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Review of Parameter Estimation Procedure of Freund Bivariate Exponential
Distribution

st H 2/ ® M A
Park, Cheolsoon / Yoo, Chulsang

Abstract

This study reviewed the parameter estimation procedure of the Freund bivariate exponential distribution
for the decision of the annual maximum rainfall event. The method of moments was reviewed first, whose
results were compared with those from the method of maximum likelihood. Both methods were applied to
the hourly rainfall data of the Seoul rain gauge station measured from 1961 to 2010 to select the annual
maximum rainfall events, which were also compared each other. The results derived are as follows. First,
when applying the method of moments for the parameter estimation, it was found necessary to consider
the correlation coefficient between the two variables as well as the mean and variance. Second, the method
of maximum likelihood was better to reproduce the mean, but the method of moments was better to
reproduce the annual variation of the variance. Third, The annual maximum rainfall events derived were
very similar in both cases. Among differently selected annual maximum rainfall events, those with the
higher rainfall amount were selected by the method of maximum likelihood, but those with the higher
rainfall intensity by the method of moments.

Keywords : freund bivariate exponential distribution, parameter estimation, method of maximum likelihood,

method of moments, annual maximum rainfall event
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Fig. 2. Hourly rainfall time series in Seoul from
1961 to 2010 (rainy season)

Table 1. Basic Statistics of Hourly Rainfall in Seoul from 1961 to 2010 (rainy season)

Average Standard deviation Coefficient of Coefficient of Maximum value
(mm/hr) (mm/hr) skewness kurtosis (mm/hr)
0.3 2.1 283.6 116
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Table 2. Statistics for Independent Rainfall Events (IETD: 12 hour, threshold: 1 mm)

Duration (hr)

Total rainfall (mm)

Rainfall intensity (mm/hr)

Average

10.8

36.2

3.8

Standard deviation

127

54.7

3.9
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Table 3. Correlation Coefficients between Components of Independent Rainfall Events
Duration and total rainfall Duration and rainfall intensity Total rainfall and rainfall intensity
0.74 -0.10 0.32
Table 4. Basic Statistics of Independent Rainfall Events in 1961
Duration (hr) Total rainfall (mm) Rainfall intensity (mm/hr)
Average 10.4 289 3.1
Standard deviation 11.0 33.0 35
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Table 6. Comparison of Statistics of Observed and Calculated by Estimated Parameters (1961 year)

ElX] E1X,] var [ X, ] var [ X, corr[X;, X, ]
Observed 1.0000 1.0000 1.2669 1.2550 0.4460
Case 1 1.0001 1.0001 1.2669 1.2552 -0.1703
Case 2 1.1312 1.1317 1.1601 1.1478 0.1231
Case 3 1.1235 1.1238 1.1276 1.1167 0.1434

F454 H29k 20124F 2]

197



S 2w HoEwe] Feol a8 grhs delth  AUHo® PRl iiNs 34 A%e Frhn 47
ofi Wi wipASel A WA FEAeI ek B @ & ek e o] F 39S F Folo] wk 4HEA
MENS Aot 39 Gelde] B9 B0 weh 2 o] AuE Buss Y5t

R FAA S AlFeh, Mo Hwe] B9l U} Fig 62 RalEd 2 H9mHe Hgste] 27

980 1990
Year (hr)

(a) Method of moments

980 1990
Year (hr)

(b) Method of Maximum likelihood

Fig. 5. Comparison of Parameters Estimated by the Method of Moments and the Method of Maximum

198

= = 1
k=3 S
= =
[=3 =
£ £
(=3 O o.
S S
o5
=< =
= =
od
=, “ =,
-
- = s = |
o (T HT
> ] =
] . ; =
= o - =
T ] [ - C
°
3| 2]
— —
>< 2 >< >
i 4 [TV
1 =, - .-.-.- - wa®e" - a®® -.--.. - 1
AT AT TR AT AT AR AR AR AN
8 35
2 -
= <
L P ..-.- . . =eme® o ome_ . ®®_ pee® *  _= o
T T i LT
o T T T T T T T
1960 1970 1080 o 2000 2010 1060 1970 1080 1990 2000 2010
Year (hr)

