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Abstract 
 

In the context of effective usage of a scarce spectrum resource, emerging wireless 

communication standards will demand spectrum sharing with existing systems as well as 

multiple access with higher spectral efficiency. We mathematically analyze the sum 

throughput of a spectrum sharing space-division multiple access (SDMA) system, which 

forms a transmit null in the direction of other coexisting systems while satisfying orthogonal 

beamforming constraints. For a large number of users  , the SDMA throughput scales as 

     at high signal-to-noise ratio (SNR) ((   )         at normal SNR), where   is the 

number of transmit antennas. This indicates that multiplexing gain of the spectrum sharing 

SDMA is 
   

 
 times less than that of the non-spectrum sharing SDMA only using orthogonal 

beamforming, whereas no loss in multiuser diversity gain. Although the spectrum sharing 

SDMA always has lower throughput compared to the non-spectrum sharing SDMA in the 

non-coexistence scenario, it offers an intriguing opportunity to reuse spectrum already 

allocated to other coexisting systems. 

 
 

 

Keywords: Asymptotic throughput scaling, space-division multiple access (SDMA), 

spectrum sharing, precoding, feedback overhead, null-steering 
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1. Introduction 

The increasing demand for wireless services has induced recent radio spectrum shortages. 

Given that spectrum is limited and is a scare natural resource, it should be used to its fullest. 

Emerging wireless networks, such as cognitive radio, femtocells, and heterogeneous networks, 

require spectrum sharing with other existing systems as well as higher throughput [1][2][3][[4]. 

Specifically, at the World Radio Communication Conference 2007 (WRC-07), the 3400-3600 

MHz band was identified for use by the International Mobile Telecommunications 

(IMT)-Advanced system. However, the band was already allocated or is under consideration 

for Fixed Wireless Service such as Fixed Service, Fixed Satellite Service, or Fixed Wireless 

Access in many countries around the world [5]. Furthermore, the IMT-Advanced system 

requires higher data rates: Approximately 100 Mbps and 1 Gbps with high mobility and low 

mobility for 100 MHz bandwidth, respectively [6]. In Gaussian MIMO broadcast channels, 

simultaneous transmission to multiple users, known as multi-user MIMO or space division 

multiple access (SDMA), is capable of achieving very high throughput. SDMA is as a 

candidate for Long Term Evolution (LTE)-Advanced and IMT-Advanced standard [7]. This 

paper particularly focuses on an SDMA that allows spectrum sharing with other coexisting 

systems. 

1.1 Related Work 

 Spectrum sharing in the coexistence scenario. Spectrum sharing is possible by the 

sufficient separation of radio resource dimensions in time, frequency, and space; that is, a 

wireless communication system adjusts resources, such as the transmit power [2][8], 

frequency [9], and null-steering [10][11]. Multiple antenna arrays using null-steering can 

protect other existing systems without additional radio resources in frequency or time. 

Null-steering is used to avoid radiating interference in a known direction of a victim system 

[11]. When the null-steering is employed at a base station (BS), no downlink throughput gain 

is obtained from multiple antennas owing to focusing on mitigation of interference to a victim 

system. As such, besides null-steering, a scheme for achieving high data rate is required to the 

multiple antenna systems. 

Cognitive radio, a typical spectrum sharing system, has been developed. Resource 

management for spectrum sharing was studied in many previous works, where adaptive time 

and power allocation [12], joint rate and power control [13], and joint channel and power 

allocation [14] are considered. Moreover, ergodic capacity was theoretically analyzed in 

[15][16].    

Throughput improvement in the non-coexistence scenario. Dirty paper coding (DPC) is 

capacity achieving for the MIMO broadcast channel [17]; however, it is non-causal scheme 

that has yet to be implemented in practical systems, thus spurring the growth of practical 

SDMA [18] [19]. In the industry, a codebook-based orthogonal beamforming SDMA has been 

proposed for the 3GPP-LTE standard [20] under the name per-user unitary rate control 

(PU
2
RC) and has been included in the 3GPP2-ultra mobile broadband (UMB) standard [16]. 

