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Optimal Production Capacity and Outsourcing Production 
Planning for Production Facility Producing Multi‐Products

Suk-Hwa Chang

Department of Industrial and Management Engineering, University of Incheon

다제품을 생산하는 생산설비에 대해 
최적 생산용량과 외주생산계획 

The demand for facility used in producing multi-products is changed dynamically for discrete and finite time periods. The 
excess or the shortage for facility is occurred according to difference of the facility capacity size and demand for facility through 
given time periods. The shortage facility is met through the outsourcing production. The excess facility cost is considered for 
the periods that the facility capacity is greater than the demand for the facility, and the outsourcing production cost is considered 
for the periods that the demand for facility is greater than the facility capacity. This paper addresses to determine the facility 
capacity size, outsourcing production products and amount that minimizes the sum of the facility capacity cost, the excess facility 
cost and the outsourcing production cost. The characteristics of the optimal solution are analyzed, and an algorithm applying 
them is developed. A numerical example is shown to explain the problem. 
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2. 최적 생산용량과 외주생산계획  

2.1 모형 정식화 
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  = 
  = 
 = 
 = 
   = 
 = 
 =    

 = 
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 =  

  = 
 =  

 = 

. 
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, 

.  (1)
.











 




 (1)

(1) , 
, 

. , 
.

.  , , 

(2) . 






   




 (2)

. 
(3) .

≤   ⋯ 












 (3)



. 
. 

, 
(), 

() P .  

P : Minimize   









 






subject to






   




     ⋯ 

≤   ⋯ 














≥ 

 ≥      ⋯ 

 ≥      ⋯      ⋯ 

P . 
. 
. P

. 

2.2 최적해의 특성과 알고리듬

. 

 ,  




 . 

     , 
. 

 

.


    ⋯ 

   . 


  . 
  . 






  ≤    , 




     

. ,   ,   
(4) .
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   










      ⋯ 

 




   

    ⋯ 

(4)

    ≤   
, . 
    ⋯  ,     .

. (5) . 






     ⋯      ⋯  (5)

 (5)
, 

.  (6)
.

    ⋯  (6)

    ⋯  .  

.

   
  ⋯ 

(7) .

 




     ⋯  (7)

      ⋯      ⋯   
.    

  .

 ≤ 

 ≤    ≤     ⋯ 

 ≤ 

  ≤       ⋯ 

  (8) .

   









      ≤ ≤

       ≤ ≤   ≤


 

  

       

   ≤ ≤   ≤      ⋯ 


 

  

          ≤

(8)

  

 ≤    .  ≤  , 

.  ≤  ≤  ≤ 
, 

. ,  ≤    ≤ 
    ⋯  ,   ⋯   



.  ≥ 

,   ⋯ 



. 

  ≤ ≤ 

 (9) .

       




 (9)

1  :  .

: .   
.  ≤   

   ≤   

   . 
 ∀ ∀ . 

to     

. to
  ≤   

. to   

. 
to  

   (8)
. 

 ≤      

,   ≤   

   . 

(가)    인 경우 

      ≤       .
        

   .

(나)    인 경우

      ≤       ≤
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.     

     .

(다)    ,    ⋯ 인 경우

      ≤       ≤
.   






   




  

  .

(라)   인 경우

          ≤
.   






  




  

  .
.

 piecewise linear 
.

 
2  :  piecewise linear . 

: (8)   

 ≤    

. 
 . 

  ≤    . 
    , 

 ≤       ⋯ ,  ≤   

. . 
piecewise linear . 

.

 

. 
 [5]. 

 

3 : 




   , 

.

:  ≤    
. 











 




   . 






 , . 

≥ 

. 






  . 




 

, . 

.

  ≤     ≤   

.    , 
  ,   . ,  
   

 .   , 
 ,  .  
   ,   

  ,   

  . 
 ≤     ≤   

.  , 
 ≤       

,   ≤   

   .    ≥   , 
 ≤     ≤   

. 

. 

     . 
∆ , 

∆  ∆ 
. 

. 
. 

.

