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ON COMMUTING GRAPHS OF GROUP RING ZnQ8

Jianlong Chen, Yanyan Gao, and Gaohua Tang

Abstract. The commuting graph of an arbitrary ring R, denoted by
Γ(R), is a graph whose vertices are all non-central elements of R, and

two distinct vertices a and b are adjacent if and only if ab = ba. In this
paper, we investigate the connectivity, the diameter, the maximum degree
and the minimum degree of the commuting graph of group ring ZnQ8.

The main result is that Γ(ZnQ8) is connected if and only if n is not a
prime. If Γ(ZnQ8) is connected, then diam(ZnQ8)= 3, while Γ(ZnQ8)
is disconnected then every connected component of Γ(ZnQ8) must be a
complete graph with a same size. Further, we obtain the degree of every

vertex in Γ(ZnQ8), the maximum degree and the minimum degree of
Γ(ZnQ8).

1. Introduction

Let G be a group and R a ring. We denote RG by the set of all formal linear
combinations of the forms α =

∑
g∈G agg, where ag ∈ R and ag = 0 almost

everywhere, that is, only a finite number of coefficients are different from 0
in each of these sums. Notice that it follows from our definition that given
two elements, α =

∑
g∈G agg and β =

∑
g∈G bgg ∈ RG, we have that α = β

if and only if ag = bg, ∀ g ∈ G. We define the sum of two elements in RG
componentwise: ∑

g∈G

agg

+

∑
g∈G

bgg

 =
∑
g∈G

(ag + bg)g.

Also, given two elements α =
∑

g∈G agg and β =
∑

h∈G bhh ∈ RG we define
their product by

αβ =
∑

g, h∈G

agbhgh.

The commuting graph of an arbitrary ring R denoted by Γ(R), is a graph
with vertex set R \ Z(R), where Z(R) is the center of R, and two distinct
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vertices a and b are adjacent if and only if ab = ba. In 2004, the notion of
commuting graph of a ring was first introduced by Akbari, Ghandehari, Hadian
and Mohammadian in [2]. The commuting graphs of semisimple rings have
been studied in [1, 2, 4, 3]. And in this paper, we investigate some properties
of Γ(ZnQ8), where ZnQ8 = {x1+x2a+x3a2+x4a3+x5b+x6ab+x7a2b+x8a3b |
xi ∈ Zn, i = 1, 2, . . . , 8} and Zn = {0, 1, . . . , n−1} is the module n residue class
ring, Q8 = ⟨a, b|a4 = 1, b2 = 1, ab = ba−1⟩ = {1, a, a2, a3, b, ab, a2b, a3b} is the
quaternion group.

Let R be a ring and R∗ = R\{0}. Given integers a and b, we denote by (a, b)
the greatest common divisor of a and b. If p is a prime and t is a nonnegative
integer, then we use the notation pt∥a to mean that pt|a and pt+1∤a. The ring
of n by n full matrices over a ring R is denoted by Mn(R).

In this paper, all graphs are simple and undirected and |G| denotes the
number of vertices of the graph G. In a graph G, the degree of a vertex v
is denoted by d(v). And the minimum degree and maximum degree of G are
denoted by δ(G) and △(G), respectively. A path of length r from a vertex x
to another vertex y in G is a sequence of r+1 distinct vertices starting with x
and ending with y such that consecutive vertices are adjacent. For a connected
graph H, the diameter of H is denoted by diam(H). An induced subgraph of G
that is maximal, subject to being connected, is called a connected component
of G.

In this paper, we investigate the connectivity, the diameter, the maximum
degree and the minimum degree of the commuting graph of group ring ZnQ8.
In Section 2, we show that Γ(ZnQ8) is connected if and only if n is not a prime.
If Γ(ZnQ8) is connected, then diam(ZnQ8)= 3, while Γ(ZnQ8) is disconnected
then every connected component of Γ(ZnQ8) must be a complete graph with a
same size. In Section 3, we obtain the degree of every vertex in Γ(ZnQ8), the
maximum degree and the minimum degree of Γ(ZnQ8).

2. The connectivity and diameter of Γ(ZnQ8)

Lemma 2.1 ([2, Theorem 2]). If F is a finite field, then Γ(M2(F )) is a graph
with |F |2 + |F |+1 connected components of size |F |2 − |F | which each of them
is a complete graph.