In this scheme, on the basis of limited feedback information on the preferred precoding 

matrices within a codebook and the corresponding signal-to-interference-and-noise ratios 

(SINRs), the multiuser precoding matrix is selected within a codebook to maximize the sum 

throughput. More detailed study of PU2RC is given in [22][23]. Recently, the performance of 

PU2RC with mode switching has been studied in [24]. The orthogonal beamforming of 
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PU
2
RC focuses on throughput improvement on the basis of inter-user interference mitigation 

in homogeneous systems. However, such non-coexisting SDMA systems are useless in the 

coexistence scenario, because they are required to suppress interference between the 

heterogeneous systems as well as the inter-user interference in homogeneous systems. 

Achieving both spectrum sharing and high data rate in the coexistence scenario. 
Integrating orthogonal beamforming and null-steering is a promising solution for achieving 

both spectrum sharing (i.e. mitigating interference to other coexisting systems) and high 

throughput. A part of spatial transmission resources provided by multiple antennas are 

employed for spectrum sharing instead of data transmission. This concept is realized by 

designing a SDMA precoder that satisfies both null-steering and orthogonality constraints, 

where the matrix comprises     (   denotes the number of transmit antennas) mutually 

orthonormal vectors that are orthogonal to the array steering vector in the direction of 

coexisting systems [25]. We call such SDMA spectrum sharing SDMA. Although the 

spectrum sharing SDMA offers an opportunity to reuse spectrum allocated to other systems, it 

should have lower throughput compared to the orthogonal beamforming SDMA, i.e. PU
2
RC, 

in the non-coexistence scenario. The aim of this paper is to quantify the throughput of the 

spectrum sharing SDMA and the required feedback overhead, and to compare them with 

PU
2
RC.  

1.2 Contributions and Organization 

We use spectrum sharing codebook comprising multiple sets of orthonormal vectors, and 

multiuser scheduling with limited feedback. The codebook satisfying null-steering and 

orthogonal beamforming constraints is deterministically generated on the Gram-Schmidt 

process. The main contribution of this paper is to derive throughput scaling laws for the 

spectrum sharing SDMA. We preliminarily derive the statistics of channel-shape quantization 

error. Then, we derive throughput scaling laws on the basis of extreme value theory [18] and 

uniform convergence in the weak law of large numbers [22]. Finally, the multiplexing gain 

and the multiuser diversity gain of the spectrum SDMA are quantified.  

The remainder of this paper is organized as follows. The system model is described in 

Section 2. Section 3 presents the asymptotic throughput analysis. In Section 4, numerical 

results are discussed. Finally, conclusions are presented. 
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Fig. 1. Spectrum sharing SDMA system. 
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2. System Model 

We assume a downlink SDMA system, which consists of a transmitter with   antennas and 

  receivers (users) with one antenna. The system operates in the spectrum owned by other 

coexisting systems, and it forms     orthonormal beams and transmits to     scheduled 

users via the precoding vectors *𝐟 +         . We assume flat Rayleigh fading channel from 

the transmitter to the 𝑛-th user. Let        be a transmit symbol vector. Then, the received 

signal of the 𝑛-th user is given by  

  

 𝑦 = 𝐡  + 𝑧                                                           (1) 

 

where 𝐡   
    is channel gain vector with zero mean unit variance, and 𝑧  is an additive 

noise with unit variance complex Gaussian noise vector. An SDMA system is considered that 

constructs     orthonormal beams and transmits to     scheduled users via the precoding 

vector *𝐟 +         . The transmit signal is then  

 

  =   = ∑     
   𝐟                                                   (2) 

 

where  = ,𝐟  𝐟   -   
     is the precoding matrix, and  = ,       -

  is the transmit 

symbol vector with 𝔼*‖ ‖ + = 𝑃. The total transmit power 𝑃 is equally allocated over     

scheduled users. Since the average noise power is assumed to be one, 𝑃 represnts the average 

signal-to-noise ratio (SNR). The precoding matrix   is selected within a precoder codebook 

ℱ = *  +       using the beam and user selection algorithm described in the latter part of this 

Section. We assume that the channel gain vector 𝐡  has uncorrelated complex Gaussian 

entries. The investigation for a correlated channel model is left to future work. Unlike 𝐡 , we 

assume the highly correlated channel from the transmitter to other coexisting systems on the 

basis of high line-of-sight probability between them. It facilitates mitigating interference to 

other coexisting systems by construction of transmit null at the transmitter.  

