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ON SOME COMBINATIONS OF SELF-RECIPROCAL
POLYNOMIALS

SEON-HoNG KM

ABSTRACT. Let P, be the set of all monic integral self-reciprocal poly-
nomials of degree n whose all zeros lie on the unit circle. In this paper
we study the following question: For P(z), Q(z) € Ppn, does there exist
a continuous mapping 7 — Gr(z) € Py on [0,1] such that Go(z) = P(z)
and G1(z) = Q(2)7

1. Introduction

Throughout this paper, U denotes the unit circle and n is a positive integer.
If all zeros of P(z) € R[z] of degree n lie on U, it is well known that P(z) =
+2"P(1/z), and P(z) is called self-reciprocal when P(z) = z"P(1/z). In what
follows we denote by P,, the set of all monic integral self-reciprocal polynomials
of degree n whose all zeros lie on U. Our basic goal in this paper is the study
of the following question.

Question A. For given polynomials P(z), Q(z) € P,, does there exist a
continuous mapping r — G,(z) € P, on [0,1] such that

Go(z) = P(2),  Gi(z) = Q(2)?
The condition P(z) and Q(z) self-reciprocal in Question A seems to be neces-
sary because z 4+ 1 and z — 1 are the only monic integral polynomials of degree
1 with all zeros on U and so no G,(z) in Question A exists. One may ask
naturally whether G,.(z) in Question A is the convex combination of P(z) and
Q(z), that is G,(z) = (1 —r)P(z) + rQ(z) where 0 < r < 1. However G,(z) is
not always the convex combination, for example the polynomials

P(2)=( -2+ D+ 1)+ 22+ + 22+ 22+ 2+ 1),
Q)= -2+ 22 2+ 1) -0+ 2 =22 +1)
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have all their zeros on U, but (P(z) + Q(z))/2 has four zeros of modulus

1.15963 - - -. This yields a question about the existence of G,.(z) which is not
the convex combination. If Question A is true, we will write

P~Q,

and specially if G,(z) is the convex combination, we will write
P— Q.

Preliminary attempts using computer algebra lead to the various unproved

examples including
S2nt+l o+l 2
—
z—1 z—1

n_1 3
<Z ) L VI (RS DR R

and

z—1
And Kim [2] showed
(2271 + 1)2 ~ (22 _ 1)(Z4n—2 _ 1)

for some G, (z) that is not the convex combination. But it seems to be hard to
find such G,(2).

In Section 2, we will give examples of self-reciprocal polynomials P(z) and
Q(z) satisfying P ~ @ in different two ways and one of them is P — Q.
This generalizes Theorem 1 of [2]. In Section 3, we will consider self-reciprocal
polynomials that are products of finite geometric series. Let

.....

Jj=1

We will prove a conjecture given in [2] that f1 < fo for any fi,fo € Fan.
In case of u > 3, not all g1,92 € Fy,p satisfy g1 — g2. But we will see that,
using the case v = 2, for any gi1,93 € F3,, there exists go € F3, such that
g1 < g2 <> g3, and such go is not unique. Also we will study how to show
g1 — g2 where g1,g2 € F3,, are specifically given. The main tool for this
is Fell’s lemma [1]. Finally in Section 4, we will discuss whether “~” is an
equivalence relation or not over the set F,, ,,. It is obvious that “~” is reflexive
and symmetric. But we don’t give an answer for transitivity but at least we
will see that a natural candidate for this does not work.
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2. P ~ @ in two ways

In this section, we show that some P(z) and Q(z) satisfy both P < @ and
P ~ @ as not a convex combination. This generalizes Theorem 1 of [2]. Using
Cohn’s theorem (see p. 230 of [3]) we prove:

Theorem 1. Let a,b,c € N with ¢ > a > b and 2a = b+ c. Then we have

(a) (20 £1)* = (2" = 1)(z° — 1),

(b) (z* £1)* ~ (2" = 1)(2° - 1),
where
(1) Gr(2) =22 —r%2¢ — (£r¢ £ F2)22 —r%2b +1, 0<r<1.
Proof. Suppose that a,b,c € Nwithc>a >b,2a =b+c¢,and 0 <r < 1. We
first prove (a). Write Go(2) = (2 £1)2, G1(2) = (2" — 1)(2° — 1) and

Gr(2) = (1 = r)Go(2) + rG1(2)
=22 2t 4 21 F )2t — 2 41

Then we can compute

_ G2

H.(z) := 1 2a2%770 — erz¢7b 4 2a(x1 F )220 — br.