Lemma 2.2. Let n be an arbitrary positive integer. Then Z(ZnQ8) = {α =
x1+x2a+x3a

2+x2a
3+x5b+x6ab+x5a

2b+x6a
3b | x1, x2, x3, x5, x6 ∈ Zn},

|Z(ZnQ8)| = n5 and |Γ(ZnQ8)| = n8 − n5, where Z(ZnQ8) denotes the center
of the group ring ZnQ8.

Proof. ∀ α = x1 + x2a + x3a
2 + x4a

3 + x5b + x6ab + x7a
2b + x8a

3b, β =
y1 + y2a + y3a

2 + y4a
3 + y5b + y6ab + y7a

2b + y8a
3b ∈ Γ(ZnQ8), we have
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αβ = βα if and only if the following system of congruence equations (∗) holds.

(∗)

 (x6 − x8)y5 − (x5 − x7)y6 − (x6 − x8)y7 + (x5 − x7)y8 ≡ 0 (mod n) (1)
(x6 − x8)y2 − (x6 − x8)y4 − (x2 − x4)y6 + (x2 − x4)y8 ≡ 0 (mod n) (2)
(x5 − x7)y2 − (x5 − x7)y4 − (x2 − x4)y5 + (x2 − x4)y7 ≡ 0 (mod n) (3)

Suppose that α = x1 + x2a + x3a
2 + x4a

3 + x5b + x6ab + x7a
2b + x8a

3b ∈
Z(ZnQ8), then it is clear that aα = αa. Thus by the system (∗), it follows
that {

x6 − x8 ≡ 0 (mod n)
x5 − x7 ≡ 0 (mod n)

i.e., x6 ≡ x8 (mod n), and x5 ≡ x7 (mod n).
In addition, we also have bα = αb, hence we have that{

x6 − x8 ≡ 0 (mod n)
x2 − x4 ≡ 0 (mod n)

i.e., x6 ≡ x8 (mod n), and x2 ≡ x4 (mod n).
Therefore, we have x2 ≡ x4 (mod n), x5 ≡ x7 (mod n) and x6 ≡ x8 (mod

n). Hence, α = x1 + x2a+ x3a
2 + x2a

3 + x5b+ x6ab+ x5a
2b+ x6a

3b and it is
easy to verify that such α is in the center of ZnQ8.

Thus Z(ZnQ8) = {α = x1+x2a+x3a
2+x2a

3+x5b+x6ab+x5a
2b+x6a

3b |
x1, x2, x3, x5, x6 ∈ Zn} and | Z(ZnQ8) |= n5, | Γ(ZnQ8) |= n8 − n5. □

Theorem 2.3. Suppose n = pt, where p ≥ 2 is a prime and t ≥ 2. Then
Γ(ZnQ8) is a connected graph and diam(Γ(ZnQ8)) = 3.

Proof. For α, β ∈ Γ(ZnQ8), let α = x1 + x2a + x3a
2 + x4a

3 + x5b + x6ab +
x7a

2b+ x8a
3b and β = y1 + y2a+ y3a

2 + y4a
3 + y5b+ y6ab+ y7a

2b+ y8a
3b.

Case 1 Assume that pi | (x2, x4, x5, x6, x7, x8), pj | (y2, y4, y5, y6, y7, y8) for
some i, j ∈ {1, 2, . . . , t − 1}. Hence, if i + j ≥ t, then α − β is an edge of
Γ(ZnQ8). Otherwise, α− pt−jα− β is a path of Γ(ZnQ8).

Case 2 Assume that p ∤ (x2, x4, x5, x6, x7, x8), p | (y2, y4, y5, y6, y7, y8). We
know pt−1α ̸∈ Z(ZnQ8). Then α− pt−1α− β is a path of Γ(ZnQ8).

Case 3 Assume that p | (x2, x4, x5, x6, x7, x8), p ∤ (y2, y4, y5, y6, y7, y8). We
know pt−1β ̸∈ Z(ZnQ8). Then α− pt−1β − β is a path of Γ(ZnQ8).

Case 4 Assume that p ∤ (x2, x4, x5, x6, x7, x8), p ∤ (y2, y4, y5, y6, y7, y8), then
pt−1α, pt−1β ̸∈ Z(ZnQ8). Then α− pt−1α− pt−1β − β is a path of Γ(ZnQ8).

