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GLOBAL ATTRACTOR OF THE WEAKLY DAMPED WAVE
EQUATION WITH NONLINEAR BOUNDARY CONDITIONS

CHAOSHENG ZHU

ABSTRACT. In this paper, the main purpose is to study existence of the
global attractors for the weakly damped wave equation with nonlinear
boundary conditions. To this end, we first show that the existence of
a bounded absorbing set by the perturbed energy method. Secondly, we
utilize the decomposition of the solution operator to verify the asymptotic
compactness.

1. Introduction

The main purpose of this work is to study existence of the global attractors
for the weakly damped wave equation with nonlinear boundary conditions. To
formalize this problem let us take 2 an open bounded set of R™ with smooth
boundary I' and assume that I" can be divided into two non-null parts

F=Touly, TonNl=¢.

Denote by v(x) the unit normal vector at « € I outside of € and let us consider
the following initial boundary value problems

(1.1) up — Au+u, = f(z) in Qx(0,00),
(1.2) u=0 on Ty x(0,00),

(1.3) %—I—ut—i—H(u):O on T'; x (0,00),
(1.4) u(z,0) = up(x), wp(x,0)=ui(z) in €Q,

n o 9%y
i=1 81? .

The asymptotic behavior of solutions to the wave equations with boundary
damping has been studied by many authors (see [3, 5, 4, 6, 7, 8, 10] and further
therein), mainly in the framework of the problem of stabilizability arising in
control theory. The first stabilizability result for nonlinear equations in an
arbitrary domain was obtained by Tataru in [10] using estimates of Carleman

here, u = u(x,t) is unknown function and Au =)
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type. He also uses this approach to establish the existence of a locally compact
global attractor for some semilinear problems. In [5], author establish the
existence of a compactness global attractor for the following semilinear wave
equation with boundary damping

(1.5) up — Au+ f(u) =0 on Ry x €,
(1.6) u+v-Vu=0 on Ry x09Q,
(1.7) u=¢, u=1 on {0} xQ.

In [2], authors study the long time behavior of solutions of weakly coupled
reaction diffusion systems with dispersion of the form

N
(1.8)  uy — Div(a(z)Vu) + ZBJ(.’E)% +Au+ f(u)=0 in €,
j=1 ’

(1.9) gs +gu)=0 on 9,
(1.10) u(z,0) =wup(xz) in .

They obtain the existence of a compact attractor in the fractional power spaces.
In [1], author studies the asymptotic behavior of solutions of the following
reaction diffusion equation with nonlinear boundary conditions

(1.11) up—dAu+ f(u) =0 in Q,
ou

(1.12) da—n +g(u)=0 on 99,

(1.13) u(z,0) = uo(z) in Q.

He gives the proper conditions on the nonlinear terms such that problems
(1.11)—(1.13) is globally well posed and moreover has a global compact attrac-
tor.

Motivated by the paper cited above, in this paper, we investigate the long
time behavior of solutions to problems (1.1)—(1.4) and show that the existence
of the global attractors. Our problems (1.1)—(1.4) consist of weakly damped in
domain and nonlinear conditions on boundary, and the problems (1.1)—(1.4) are
differ from problems (1.5)—(1.7). Because of this, our methods are differ from
in [5]. That is, we shall firstly show that the existence of a bounded absorbing
set by the perturbed energy method. Secondly, we utilize the decomposition of
the solution operator to verify the asymptotic compactness.

Now let us state precise assumptions on the function H (u).