 
Fig. 2. An array steering vector  ( ) at   and precoding vectors { [𝐟    𝐟   ]    [𝐟    𝐟   ] [𝐟    𝐟   ] 

[𝐟    𝐟   ] } for   =   ,  =  ,  =   . All vectors have unit length. Two precoding vectors 

comprising a precoding matrix are mutually orthonormal. Every precoding vector is orthonormal to 

the array steering vector. 
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Although LOS is not guaranteed, the angle spread (AS) of the channel in realty is not so 

large; that is, the mean AS ranges from 5 deg to 19 deg as shown in [26]. This indicates that the 

coexisting systems are mainly interfered by the transmitter signal radiated in a certain 

direction   within a small range. The transmitter can obtain the   by adopting adopting a 

popular spatial-spectrum estimation direction-finding method [27][28] or from a database 

with the  . Thus, when the LOS is not guaranteed, it is desirable to form the transmit-null at 

the   instead of the LOS direction. 

2.1 Codebook 

We consider a precoder codebook ℱ = *  +       , where    denotes the number of 

precoding matrices, and each precoding matrix consists of     column (precoding) vectors 

as   = [             ]   
     . Thus, the codebook is of size  =  (   ). In order to 

support SDMA and suppress interference to other coexisting systems, the spectrum sharing 

SDMA transmitter adaptively constructs the precoding matrices forming a transmit-null in the 

azimuth direction angle  ̂  of the other coexisting system, while satisfying orthogonal 

beamforming constraint. The angle  ̂  is relative to the array boradside of the spectrum sharing 

transmitter, as shown in Fig. 1. The codebook design principle for the above requirements is 

presetend in the sequel.    

First, to support orthogonal beamforming, the precoding matrices *  +        are unitary; 

that is, the     precoding vectors in each matrix are mutually orthonormal. Second, to 

present the method of the transmit-null construction, we define a transmit gain. The transmit 

gain of a precoding maxtrix   = [𝐟      𝐟     ] at a azimuth direction angle   relative to the 

array broadside is defined as 

 

 (    )  ∑  𝐟   
  ( )  

   
                                                (3) 

 

 
 

Fig. 3. Transmit gain (blue solid line) of a precoding matrix   = ,𝐟    𝐟   - , 𝐟   = ,       

      +               +        -  𝐟   = ,              +                

       - , where  ( =    ) = ,                      -   =    =  . The red and green 

dashed line is the transmit gain of 𝐟   and 𝐟   , respectively. The precoding matrix forms a 

transmit-null at  =    . 
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where  ( ) =
 

√ 
[  √

    
 

 
      √    

(   )
 

 
    

]
 

is the array steering vector at  , and 

( )  denotes the transpose matrix operation. Also in the same manner, the transmit gain of a 

precoding vector is given by  

 

 (𝐟     ) =  𝐟   
  ( )                                                   (4) 

 

Thus, when the precoding matrix    forming a trasnmit-null at  ̂, the transmit gain is zero as 

follows: 

 

 (    ̂) = ∑  𝐟   
  ( ̂)  

   
   =0 .                                          (5) 

 

This equation indicates that the     mutually orthonormal vectors { 𝐟   }         
 in the 

precoding matrix     are orthonormal to the array steering vector at  ̂,  ( ̂), as shown in Fig. 2. 

