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ABSTRACT. We consider the (possible) finite time blow-up of the smooth solutions of the 3D
incompressible Euler equations in a smooth domain or in R3. We derive blow-up criteria in
terms of L°° of the partial component of Hessian of the pressure together with partial compo-
nent of the vorticity.

1. INTRODUCTION

Let © be R3 or a smooth bounded domain in R3. We consider the Euler equations of
incompressible fluid in 2:

ug+ (u-Viu+Vp=f,
{ divu = 0, (a.D

with initial velocity u¢ and boundary condition % -n = 0. Here n is the unit outer normal vector
to Of).

It is known that if the initial velocity, ug € H™, m > 5/2, then there exists a unique
smooth solution for the Euler equations up to some positive time(See [7], [10] and references
therein). A natural question is then whether this solution quits to be smooth and thus quits to
be a strong solution any more in a finite time. This question is also related with the regularity
problem of the 3D incompressible Navier-Stokes equations[6]. There have been developed
many criteria whether the solution blows up in a finite time. Especially, blow-up criteria in
terms of vorticity, deformation tensor, and the Hessian of the pressure have been developed
under various situations(See for example [2, 4, 5, 9] and [3]). Also, localization of these blow-
up criteria have been developed[1, 8]. Among others, blow-up criteria by pressure involve all
components of the Hessian of the pressure until now.

Our aim here is developing blow-up criteria in terms of L>° norm of some components of the
Hessian of the pressure together with L>° norm of some component of the vorticity. We shall
derive differential inequalities for L9 norm of vorticity using certain equations for the product
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of the vorticity and the deformation tensor and apply the energy argument to those inequalities.
This approach is already used in [1] to derive a criterion by L* norm of the Hessian of the
pressure.

2. BLOW-UP CRITERIA

Let T* be the blow-up time of a classical solution u for the Euler equations (1.1). The
singular set for u at time ¢ = T™ is defined by the set of all z € 2 such that for any ball B
centered at x,

tmnf [u(t) 77 (5ne) = o

Let us denote the singular set by S. It is clear that S is a closed set in Q. If H C S is a bounded
closed component of S, we call it an isolated singular set for u. Trivially, dist(H,S — H) > 0.

Let w = V X u be the vorticity and J = w - Vu. Then, taking a curl to the first equation in
(1.1) and by direct calculation, for 0 < ¢t < T™

ow
3t + (u-V)w = J, (2.1)
%Z +(u-V)J = —(w-V)Vp. 2.2)

Throughout this section, we denote & = (wy,ws) and V = (81, 82). We start with the follow-
ing lemma first.

Lemma 1. Let g € C[0,a] and A, B € L[0, a] be nonnegative and

g(t) —g(0) < /0 /OS (A(T)g(T) + B(1))drds, te€]0,a). (2.3)

Then g satisfies
t s t s
g(t) < <g(0)+/ / B) exp/ / Adrds. (2.4)
0 JO 0 JO

Proof. We shall show that for any € > 0,

g(t) < (g(O) + /Ot /OS B+ 6) exp /Ot /08 A(r)drds.

For simplicity, let us denote X (s) = exp [; [, A(7)drdr. Suppose not. Then, since the LHS
of the above is smaller than the RHS of the above at ¢ = 0, for some € > 0, there would be a
first time b < a such that the equality holds in the above. However, at t = b, by (2.3),

o(b) < /O ’ /0 " A(s) [<g<o> L OX(s) + X(s) /O 8 /0 ' B]
b t
+g(0)+/0 /O B.
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By integration by parts,

[ aoxo=[ [ axo- /J (f ac) ]
</ / At
= X (b) —exp//A ydrdr — 1,

Similarly, by integration by parts,

/OtA(s)X(s)/OS/DTB:/OtA(s)X(t)/OtérB
—/t (/SA(T)dT) X(s)/OS/OTB
// )drX (s /SB
< fjacxo [ [[a

/Ob/OtA(s)X(s)/OS/OTBg/Ob/OtA(s)X(t)/Ot/OTB

Therefore,

gX(b)/Ob/OTB—/ObX(t)/OtB

gX(b)/Ob/OTB—/Ob/OtB

by X (¢) > 1. Gathering these inequalities, we have

b r
o) < 00 +IX0) e+ X0) [ [ B=g0)