The function H € C*(R) satisfies

(1.14) H(0) =0,

(1.15) H(u) >0, H(u)u > (14 6)H(u) for some 6 > 0,
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(1.16)  |H(z) — H(y)| < Au(1+ =" + [yl")|lz —yl, Vz,y€R,

where ﬁ(u) = [, H(s)ds and Ag > 0 are some constant, and

1
O<ps——p if n23 or  p>0, 4 n=12
n_

Next let us introduce the functional space. Let
Vi={uc H'(Q); u=0 on Iy},

which is a Hilbert subspace of H*(£2) equipped with the topology given by the
norm ||V - | z2(q). We denote

(w0) = [ wode, JulP = [ fua,
Q Q
(e, i= [ wwdl, fulle, = [ uPar, ful, = el
Fl 1_‘1
and let

Ho =V x L2(Q),  [I(u,ur)ll2eo = [Vul® + [Jue >

In what follows we will often use the next inequality: for every u € H'() and
€ > 0, there exists a positive constant C. such that

/uzdl"gs/ |Vu|2dx—|—CE/ u?dz.
r Q Q

Let Ao > 0 and Ar, > 0 be two constants such that for Vv € V|
(1.17) [oll < AellVoll,  vlle, < Ar,[[Voll.
Here, the first-order energy of system (1.1)—(1.4) is given by

1 1 ~
(1.18) B0 = 5wl + 5 IVul*+ [ Fwr.
|1
In order to obtain the global attractor for the problems (1.1)—(1.4), we need
the following theorem of existence, uniqueness of solution.

Lemma 1.1. Assume that conditions (1.14)~(1.16) hold, and f(z) € L?(Q),
(uo,u1) € Ho. Then, problems (1.1)~(1.4) possesses a unique solution in the
class

u € C(0,00;V), wy € CH0,00; L*(Q)).

Remark 1.2. Applying the almost same argument as that in [3, 4] we can prove
Lemma 1.1.

Now we are in position to state our main result.

Theorem 1.3. Under the hypotheses of Lemma 1.1, the semigroup Sy associ-
ated with problems (1.1)—(1.4) possesses a global attractor A in Hy.
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It is well known that a compact global attractor exists if the continuous
semigroup has a bounded absorbing set and is asymptotically compact [11].
The first difficulty is nonlinear boundary conditions when proving existence of
bounded absorbing set. In order to overcome this difficulty, we shall combine
the perturbed energy method used in [4, 12] with techniques from [9]. Secondly,
for the proof of asymptotically compact, one usually decompose the solution
operator into a compact part and an asymptotically small part. We shall utilize
the decomposition for solution operator to verify the asymptotic compactness.

Our paper is organized as follows. In Section 2, we shall show that the
existence of absorbing set in Hg. In Section 3, we shall show that the asymptotic
compactness for problems (1.1)—(1.4).

2. Absorbing set in Hg

In this section, we shall show that the semigroup S; has a bounded absorbing
set, i.e., a bounded set B C H, satisfying the following condition: for any
bounded A C Hy there exists t(A) > 0 such that S;A C B for all t > t(A).

To obtain a bounded absorbing set, we used the perturbed energy method,
see Zuazua [4, 12], combined with techniques from Munoz Revera [9]. The
derivative of the energy defined in (1.18) is given by

Yot — Juell2, + /Q furda

&
=
S
S~—"
I

(2.1)

IN

1
= [, + (e = 1)lJuel* + EHJ”(%’)II2
for all € > 0. We define the perturbed energy by
(2.2) EL(t) = E(t) + (1),

where
2.3 = uurde.
(2.3 v = [

From (2.3) we have

@) < AallVull[lul
1 1
< i 2, 1 2
< oGl + 5 1Vul?)
< )\QE(t).
We can write
(2.4) |E-(t) — E(t)] < edgE(t).

Lemma 2.1. There exist Cq, Cy = Ca(e), C(Agy) and &1 positive constants
such that

d
(25) S B(t) < —CiE(t) + o[ fI* + CAn), ¥ >0,Ve € (0,1,
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Proof. Taking the derivative of ¢(t) and using (1.1), it follows that

d
V) = (A, u) = (we,u) + (f(2), u) + .