To do this, we first consider   linearly independent sets *𝐁 +       , where 𝐁 =

[𝐛      𝐛       ( ̂)]   
   . The   orthonormal sets *𝐔 +       , where 

𝐔 = *𝐟      𝐟       ( ̂)+   
   , are then generated from *𝐁 +        using the 

Gram-Schmidt process, as shown in Fig. 2. Finally, the desired precoding matrix   =

,𝐟    𝐟     -   
      is given by deleting the last column vector  ( ̂) from   . Fig. 3 shows 

an example of the transmit gain of a precoding matrix    and a array steering vector 

 ( ̂ =    ).  

2.2 Beam and User Selection with Limited Feedback 

It is assumed that the 𝑛-th user has perfect receive channel state information (CSI) 𝐡 . 

Although rather unrealistic, this assumption is desirable to focus on the effects of the 

quantized channel shape and to secure analytical tractability as in [18][19][22][31]. From the 

assumption,  the 𝑛-th user chooses a precoding vector in a codebook ℱ  with the size of 

 =  (   ) as follows:  

 

 𝐟     =            ℱ
|𝐡̃ 𝐟   |

 
                                         (6) 

 

where 𝐡̃ = 𝐡 ‖𝐡 ‖⁄  is a unit vector representing a channel direction. In (6), 

since|𝐡̃ 𝐟   |
 
=     . (𝐡̃  𝐟   )/ =      

 . (𝐡̃  𝐟   )/, the vector 𝐟      selected at the 

𝑛th user minimizes the  quantization error of channel shape of the  th user, which is defined as 

      ,   =  (𝐡̃  𝐟     ). Since the codebook ℱ is known a priori to both BS and user, only 

the index    and    of the selected precoding vector is send back to a transmitter. This requires 

feedback bits of      (   ). Furthermore, the 𝑛-th user reports its SINR    which is  

 

   =

 

   
‖𝐡 ‖

       

  
 

   
‖𝐡 ‖

 ∑  
   
        

 𝐡̃ 𝐟     
 
                                 (7) 

 

Here, we assume that the SINR is reported to the transmitter without quantization as in 

[18][19][22][31] to focus on the effects of the quantized channel shape. Denote     as a unit 
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vector orthogonal to the     dimensional hyperplane that orthonormal bases *𝐟    +          

span. The set *𝐟       𝐟          + forms an orthonormal basis of   , and thus  

 

∑  
   
        

 𝐡̃ 𝐟     
 +  𝐡̃     

 +  𝐡̃ 𝐟      
 =  .                         (8) 

 

From (8), we obtain  

 

 
∑     
        

 𝐡̃ 𝐟     
 +  𝐡̃     

 =    𝐡̃ 𝐟      
 

                                             =        
                (9) 

 

Therefore, (7) becomes  

 

  =
 

   
‖𝐡 ‖

       

  
 

   
‖𝐡 ‖

 (        )
                                         (10) 

 

where    =  𝐡̃     
          .  

According to their selected precoding vector, all   users fall into  (   ) groups accoding 

to their indices of the selected precoding vectors as follows:  

 

     = *  𝑛      =     =  +                             (11) 

 

For each group, the transmitter selects one user with the highest SINR among |    |, whose 

index is 𝑛   
 =                and the highest SINR is  

 

    
 =            .                                                         (12) 

 

Then, the maximum (instantaneous) sum throughput using the  -th precoding matrix    is 

given by  

 ̂(  ) = ∑     
      ( +     

 )                                                (13) 

 

Finally, among  precoding matrices, the transmitter selects the matrix     used for 

transmission, which maximizes the instantaneous sum throughput in (13) as follows: 

 

   ̂(   ) =    
       

∑     
      ( +     

 )                                  (14) 

 

Thereby, the scheduled users, who are specified by the indices *𝑛    
 +         , share the   th 

precoding matrix, which makes the feedback information on SINRs from users valid, and thus, 

enables the BS to exactly predict SINRs of the users. Combining (10), (12), and (14), the 

ergodic throughput for the spectrum sharing SDMA is given by  

 

  = 𝔼6   
     

∑  
   
      4 +          

 

   
‖𝐡 ‖

       

  
 

   
‖𝐡 ‖

 (        )
57                      (15) 
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3. Asymptotic Throughput Analysis 

3.1 Preliminary Calculations 

We first analyze statistical properties of the channel-shape quantization error,       , defined 

in previous Section. The complementary cumulative distribution function (CCDF) of        

is given as follows.  