3 




   ,   

 . 




 

≥ ,  

, . 
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    ,     ⋯ 
. 

0 .  

4  :     
.

: 




   , )x(f

,    
  ⋯  . 

.   ≤   

,  ≤   
   . 

0 ,    

≤    

.  ≤   

  . 




 ≥  , 

 . 
    .

4 0
.

3 4 , 




   , 

 

   ,    . 
. 

. 




 ≥  , 

   

.  

 




   , 

<Figure 1>

. 




 ≥  , 

(<Figure 2> ). <Figure 1>, <Figure 2>
. 

. 




   , <Figure 1> , 

  

,  .






 ≥  , <Figure 2> 0=x

,  .

<Figure 1> Objective Function

<Figure 2> Objective Function

 




   , 

. 

.

1 :     ⋯  , 
.  

  .  
 .

 




,     ⋯  ,     ⋯ 

. 

, . 
 .

     ⋯ ,     ⋯  
2 :   ,    .
3 :    . 
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<Table 1> Demand, Outsourcing Production Cost and Excess Facility Cost

period


product 1   product 2    product 3 
excess

facility cost,
 

demand


outsourcing
production cost, 



demand


outsourcing
production cost, 



demand


outsourcing
production cost, 



1  4 5  6 6  3 7 5

2  6 5  8 7 12 8 5

3 10 4  6 6  8 8 6

4 12 4 10 7  8 6 4

5  6 6  6 5  8 8 6

<Table 2> Demand and Cumulative Demand of the Products Ranked in Ascending Order for Outsourcing Production Cost

period


demand
(product)

demand
(product)

demand
(product)

  

1  4(1)  6(2)  3(3)  13   9   3

2  6(1)  8(2) 12(3)  26  20  12

3 10(1)  6(2)  8(3)  24  14   8

4 12(1)  8(3) 10(2)  30  18  10

5  6(2)  6(1)  8(3)  20  14   8

4  :    . 
5  :   .
6  :  ≤ , 8 ,   , 

.
7  :    .    , 9 , 
 ≥  , 6 .

8  :  .   ,   
5 , ≥ , 10

.
9  :  .   ,   

5 , ≥ , . 
10 :   .    , 

, ≥  , 12 . 
11 :  ≥ ,    4 , 

 ≥    . 
12  :   . ,   

,  .
13  :    .

14  :  




 .

15  :   . 

16  : 




 ≤   , , 






    , 18 .

17  :   . ≤ , 16
,  , 19 . 

18  :  ,   ,  
. 20 .

      










      ⋯ 

 




   

    ⋯ 

19  :    ,     ⋯ 
20  :    . ≤  14 , 

  , . 

3. 수치적 예제

5- 3

. , 
<Table 1> . 

   . 
<Table 1>

, ,  <Table 2>
. 
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. 
 .

             

<Table 3> .

<Table 3> Gradient of Objective Function

range of  gradient of objective function

0  3 10-7-8-8-7-8 = -28

3  8 10-6-8-8-7-8 = -27

8  9 10-6-8-6-7-6 = -23

9  10 10-5-8-6-7-6 = -22

10  12 10-5-8-6-6-6 = -21

12  13 10-5-7-6-6-6 = -20

13  14 10+5-7-6-6-6 = -10

14  18 10+5-7-4-6-5 = -7

18  20 10+5-7-4-4-5 = -5

20  24 10+5-5-4-4+6 = 8

24  26 10+5-5+6-4+6 = 16

26  30 10+5+5+6-4+6 = 26

30  10+5+5+6+4+6 = 34

<Table 3> , 
.    -5

8 . 
20 . 10×20+5×(20-13)+5× 

(26-20)+4×(30 -20) = 321 . 
  ,   ,   ,   ,   ,   , 

  ,   ,   ,   ,   ,   ,   , 
  ,    . 

20 , 2, 
3, 4 . 2 1

6 , 3 1
10 4 , 4

1 12 10 .

4. 결  론

. . 

, 
. , 

. , 
, 

. 
, 

. 

. 
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