Define, for ¢ > 0,
H, (2):= (2a+ )22 —crz7" 4 2a(+£1 F7)2*7" — br.
For |z| =1,
|Hye(2)| >2a+€e—(cr+2a(l —7)+br)=€>0

which implies H, ((z) does not have a zero on U. By Roché, H, .(z) has all
2a — b zeros strictly inside U. Letting € — 0, we see that GJ.(z) has all its zeros
inside or on U. Tt follows from Cohn’s theorem that the proof of (a) is complete.
The proof of (b) is very similar to the above. We again let Go(z) = (2% £ 1)?
and G1(z) = (2 — 1)(2° — 1). From (1) we may calculate

iig) = 202270 — er®2¢70 —a(£r¢ £ 0 F2)2%70 — bro.
Let
f(z) = 2az%7°,
g(2) = —cr®2°70 —a(dr¢ £ 00 F2)2070 — b,
On |z| =1,

lg(2)| < er®+a(2 —r¢ — %) + br®
= 2ar® + 2a — a(r® + 1°)
=a(2r*+2—1r°—rb)
<2a=|f(2)|
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Last inequality follows from the arithmetic-geometric mean inequality, that is

b
r¢—+r =y
2
Hence, by Rouché, G’.(z) has all its zeros inside U. It follows from Cohn’s
theorem that the proof is complete. ([

3. Products of finite geometric series

In Section 3, we consider self-reciprocal polynomials that are products of
finite geometric series. With recall

2% — 1

Fa1 ..... au(z):H 1
j=1

u
Fun =18 Fay,. a,(2)alla; e N={1} (1 <j <u) are distinct,Zaj =n,,
=1

we prove a conjecture given in [2] which aserts f1 < fa for any f1, fa € Fan.
The proof of this is similar to that of Theorem 1. Multiplying (z — 1)? of each
side, we only need to show:

Theorem 2. Let a,b,c,d € N with not all equal and a +b = c+ d. Then we
have
(27 = 1)(2" = 1) = (2° = 1)(z? = 1).
Proof. We may assume that ¢ > a > b > d. Write
Go(2) = (22 = 1)(2 = 1) = 2%F0 — 2@ — 20 41,
Gi(2) = (2¢ = 1) (2% —1) = 274 — 2¢ — 24 1,
and for 0 <r < 1,
Gr(2) = (1 = r)Go(z) + rG1(2)
=2 (1 =) — (1 =) —rz? 1.
Then we can compute

!

Define, for € > 0,
Hyo(2):=(c+d+e)z¢ —crz —a(l —r)227¢ —b(1 —r)2"~% —dr.
For |z| =1,
|Hye(2)]| > c+d+e—(er+a(l—r)+bl—r)+dr)=€e¢>0

which implies H,. .(z) does not have a zero on U. By Roché, H, .(z) has all ¢
zeros strictly inside U. Letting € — 0, we see that G/.(z) has all its zeros inside
or on U. It follows from Cohn’s theorem that the proof is complete. ([
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Unlikely for v = 2, not all g1, g2 € Fy n, u > 3 satisfy g1 < g2. For example,
F5710 % Fus 11

because F3 710+ Fj511 has four zeros not on U. But using the case u = 2, we
show:

Proposition 3. For any g1, g3 € F3,n, there exists ga € F3 , such that g1 —
g2 — g3-
Proof. Let Fy, as.a5, Fey,c0,c5 € F3,n With

min{a,as, a3} =a; and min{ey,co,c3} = cy.

If a; = c; for some ¢ and j, we take by = a; = c¢; so that, by Theorem 2,
Foias,a5 = Foybobs a0d Foy ey cq = Fpy b0, for some by and b3. Assume that

none of a;,c; are same. Since 2 < ay,c; < [%] — 1, we have

2
2§a1+01§?n—2<n.