From the generalized Green’s formula and taking (1.3) into account we obtain

St = ~ 17l ~ () +
F(f()w) — (e, — (Hw). ),

Subtracting and adding the term ||Vu||? in the equality (2.6) and taking (1.18)
into account we get

(2.6)

%Q/J(t) < —2E(t) — (ug,u) + 2||ue]|® + ﬁ(u)df
IS

+ (f(x),u) - (utau)r1 - (H(U),U)Fl-
Now, since V' — L?*2(T';) then, by (1.17) and (1.18) we have

2.7)

1
—(u,0) < Ao Vullllue]] < SlIVull” + 22,

1
(£, w) < Xl VullllF]l < g Vul® + 223 £I1%,

1
—(ut, wr, < Ar[[Vullllur, < gllVUH2 + 227, [luel,

Bw)dl — (H(w),w)r, < /2)\H(1+|u|”)|u\2dF
Fl 1_‘1

< gE(t) +COm).

Now, by above inequalities and (2.7) we obtain

d 3
V) < = 2B 201+ 2g)llu]” + 225 fI*

Thus from (2.1), (2.2) and (2.8) we can write
d d d

(2.8)

—FE.(t) = —E( —(t
L ELt) = E() +e i)
3e
(2.9) < — TEO+((3+23) 1) luil® + Cn)e
1
+ <45 + 2)\5226) 1f @)1 + (2AF, & = 1) [luel7,-
Defining ¢; = min{ﬁ,#} and considering € € (0,e1] from (2.9) we
Q Ty

conclude the inequality (2.5). The proof of Lemma 2.1 is completed. ([l
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Proof of the existence for bounded absorbing set. Let

. 1
€o —mln{2)\Q7€1},

and let us consider € € (0,¢¢]. From (2.4) we have

(2.10) (1=Xe)E(t) < E.(t) < (14 Aqe)E(t).
Since € < 2A , then
(2.11) %E(t) <E.(t) < %E(t) <2E(t), Vt>0,

and therefore
(2.12) —eCLE(t) < fgClEs(t).

Hence, from (2.12) and considering Lemma 2.1 we obtain

d €
i Be(t) < =5 CLE(1) + Co| f(2)]* + C ().
Thus by Gronwall’s inequality and (2.11) we obtain

(2.13)
SE() < B.(1)
< E.(0) exp(fEC'lt) + 2C2||f(;13)5|22+ 200n) (1 — exp <—§Clt)> .

For any bounded subset B of Ho, (ug,u1) € B, M(|Vuo||?) fr (up)dl" and
fQ uguidzx are bounded, too. Hence

R = R(B)= sup E.(0)
(up,u1)EB
= sup {||u12+|Vu0||2+/ ﬁ(uo)df—i—a/uouldx} < 00
(up,u1)EB I Q
and
4 2140\
(2.14) im  sup B < 2 @I +4C0) _ o

t—o0 (ug,ul)EB EC].

Let p1 > po be fixed, and

1 R
to = to(R,,ul) =—In
a g =g
for any t > t¢, then we have E(t) < u? and
(2.15) IVu()||? + |lus(8)])*> < u3 for t > t.

Thus we obtain a bounded absorbing set in H. O
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3. Asymptotic compactness

In this section, we show the asymptotic compactness for the semigroup S;.
By definition, the semigroup S; is asymptotically compact if for any bounded
A C Hg and any € > 0 there exist a precompact set K C Hy and a time ¢ such
that dist(S;A, K) < e. To establish the asymptotic compactness of the semi-
group S; generated by problems (1.1)—(1.4), we shall utilize a decomposition
for solution operator. The idea is to decompose the solution operator into two
parts

St(uo, u1) = Viug, ur) + Wi(ug, u1),

where V4 is a contraction in the sense that V;(ug, u;) — 0 as t — +o0o uniformly
in (ug,u;) € A, and W; is a compact mapping for all t£. Then choosing ¢
sufficiently large so that ||Vi(uog,u1)||n, < € for all (ug,u1) € A, we have
dist(SiA, W A) < e, which proves the asymptotic compactness.

The proof of the asymptotic compactness consists of two parts, i.e., Lemmas
3.1 and 3.2 below. Firstly, let us define V; as the solution operator of the
following problems

(3.1) v —Av4+v, =0 in Qx(0,00),
(3.2) v=0 on Ty x(0,00),
0
(3.3) a—z tu, =0 on Ty x(0,00),
(3.4) v(x,0) = ug(x),ve(z,0) =ur(z) in ze.