 

Lemma 1: For a codebook  ℱ with the size of  =  (   ), the CCDF of   𝑛    is given by  

  

 ,        - =     
                                            (16) 

 

where   =    (            |𝐟 
  𝐟 |).     

Proof : See Appendix 6.1.                                                                                                     █ 

 

Note that Lemma 1 contributes the CCDF of deterministically generated codebook, which is 

differentiated from the CCDF of random codebooks [22][30][31]. Fig. 4 illustrates channel 

direction 𝐡̃  , its quantized channel direction       , and the channel-shape quantization error 

      .  Fig. 4 also helps to understand the proof of Lemma 1 in Appendix 6.1. Next, we 

derive the expectation of the logarithm of the minimum quantization error among   users, 

which is used to derive asymptotic throughput scaling law.  

 

Lemma 2: When   is the mumimum of   beta (     ) random variales with CCDF given 

by  ,  𝑧- = (  𝑧   )  , the expectation of the logarithm of the  , 𝔼,     - , is 

bounded as 

   

 
    

   
 𝔼,     -   

      

   
                                              (17) 

Proof : See Appendix 6.2.                                                                                                         

 

Lemma 3: The expectation of the logarithm of the minimum quantization error among N users 

using a codebook ℱ with the size of  = (   ) is bounded as  

 
    

   
+
    

   
 𝔼,     -    

      

(   ) 
+
    

   
                             (18) 

 

where  =            
    and  = (     

   
)
 

.  

Proof : See Appendix 6.3.                                                                                                        █ 

3.2 Asymptotic Throughput Scaling 

The asymptotic scaling law is derived based on both the extreme value theory [18, 

Appendix A] and the uniform convergence in the weak law of large numbers [22, Lemma 1]. 

We first derive the asymptotic throughput scaling law of the spectrum sharing SDMA in the 

normal SNR regime. The results are obtained as follows. 

Theorem 1: In the normal SNR regime, the throughput of the spectrum sharing SDMA scales 

like  

 

    
   

 

(   )       
=                                                  (19) 
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Proof: See Appendix 6.4.                                                                                                      █ 

Theorem 1 states that the throughput scales linearly with the number of transmit antennas 

minus one,    . This indicates that when compared to a typical SDMA, i.e., PU2RC  

(    
   

 

        
=  ) [22], the throughput the scaling law of the spectrum sharing SDMA is 

(   )  ⁄  times that of PU2RC with orthogonal beamforming but no transmit-null. Thus, the 

spectrum sharing SDMA achieves smaller multiplexing gain,    , than PU2RC,  . This is 

attributed to the fact that the spectrum sharing SDMA employs one spatial degrees of freedom 

among total   spatial degrees of freedoms to mitigate the interference toward other coexisting 

services, and     spatial degrees of freedom are devoted to send data streams. Furthermore, 

Theorem 1 yields that the throughput scales double logarithmically with the number of users 

 ; that is, multiuser diversity gain increases the throughput by the factor of         , which is 

the same as PU2RC. This implies that no loss in the multiuser diversity gain is provided. 

Next, we evaluate the throughput scaling law of the spectrum sharing SDMA in the high 

SNR regime (or interference limited regime). In the regime, the SINR (10) becomes 
   

        
 , 

because  

 

                              +

 

   
‖𝐡 ‖

       

  
 

   
‖𝐡 ‖

 (        )
=

  
 

   
‖𝐡 ‖

 (   )

  
 

   
‖𝐡 ‖

 (        )
  

  
( )

  

 

   
‖𝐡 ‖

 (   )

 

   
‖𝐡 ‖

 (        )
  ,                                 (20) 

 

where (a) follows from 
 

   
‖𝐡 ‖

 (        )    and 
 

   
‖𝐡 ‖

 (   )    in the high 

SNR regime, and thus the throughput (15) is rewritten as  

 

  = 𝔼[   
     

∑     
      (         

   

        
)]                                     (21) 

  

The asymptotic scaling law of the throughput given by (17) is obtained as follows.  