Choose by = a; and by = ¢y so that by + by < n. By Theorem 2 again,
Fal,ag,a3 — Fbl,bg,ba and Fcl,02,03 — thbz,bs for some b2 and b3. O

The g2 of above theorem is not unique. For example, we may check that
F3 710 = F569 — Fu511,
F3 710 = Fora1 = Fusat,
F3710 = Fag10 = Fas.11-

Next we will provide an example about the way to show g; < g2 where g1, 92 €
Fs,n are specifically given. The main tool for this is Fell’s lemma [1] below.

Lemma 4 (Fell). Let Py(z) and Pi(z) be real monic polynomials of degree n
with their zeros contained in the unit circle except for —1 and 1. Denote the
zeros of Po(z) by wi,wa, ..., wy, and of P1(z) by 21,22, ...,2,. Assume that
w; #z; (1<14,j<n)

and

0 < arg (w;) < arg (w;) < 2,

0 <arg(z) <arg(z;) <2r (1<i<j<n).
Let o; be the smaller open arc of the unit circle bounded by w; and z; (i =

1,...,n). Then the locus of zeros of (1 — A)Py(z) + APy(2) (0 < A < 1) is
contained in the unit circle if and only if the arcs «; are disjoint.

For Fa1,a2,a37Fb1,bz,b3 € ‘F3,YL7 write

(2) ¢j = max ged(ai,by),  1<j<3,
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and if ¢j, = c¢;, we convention that one of these equals 1. Then F, 4, 4, and
Fy, b, b5 have common factor

3
H(ch*1 42 1),
j=1
and hence to show Fy, 4,.a5 < Fby by b5, We apply above lemma to the integral
polynomial
(1 — T)Fa17a27a3 + erl;b27b3
H3 (2671 4 262 4 ... 1)

j=1

(3) Pr(z) =

The arguments of the zeros of Z;:f between 0 and 27 are 2k7/a, 1 < k < a—1.

So, by removing the constant 27, the zeros of Z::f can be identified with the
ascending chain of rational numbers 1/a,2/c,...,(a — 1)/a. In this vein, for

convenience, we denote
1 2 a—1
[l =494—, — ..., .
o« @

When applying Fell’s lemma, we will use an ascending chain of rational numbers
as above instead of angle arguments. To connect this ascending chain with the
zeros on U in Fell’s lemma, we need the definition below.

Definition 5. If U is a finite multiset of complex numbers, write
Py(z) =[] (x - ).
acU

If U and V are sets of real numbers, with no repeated elements, and moreover

Ul=[V[=n, UnV=g¢,
we may write

T =UUV = {tl,tg,...,tgn}
with ¢; < t;41 for all 7. Define

Ty = {{t1,t2}, {t3, ta}, ..., {ton—1,t2n}}.
We say that a U-bad pair for T or for (Py, Py) is a pair of T} such that both

elements belong to U; let Ny (U, V) denote the number of U-bad pairs. The
number of bad pairs is defined by

Ny(U,V)+ Ny (U, V).
Also a pair that is not bad is called a good pair.

How many zeros does P,.(z) in (3) have on U? It is an easy consequence
of Fell [1] that, if all elements of [a1] U [ag] U [as] and [b1] U [b2] U [bs] with all
commons deleted form good pairs, P.(z) has all its zeros on U. For example,
we can prove

F3710 = F56,9-
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We first observe that ¢; = 5, co = 3 and ¢3 = 1 from (2), which implies that
F3710 and F5 69 have common factor

(P 4+ D+ 22224 1).

