy, electronic Zeeman
term, electron spin, and the hyperfine coupling, and is
denoted as H = Hf + HeZ + HS + Hhf. Additionally, the
orbital energy of approximately 105 cm−1 consists of four
parts, i.e., Hf = HK + He + Hee + Hso, where HK, He, Hee,
and Hso are the kinetic energy, Coulomb energy, energy of
the Coulomb electrostatic interaction of the electrons of
the ion, and spin-orbit coupling, respectively.

, (12)

where ξ is the spin-orbit coupling coefficient. 
The Mn2+ ion having the electron configuration 3d5 is

an S-state ion with S = 5/2 and a ground level of 6S5/2.
When this ion is embedded in a crystal, the spin is
affected by the crystal field produced by the neighboring
ions because the 3d shell of the Mn2+ ion is the outermost
one. The electronic spin S = 5/2 of the five 3d electrons of
the Mn2+ Kramers ion is conserved and typically com-
bined to a 6A1 ground-state configuration without orbital
momentum. The EPR spectrum of Mn2+ (S = 5/2, I = 5/2)
in wurtzite GaN film can be described by assuming the z-
axis of the spin Hamiltonian parallel to the crystallo-
graphic c-axis and the y-axis parallel to C2. The effective
Mn2+ ground state manifold of 36 eigenstates can be
described by the spin Hamiltonian that contains zero-
field-splitting terms for an axial crystal field of the 6S5/2
ground state. It can be characterized by [13]

where  is the applied static magnetic field,  is the
spectroscopic splitting tensor,  is the electron spin
operator, Sα, Sβ, and Sγ are the projections of  onto the
axis of the cubic crystal field. The hyperfine interaction A
of the electronic spin with the nuclear spin of 55Mn
further splits the spin levels by energies on the order of
1.67 × 10−2 cm−1. The fine-structure parameters d and F
of the cubic crystal field for S = 5/2 states are smaller and
on the order of 8.0 × 10−2 cm−1 only. Further contributions
such as the nuclear Zeeman interaction characterized by

 and nuclear quadrupolar interaction charac-
terized by P give rise to even smaller energy corrections.
When a external electromagnetic radiation with angular

frequency ω and amplitude H0 is incident upon a system
along the z-axis, a electron spin transition occurs at
around ω = ωz. We note that (ω) can be calculated as

 
The power absorption delivered to the system is given by

 (15)

The  is the Fermi-Dirac distri-
bution function of the electron state . We consider
the term , where the line-shift
in EPR spectra is  and the line-
width is . The  and 
terms in the denominator of the spin susceptibility are the
line-profile functions of the absorption power. The line-
profile is important when it comes to understanding micro-
scopic properties of the electronic state in GaN:Mn2+ film.
We can directly obtain the line-width and hence can
clearly explain the temperature dependence of the line-
width. The absorption power caused by external radiation
can be expressed by a term of the spin susceptibility that
is proportional to the imaginary part of the spin suscepti-
bility and the square of the amplitude of the external
radiation. The distribution function can be expressed as

, we obtain the line-profile
function:

(16)

Eq. (16) is similar to Sawaki’s result, which is based on
the Stark ladder representation. The physical interpreta-
tion of Eq. (16) is as follows. The above mentioned terms
represent the transition process of the electron spin from a
state +m(−m) to −m(+m). Here, the distribution function
represents as the condition for the transition process and

 represents that for the transition +m→

−m. We obtains the analytical eigenenergies [14]
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The line-width is calculated to be axially symmetric about
the z-axis and analyzed in terms of the spin Hamiltonian
with the parameters g = 1.9994, A = −hc × 65 × 10−4 cm−1,
d = 8.064 × 10−4 cm−1, D = hc × 220 × 10−4 cm−1, d−F =
hc × 5 × 10−4 cm−1. According to the first-order approxi-
mation of large microwave energies , the
cubic crystal field parameters always occur in a
combination d−F.

4. Line-profile Function for 
Quantum Limit

In this section, we calculate the line-width of a
GaN:Mn2+ film for the quantum limit. We note that the
characteristic feature of the line-profile function are
determined by the functional dependence of  on
ω. In Eq. (14), the factor  is not zero only for
the states near Fermi level. But its dependence on ± m is
immaterial because the statistical nature of  is almost
independent of them. From Eq. (16) we can easily see
that  has poles at , , and
that if we let ωl and ωl+1 be any two neighboring poles

 such as  goes to positive infinity when
 and to negative infinity when . There-

fore, as  is monotonically decreasing in the region
, the equation

,  (18)

will have one and only one solution in this region. We
call it  and the line-profile function versus ω are
illustrated in Fig. 1. Replacing ω by ω − i0 we can rewrite
Eq. (14) as

 (19)

where  is the reciprocal of the derivative of the left
hand side of Eq. (18) at  and is given by

 (20)

here, we treat quantum limiting case .
Electron spin transition for the quantum limit can be

realized when electron spin interaction is not too strong.
Examining the nature of  carefully, we find that
there is one solution of Eq. (18) very near ω = ωz, which
will be called . As a first order approximation
we put , for our calculation is mean-
ingful only in the lowest order. Then we have 

, where . The value
of  depend on the distribution of energy levels, but
it is positive and in most cases of order of unity. Thus the
absorption power is the ensemble of the infinitely sharp
lines of which the resonance frequency is  and the
intensity is . At the same time, the
center of the absorption peak will be shifted to lower
frequency from ωz. Through numerical calculations, in
Fig. 2, we obtain the absorption power P(B), for the
spectrum of a GaN:Mn2+ film with the out-of-plane lattice
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Fig. 1. The line-shape function  versus ω. Its poles are

denoted by ωl’s, and Ωl’s are the solutions of Eq. (18).
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Fig. 2. (Color online) Magnetic field dependence of the

absorption power P(B) by sweeping an external electromag-

netic field at T = 5 K, 20 K, and 50 K with a frequency of

9.49 GHz.
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constant 5.187 Å and the bulk value 3.187 Å at T = 5 K,
T = 20 K, and T = 50 K. From the magnetic field depen-
dence of the absorption power by sweeping an external
electromagnetic field, we can see the broadening effect
near the resonance peak, which exhibits increase as the
temperature increases. The analysis of the absorption
power is very important for understanding the magnetic
properties of materials [15, 16]. In Fig. 3, the temperature
dependence of the line-width obtained compare experi-
mental data of Carlos et al. [12]. The line-width increases
with increasing temperature due to the interaction of
electrons with acoustic phonons. 

5. Concluding Remarks

So far we have investigated the theory of EPR in Mn2+-
doped wurtzite structure GaN film introduced earlier in
terms of projection operator technique. The theory was
applied to examination of temperature dependence of the
line-width for the quantum limit. We can see that the line-
width increases exponentially as the temperature increases,
and the line-width is almost constant in the low-temper-
ature region. This feature clearly shows that there are two
different regions in the graph of the temperature depen-
dence of the line-width. The line-width is barely affected
in the low-temperature region because there is no corre-
lation between the resonance fields and the distribution
function. At higher temperatures the line-width increases
with increasing temperature due to the interaction of elec-
trons with acoustic phonons. The temperature at which
this change occurs seems to be approximately 10 K.
Therefore, we wish to emphases that projection operator

technique provides a useful method for the analysis pre-
sented here, as compared to other methods, owing to the
reduction in the number of calculation steps. We conclude
that the calculation process presented in this work is
useful for studying the resonant system.

Appendix

We introduce the annihilation and creation operators,
a±m and , for an eigenstate of Hf. Thus we obtain
useful relations as below:

, , ,
(A1)

 (A2)

 (A3)
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