Likelihood

[ Jobserved

® e eEstimated

1991
Year (hr)

(a) Method of moments

Fig. 6. Comparison of Statistics of Observed and

(b) Method of Maximum likelihood
Calculated by Estimated Parameters

BEKERBEMNE



& SRS 75 T 57 el EAACE Make)
9 B, 93 AR E BENEE ol gl

-

}oﬁ:i‘?ﬂ
= 5
=

do i (B

o
2 o g

A IO =)

b
e ox 3o
N
- \~
o O
BT
S o £
nox
;
{{Z o o
rr T
ox -8

1%

o 1
[nW)
v

Mo

2

fo = 4
o

o

=2

td

0,

—o

Lo

fr B R oo
S oL
EON

o pr T
x &
Lo

f
o

f
ro
oy o B
oﬁﬁrﬂm

i N
rlo b

=2
N

(RIS S u Ay o=}
=
__>d"l

Yo, = m Sboet
N oox

Lo, |o
8oy 2

oN.
rf
o & of
Lo o
e ao
b o
lO >+G ['10
= o
=1
a F-YL
e w2
2
o et
_O|L

=
(m
)
o,
o,
o
i)
tlo
2 oox U 2 B HJo Lo

Ku)
ne
=
i)
o9
=

.o

o VA o oy e

=
o
fru
i
2
ol
SL
Il
Il
Mo
2
lo
= o
o
2
k1
Lt

r |

o
E
%
ot
e
ol
o
-
o

i)
~ 10, o

rV’
E
. oft
1o,
N

N

I
v
rxrf
O:
lﬂl$
Lo
_O‘o)'.r
Mg
¥ 2
S
&
I
>,
=
2
— Eo

32 off [0 3L

Rainfall Intensity (mm/hr)

— 500 —

@ '
=3 o
=3 =3
| |

200 —

Total Rainfall (mm

100 —

150

100

Duration (hr)

o
=]
1

1960 1970 1980 1990 2000 2010
Year (hr)

(a) Method of moments

N

>~
=

g oto off o

o -{f [ﬁ —}T{r 1-
Nodo B N

o= Nz =
g
o [LI

O
© =
= X
Fi als
(N 2
mT; >
2 i)
ox o,
e e
32 =
==
X

N o

(o
-

~
= X
r 02
= It
42
B
=2
i
I
m
fo
o
=
0z
I
s
El

tlo o

Fig. 83} 2t}

Figs. 7 and 80141 A% 4 9l 2143, wal=a)
L= Fo) 4T DAY BY EAES
S FASIE AR AR RGO Sl A 4770 o
e AN B E5Ae] FAsH At of

AAS] 9% AHNA SHEFAFS Aok

= Sk
Wil 2 ko7t §leS HERE 23R ols | E

Total Rainfall (mm

Duration (hr)

Rainfall Intensity (mm/hr)

= stk olgAl THE QAW BY £ A
o 484 BE v Table 73 2t o] ol

500 —

N w F
=1 E=1 =]
S t=] =3
1 1 1

100 —

150 —

100

o
=]
1

0 -
1960 1970 1980 1990 2000 2010
Year (hr)

(b) Method of Maximum likelihood

Fig. 7. Comparison of Characteristics for the Annual Maximum Independent Rainfall Events Selected
by Applying the Method of Moments and the Method of Maximum Likelihood

W45 ZB24% 20124 2H

gl

ne ¥e

199



I
80 100

I
60

40

40

(qy/ww) Aysusyuj jjejurey

100

I
80

I
60

40

40

(qy/ww) Aysusyu| jjeyurey

Duration (hr)
(b) Method of Maximum likelihood

Fig. 8. Characteristics of Average Rainfall Intensity and Suration for Annual Maximum Independent Rainfall

Duration (hr)

(a) Method of moments

Events Selected by Applying the Method of Moments and the Method of Maximum Likelihood

Table 7. Comparison of Annual Maximum Independent Rainfall Events Selected by Applying the Method of

Moments and the Method of Maximum Likelihood

Rainfall intensity (mm/hr)

132

125

Total rainfall (mm)

171.6
1834

Duration (hr)

22.9

25.3

Method of moments
Method of Maximum likelihood
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