So we now remove

o] w
Ut~

o] Do

)

(S =

) )

Wl =
o Wl

once from both sets in ascending order

112231435 4627586 9
1 = L T T, T, T, T, T, T, T, T, T, T, T, T, T, ., ——
BJulu o {10’7’10’7’10’3710’7’1077’1 3710771 ’7’10}

and

respectively, so that we have the remained elements

BJUTIUL0)) t=14 —=, = o mms =y =y oy = = =
@umondy = {53222 2L L2852

Gusuby ={55255520 088

These also have common element 1/2 and there is a common factor z+1. After
deleting 1/2 from the both sets above, we form the pairs from one element of
each set as following:

LUy (L) (22 (3 23 (34
10°9/)°\7°6/)°\9°7)°\10°6/)°\7'9)"
S AN (4 TN (5T (56) (89
9'7/)7\6710/)°\7°9)°\6°7)7\9°10/"

The pairs above are all good, and hence by Fell’s lemma the polynomial

(1 —=7)F3710 + 1569
=2+ 1) 2+ D)+ 2+ 2242 +1)
O+ B rr” 25+ 542 242241,

has all its zeros on U. As a by-product of this proof, the fact that the zeros of
the polynomial

210+28+T27+26+25+z4+T23+22+1, 0<r<i1,

lie on U is obtained.
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4. Remarks

The relation ~ is obviously reflexive and symmetry on the set F, ,. So
it is natural to ask whether ~ is transitive or not. If it is transitive, it
is an equivalence relation and we may research further with this. Suppose
Foianas = Foybobs and Fpy 5y b5 > Feyoey,e5 00 F3,. One might choose a
polynomial G,(z) to hold Fy, 45,05 ~ Fey, as

ca2,c3
(4) G,(Z) = (1 - T)QFm,az,aS + T(l - T)Fb1,b27b3 + TF017C2703
from the case r = s of

(1 - S) [(1 - T)Fal,amas + TFbl,bQ,bs] + SF61,02A,03'

Many experimentations with computer algebra yield that G, (z) in (4) seems
to have all its zeros on U and so Fy, a,,05 ~ Fey,cr,c5- But the ideas of Fell
allow us to make a counterexample. It follows from F,, ;.05 < Fb, bs.0, and
Fell’s lemma that all zeros of the self-reciprocal polynomial

(5) Ar(2) = (1 =7)Fay a0,05 + TFo b0y (0< 7 <1)

are on U and each zero is located on an open arc of U, where all such arcs
are disjoint. We use notation [ | as before, and assume that all sets [ ] below
are in ascending order. Suppose that there are no elements of U3_,[c;] be-
tween four consecutive elements of U?_; ([a;] U [b;]) that form two good pairs

for (U?Zl[ai],ug’zl[bi]), and two pairs for (U?Zl ([a;] U [bi]),Ule[ci]) just

before and after such four consecutive elements of U?_; ([a;] U [b;]) are good.
Then this yields at least one bad pair from the zeros of (4) and so not all zeros
of (4) locate on U. For example, we let

(a1,a2,a3) = (5,19,21),  (b1,b2,b3) = (8,17,20), (c1,c2,¢3) = (11,16, 18).
Then we have

3 2 7 8 9
izul([ai]u[bi])z{..., = 190 190 21}

in ascending order on the set (0,1), where the element 2/5 actually occurs
twice so that it is a zero of (5). Hence for our purpose we may convention that

(2/5,2/5) is a good pair for (U?:l[ai], Ule[bl]) We now can compute that

8
17" 19

is a good pair, and all elements < 2/5 and > 9/21 also form good pairs from
the zeros of (5). Thus by Fell’s lemma, each good pair above contains exactly

one zero of (5). But
° e T T
=913 15

1

(2
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in ascending order, and we see that
.2 87
18 5’ 19 16
This yields one bad pair from the zeros of (4). Thus
Fa17a27a3 74 F017C2703'

References

[1] H. J. Fell, On the zeros of convex combinations of polynomsals, Pacific J. Math. 89 (1980),
no. 1, 43-50.

[2] S. H. Kim, The zeros of certain family of self-reciprocal polynomials, Bull. Korean Math.
Soc. 44 (2007), no. 3, 461-473.

[3] T. Sheil-Small, Complex Polynomials, Cambridge Studies in Advanced Mathematics 75,
Cambridge University Press, Cambridge, 2002.

DEPARTMENT OF MATHEMATICS
SOOKMYUNG WOMEN’S UNIVERSITY

SEOUL 140-742, KOREA

E-mail address: shkim17@sookmyung.ac.kr