Lemma 3.1. Assume that (ug,u1) € Ho, then the problems (3.1)—(3.4) admits
a unique global solution v satisfying

v e L®(0,400; V), v € L>(0,+00; L*(Q)).
Moreover, for each bounded A C Hy,

(3.5) sup  ||Vi(uo,u1)|le =0 as t— +oo.
(U(),ul)eA

Proof. For
1
(3.6) 0 (0,60), fo=min{n>0ln< ,nn+1)"24 <2},
it is easy to obtain
(v; 4+ 0v); — Av + (1 — 0)(vy + 6v) + (82 — B)v = 0.

Then

1d
(3.7) 5z Uloe+ 007 +IVol*} + 0V oll” + flee]lz,

+ (1 = 0)|Jvs + 0v|* + (6% — 0)(v, v + Ov) = 0.
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We note that
0||V|® 4 (1 — 0)||vs + 0v|*> + (6% — 0)(v, v + Ov)

(3.8) > 0|[Vo)|* + (1 =)o + 0v]|* — A (67 + 0)[[Voll[|ve + 00|

1 1
> (5 = Ol +00]” + (0 = 5AQ (0% +0)*) [ Vol |*.

By (3.6)—(3.8), there is a & > 0 such that

(3.9) %{Hvt +0v[* + [V} + afl|ve + 0v]* + [ Vo]*} < 0.
By Gronwall’s inequality we can get
(310)  [luult) + (]2 + IVo@)I2 < (Jus + Ouol2 + [ Va2,
On the other hand, we have

[ve()11* = [[oe(t) + Ov(t) — v (t)]®
(3.11) < JJue(t) + 0 ()12 + 67 [u() 2

< Jlve(t) + Ou(B)[* + 67X Vo (t)]].

From (3.10)—(3.11) we get, for some C' > 0
(3812) oI + VoI < Cllus + uol + [ Vg 2)e ",
The proof of Lemma 3.1 is completed. U

Secondly, we pass to the proof of the compactness of mapping W; = S; — V;.
Clearly, if w is the first component of W;(ug,u1), then its second component
is wy and the function w satisfies the following problems

(3.13) wy — Aw+we = f(z) in Qx(0,00),
(3.14) w=0 on Tyx(0,00),
(3.15) ?9% +w;+H(u)=0 on Ty x(0,00),

(3.16) w(z,0) =0, wy(z,0)=0 in Q.
Lemma 3.2. For each t € Ry the mapping Wy: Ho — Ho is compact.

Proof. We consider the difference w = w — W of two solutions w, w of the
problems (3.13)—(3.16). Then w satisfies

(317) ﬁ;tt — Aw + @t =0 in Qx (O, OO),
(3.18) w=0 on Iyx(0,00),
(3.19) %—i—fﬁt—l—H(u)—H(ﬂ):O on T'j x (0,00),

(3.20) w(z,0) =0, W(z,0)=0 in Q.
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Multiplying equation (3.17) by w;, we get

1d, _ ~ . ~ _ ~
5 77 (N0l + 131%) + IV |* = — @z, +/F (H () — H(u)) wydl'.
1
Using Young’s inequality, we obtain
d N " . 2
ga) GO+ val) < [ [r@ - | .
1

Integrating (3.21) over (0,t), t € (0,7) and taking (3.20) into account, we
obtain

(3.22) @ ()1 + V()] S/O /F |H (a(s)) = H(u(s))|” dUds.

Fix an arbitrary bounded sequence (uf,u¥) € Hy. Let u*(z,t), v*(xz,t),
wk(x,t) denote the first components of S;(uf, uk), Vi(uk,u}), and Wy(uk,uf)
respectively. Then applying the inequality (3.22) we have

) k kj
IWe (g’ ui) = Wa(ug’ uy’ )3,

(3.23) < /0 t /F [ () — H (u(s)) *drds
— 0 as 1 1,7 — 00.

Thus the sequence W; (ulg, u¥) contains a convergent subsequence, which com-
pletes the proof of Lemma 3.2. (]
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