 

Theorem 2: In the high SNR regime, the throughput of the spectrum sharing SDMA scales like  

 

     
   

 

    
=                                                         (22) 

 

Proof : See Appendix 6.5.                                                                                                    █ 

 

Thorem 2 implies that the throughput does not increases with the number of transmit 

antennas  . When compared to  PU2RC (    
   

 
 

   
    

=  ) [22], the throughput the  
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(a)      

 

                             
(b)  =    

 

Fig. 4. Channel direction 𝐡̃  and its quantized channel direction 𝐟     . The blue surface on the unit 

hypersphere including 𝐟    is a spherical cap     (   
  ). All surface areas are the same. (a)  All spherical 

caps do not overlap. (b) As   increases, two spherical caps associated with two precoding vectors forming 

the minimum angle    border each other, where   =     and     . 
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scaling law of the spectrum sharing SDMA is (   )  ⁄  times that of PU2RC. Thus, the 

spectrum sharing SDMA achieves smaller multiplexing gain,  , than PU2RC,  (   )⁄ . This 

is due to the fact that one spatial degrees of freedom among   spatial degrees of freedoms is 

used for interference mitigation, and the remaining spatial degrees of freedom are devoted to 

send data streams. Furthermore, Theorem 2 yields a different multiuser diversity gain factor 

     as compared to          in Theorem 1. This is because at high SNR the throughput of 

the spectrum sharing SDMA is determined by the minimum quantization error, 

           
    , as shown in (33) and (38). Specifically,            

    scales as 

    (   ) ; thus the throughput of the spectrum sharing SDMA, which is given by (  

 )𝔼 0    .    
     

      /1  , scales as  (   )   (    (   )) =     . Moreover, the 

multiuser diversity gain factor of the spectrum sharing SDMA is identical to that of PU2RC, 

which indicates that no loss of the multiuser diversity gain is provided even in the high SNR 

regime.  

4. Numerical Results 

Fig. 5 shows that as the number of users increases, simulated throughput becomes parallel 

theoretic curve of asymptotic throughput scaling laws proclaimed in Theorems 1 and 2. This 

verifies the accuracy of the throughput scaling analysis. First, Theorems 1 and 2 state that the 

scaling law of the spectrum sharing SDMA is (   )  ⁄  times that of PU
2
RC that is a typical 

SDMA with orthogonal beamforming but not transmit null steering. Thus, the proposed 

scheme provides smaller multiplexing gain (which is     for normal SNR regime, and   for 

high SNR regime) than PU
2
RC (  for normal SNR regime, and  (   )⁄  for high SNR 

regime [22]). This is because the proposed scheme consumes one spatial degrees of freedom 

among total available spatial degrees of freedoms of   to mitigate the interference toward other 

 
Fig. 5. Throughput   versus the number of users   for the number of precoding matrices  =  , and 

the number of transmit antennas  =  . 
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coexisting services, and     spatial degrees of freedom are utilized for sending data streams. 

These results indicate that increasing   reduces the loss of multiplexing gain. On the other 

hand, the spectrum sharing SDMA requires       less feedback bits than  PU
2
RC (     (  

 ) for the spectrum sharing SDMA and        for PU
2
RC) .  

Second, from Theorem 1 and 2, we observe that multiuser diversity increases the 

throughput by the factor of         (normal regime) and      (interference-limited regime), 

which is the same as PU
2
RC, i.e. no loss in multiuser diversity gain. This indicates that the 

spectrum sharing SDMA provides the same throughput gain from opportunistic user 

scheduling at the transmitter multiuser compared to PU
2
RC. The main performance metrics of 

the spectrum sharing SDMA versus PU
2
RC are summarized in Table 1. 

  
Table 1. The spectrum sharing SDMA vs. non-spectrum sharing SDMA (PU

2
RC) : 

the number of feedback bits are independent of SNR. 

      𝑛    denotes the number of transmit antennas, users, and precoding metrices, respectively.  