Thus, we arrive at a contradiction and finish the proof.
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Theorem 1. Let u be a smooth solution of (1.1), f € L*(0,00; H™) a external force, H be

an isolated singular set. For any relatively open set G containing H,

T*
[ = 01v0s ey + sup ey ) at =

Proof. Without loss of generality, we can assume that there exist an (relatively) open smooth
set W D G, dist(W¢,G) > 0. Let  be a smooth cutoff function such that { = 1 on G and
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& = 0 on W€. For convenience, let us denote
As(0) = ([ Jaaltedn)' /1, Bo(0) = ([ |7lred),
Q Q

D = ||VOsp| oo (w). and Dy = [|02p]| (). A is similarly defined with @. Multiplying the
third component of (2.1) by £|ws|?%ws3 and integrating over €2, we have

1d 1
/ |w3|q§d33:/ |w3q(u-V)§daz+/ |ws |9 2ws J3€d
qdt Jo qJa Q
C
< — \w|qu|d:c—|—/ |ws |97 | T3 |Ed
q Jwo\Ga Q

1 _
< ccq+1§||u||§j;(wﬂ\%) + AT B;. (2.5)

Similarly, multiplying (2.2) by &|.J3|92J3 and integrating over 2, we have

1d 1 -
vt e =< [ it 9o = [ 1B - V) Vaptda

C ) .
< — |J|q|u\dl‘+/ | T3] |ws| |03p] + @] VOspl]Eda
q Wao\Ga Q

2 1
S EC2(1+1HU||121?$(1WQ\GQ) + [||3§p||Loo(WQ)(/Q |W3|q£dﬂj)q

q—1

+AD] ( /Q Js[ogdz) "

C2q+2

< + D3A3BI + ADBY (2.6)

From the above equation, we get

q 2q q;li q 2q\1/q _ li q
(Bg 4+ C*1) a dt(B3+C ) thB3
02q+2

< + D3A3BI + ADBI!

c? A7 q 20\
< (?+D3A3+AD)(B3+C ) @
Therefore, applying the Gronwall lemma, we have

t 2 .
(BY + C*Ma(t) < (B + C*1)19(0) + / (Cq + D3A3 + AD). (2.7)
0

Plugging the above into (2.5), we have
1d

t t
S Al < 102‘1+2+A§’1 (c+/ AD+/ D3A3> .
qdt q 0 0
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Then, we again have

=1 d 1 1d
(A§ + C) 0 - (Af+ C*)a - = qar
C2q+2 1 t t
< + AL (C+/ AD+/ D3A3)
q 0 0
<

02 t t
(+/ AD + D3(A§+02q)1/q> X
q 0 0

(AL 4+ C20)'T

Subsequently, by the Gronwall lemma,
g+ ooy < g+ o) + [ [ b by

Here, we redefine C suitably large constant. C' depends on ug, T, and sup, ||[u|| gm wo\Go) (t)
but can be chosen independent of ¢ since ¢ > 1. Integrating the above and using (2.4), we have

As(t) < (C 4+ A3(0 //ADexp/t/ong.

Letting ¢ — oo, we arrive at

t s
|wsl Lo (@) (t) S(C"‘HWSHLOO(W)(O)“‘/O /0 61| oo () IV V3Dl Loo (wr)) X

t s
exp [ [ 1930l
0 JO

Since V?p is also uniformly bounded on W\ G,

/ / 161250 9 ¥pl 1220y < 510 1) 5 / / 19V 3l Lo

and fo Jo h(T)dr = fo (t — s)h(s), we finish the proof by the local blow-up criterion by
vorticity(see theorem lLin [1]). O

Repeating the same argument in the proof of the above theorem, we have the following
theorem.

Theorem 2. Let u, f, H as in the previous theorem. For any relatively open set G containing
H)

T*
[ @ = 01900l 0 + sup el 6) i =
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Proof. Multiplying (2.1) by £|&|? 2% and (2.2) by £|.J|2~2.J and integrating over €2, we have

2q+2 B B
14 A < ¢ + AR,
qdt q
1d~, (C%t2
~—B1< + DA3BT ! + A||V2p)| oo B

gdt = ¢
Here, B = ( JolJ J|9€dx)'/9 and A and D are as before. Following the same calculation as in
the previous proof, we have

A(t) < (C + A(0) //A3D exp// 192l o .

Then, sending ¢ — oo again and using theorem 1 in [1], we arrive at the conclusion. U

Theorem 1 and 2 are different criteria from theorem 2 in [8] where blow-up criterion by
stronger norm of w was developed.
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