Performance 

metrics 

Normal SNR High SNR 

Spectrum 

sharing SDMA 

PU
2
RC [22] Spectrum 

sharing SDMA 

PU
2
RC [22] 

Multiplexing 

gain factor 
        

 

   
 

Multiuser 

diversity gain 

factor 
                          

Feedback bits 

for channel 

quantization 

     (   )             (   )        

5. Conclusion 

This paper presents the mathematical derivation of the throughput scaling laws of the 

spectrum sharing SDMA. Extreme value theory and uniform convergence in the weak law of 

large numbers are mainly applied to the derivation. The throughput scaling laws show that 

multiplexing gain of the proposed SDMA is 
   

 
 times less than that of PU

2
RC, whereas no 

loss in multiuser diversity gain. Although the spectrum sharing SDMA has lower multiplexing 

gain compared to PU
2
RC in the non-coexistence scenario, it offers an intriguing opportunity to 

reuse spectrum already allocated to other coexisting services, and further always requires less 

feedback overhead than PU
2
RC. Our results could provide insight into design fundamentals 

and trade-offs of the spectrum sharing SDMA. Future extension consider more realistic system 

model with spatially correlated channel and a theoretical analysis of the throughput loss of the 

spectrum sharing SDMA relative to PU
2
RC.  

6. Appendix 

6.1 Proof of Lemma 1 

For  -th precoding vector 𝐟  ℱ      , we define  (  ( )) as the surface area of a 

spherical cap   ( ) on the unit hypersphere, where the cap is defined as  

 

   ( ) = {𝐡̃   |𝐡̃  𝐟 |   }                             (23) 
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From [29, Lemma 4], the surface area is given as  (  ( )) =   
     (   ) ⁄ , and 

 (  ( )) is the entire surface area of the hypersphere. Then the CCDF of       is given as  

 

 ,        - =   
 .⋃   

     ( )/

 (  ( ))

                            =
( )
  

∑   
    (  ( ))

 (  ( ))

                                            =                

                                 (24) 

 

where ( ) holds for   that is less than the maximum value    where all spherical caps do not 

overlap. In Fig. 4 (a) and (b), the minimum angle between the precoding vectors *𝐟 +         is 

given by  

  =            (𝐟  𝐟 ) .                                                      (25) 

Moreover,    is  

                                                     =    
     

                                                       =
( )
    

  

 
  

                                                       =    (       ) 

                                                       =
( )
   .     (           (𝐟  𝐟 ))/ 

                                                       =    (               . (𝐟  𝐟 )/)  

                                                       =    (            |𝐟 
  𝐟 |),   

where ( )  follows from   =  
   , and ( ) follows from (25). 

6.2 Proof of Lemma 2 

A major part of this proof is presented in Appendix III in [31]. From tha fact that  𝔼, - =

∫  
 

 
 ,   -   for    , we obtain 

 

                                            𝔼,     - = ∫  
 

 
 ,     - 𝑧 
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      .                                                        (26) 

 

From     = ∫
 

 
   

 

 
, we obtain 
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                                                              ∑
 

 
 
      +       .                                    (27) 

 

Combining  (26) and (27) completes the proof. 

6.3 Proof of Lemma 3 

From Lemma 1, the CCDF of   is given as  

 

  ,   - = (       )                                                (28) 

   

Denote   as the random variable with following CCDF:  

 

  ,  𝑦- = 8
(   𝑦   )      𝑦    

(     
   
)
 

𝑦    
                           (29) 

 

Since a CCDF is a monotonically decreasing function,  ,   -  (     
   
)
 

 for 

    . Thus, we have 

 

  ,     -    (     
   
)
 
                                      (30) 

 

From (28) and (29), the expectation of the logarithm of   is 

 

         𝔼,     - =
( )
∫  
 

 
 ,     -   

                            = ∫  
 

 
 ,     -  + ∫  

 

      
  (      (   ))

 
   

                    
( )

∫  
      
 

  (     
   
)
 
  + ∫  

 

      
  (      (   ))

 
   

                            = 𝔼,     -                           (31) 

 

where ( ) follows from 𝔼, - = ∫  
 

 
 ,   -  , and ( ) is obtained from (30).  

Next, let   be the minimum of   independent beta (     ) random variables, and the 

CCDF of   is  ,  𝑧- = (  𝑧   )    𝑧    [30, Lemma 1]. From (28), (29), and the 

CCDF of  , the random variable  ̅   
 

      ̅   
 

     and   have the same distribution for 

    ,    -. The equivalence and (31) results in 

 

           𝔼,     ̅-  𝔼,     ̅- = 𝔼,     -  𝔼,      𝑧     -  
    

   
             

                                                  
( )

𝔼,     - +    𝑧  
    

   
        

                                                  
( )

    

   
                                                                                  (32) 

 

where 𝑧 =    
 

   , and ( ) follows the inequality:  
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                          𝔼,      𝑧     - = ∫  
      
 

  (     (   ))
 
 𝑧  

                                                                  ∫  
      
 

   𝑧 

                                                                 =     𝑧                                                                 (33) 

 

and ( ) is obtained from the lower bound in Lemma 2. This gives the desired lower bound. 

Next, we obtain  

 

                             𝔼,     ̅-  𝔼,     ̅        - 

                                                           = 𝔼 [             
 

   ]   

                                                            
𝔼,     -

 6       
 
   7

 

                                                           
( )

      

(   ) 
                                                                     (34) 

 

where ( ) is obtained from the upper bound in Lemma 2, and  =  ,       
 

   - =   

(     
   
)
 

. This proves the desired upper bound. 

6.4 Proof of Theorem 1 

From (15) the upper bound for   is given as  
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 where ( ) follows because       and  +
 

   
‖𝐡 ‖

 (        )   , and (b) uses the 

asymptotic behavior of    
     

‖𝐡 ‖
  given by [18, eq.(A10)]  
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      |   (       )1     .
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From (35), we have  
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 Next, from (15) the lower bound for   is given as  
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where ( ) follows from  
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, and ( ) is obtained by using the last inequality of [22, Proposition 1]. From (38), we have  

 

    
   

 

(   )       
                                                    (40) 

 

Combining (37) and (40) completes the proof. 

6.5 Proof of Theorem 2 

From (20) the upper bound for   is given as  
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( )

      

  .     
   

/
 +                                                (41) 

 

where ( ) is attributed the fact that the scheduling in the second line can select any precoding 

vectors that maximizes their throughputs among  (   )vectors in the codebook ℱ; that is, 

guaranteeing more freedom of choice results in the higher throughput. ( )  follows from 

     , and ( ) is obtained from the upper bound in Lemma 3 and the fact that     for 

large  . Since (     
   
)
 
   and       +      for large  , from (41) we have  

 

    
   

 

    
                                                            (42) 

 

For the precoding vector 𝐟    ℱ, we define a spherical cap on the unit hypersphere as 

    ( ) = *𝐡̃   
     𝐡̃  𝐟      +        Additionally, let define the index set of 

users in the sphere cap     (  ) as  

 

     = *  𝑛    𝐡̃      (  )+                                 (43) 

 

where    is the maximum distance of the codebook ℱ defined as   =                

 𝐟 
  𝐟  . We then have             

   =             
   . From (20) the lower bound for   

is given by 
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where ( ) follows from 
   

        
 

 

      
           . ( ) follows from that the third line 

has no selection of the precoding matrix that maximizes the sum throughput, which results in 

the lower throughput. The number of user contained in the set      satisfies the following 

inequality [22, Lemma 1]:  

 

  [         
      ]                                      (45) 

 

where the parameters of [22, Lemma 1] are substituted as  =  ,  =   
   

, and   =   =

   . From (41) and (42), 
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Applying the lower bound in Lemma 3 to this, we have  

 

   (   (  
      ) +     )(     )                      (47) 

 

Since           and           
    for large  , from (47) we have  

 

    
   

 

    
                                                           (48) 

 

Combining (42) and (48) completes the proof.     
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