Therefore, Γ(ZnQ8) is a connected graph and diam(Γ(ZnQ8)) ≤3. In addi-
tion, note that a, b ∈ Γ(ZnQ8), suppose γ = z1 + z2a + z3a

2 + z4a
3 + z5b +

z6ab + z7a
2b + z8a

3b ∈ Γ(ZnQ8) such that aγ = γa and bγ = γb. Since
aγ = γa⇐⇒ z6 ≡ z8 (mod pt) and z5 ≡ z7 (mod pt) while bγ = γb⇐⇒ z2 ≡ z4
(mod pt) and z6 ≡ z8 (mod pt), we have z2 ≡ z4 (mod pt), z5 ≡ z7 (mod pt)
and z6 ≡ z8 (mod pt). By Lemma 2.2, we know γ ∈ Z(ZnQ8). Hence, there
does not exist a vertex γ of Γ(ZnQ8) such that a− γ− b is a path of Γ(ZnQ8).
Hence, diam(Γ(ZnQ8))=3. □
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Lemma 2.4 ([7, Lemma 7.4.9]). Let F be a field of characteristic different
from 2. Then

FQ8
∼= F ⊕ F ⊕ F ⊕ F ⊕H(F ).

Lemma 2.5 ([7, Lemma 7.4.6]). Assume that char(F ) ̸= 2. Then the quater-
nion algebra H(F ) is either a division ring or is isomorphic to M2(F ), the ring
of 2× 2 matrices over F . The last possibility arises if and only if the equation
X2 + Y 2 = −1 can be solved in F .

Theorem 2.6. Let p ≥ 3 be a prime. Then ZpQ8
∼= Zp⊕Zp⊕Zp⊕Zp⊕M2(Zp).

Proof. We know that the equation X2 + Y 2 = −1 can always be solved in Zp.
Owing to Lemma 2.4 and Lemma 2.5, the result follows. □

Theorem 2.7. If p ≥ 3 is a prime, then Γ(ZpQ8) is a graph with p2 + p + 1
connected components of size p4(p2−p) which each of them is a complete graph.

Proof. By Lemma 2.4, we have ZpQ8
∼= Zp ⊕ Zp ⊕ Zp ⊕ Zp ⊕M2(Zp). For

α = (α1, α2, α3, α4, α5), β = (β1, β2, β3, β4, β5) ∈ Γ(ZpQ8), αi, βi ∈ Zp, i =
1, 2, 3, 4, and α5, β5 ∈ M2(Zp), we can easily conclude that α5 ̸= 0, β5 ̸= 0.
If α5 and β5 are not in the same connected component of M2(Zp), then there
is no edge between α and β. By Lemma 2.1, we know that Γ(M2(Zp)) is a
graph with p2 + p+1 connected components of size p2 − p which each of them
is a complete graph. Hence, Γ(ZpQ8) is a graph with p2 + p + 1 connected
components of size p4(p2 − p) which each of them is a complete graph. □

Theorem 2.8. Γ(Z2Q8) is a graph with 7 connected components of size 32
which each of them is a complete graph.

Proof. First, we construct 7 subsets of Γ(Z2Q8) as below:
A1 = {α = x1+x2a+x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(Z2Q8) |

x2 ≡ x4 (mod 2), x5 ≡ x7 (mod 2), xi ∈ Z2}.
A2 = {α = x1+x2a+x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(Z2Q8) |

x2 ≡ x4 (mod 2), x6 ≡ x8 (mod 2), xi ∈ Z2}.
A3 = {α = x1+x2a+x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(Z2Q8) |

x5 ≡ x7 (mod 2), x6 ≡ x8 (mod 2), xi ∈ Z2}.
A4 = {α = x1+x2a+x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(Z2Q8) |

x2 ≡ x4 (mod 2), x5 + x6 + x7 + x8 ≡ 0 (mod 2), xi ∈ Z2}.
A5 = {α = x1+x2a+x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(Z2Q8) |

x5 ≡ x7 (mod 2), x2 + x4 + x6 + x8 ≡ 0 (mod 2), xi ∈ Z2}.
A6 = {α = x1+x2a+x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(Z2Q8) |

x6 ≡ x8 (mod 2), x2 + x4 + x5 + x7 ≡ 0 (mod 2), xi ∈ Z2}.
A7 = {α = x1+x2a+x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(Z2Q8) |

x5+x6+x7+x8 ≡ 0 (mod 2), x2+x4+x6+x8 ≡ 0 (mod 2), x2+x4+x5+x7 ≡
0 (mod 2), xi ∈ Z2}.

Clearly, A1 ∪ A2 ∪ · · · ∪ A7 = Z2Q8 \ Z(Z2Q8), Ai ∩ Aj = ∅, ∀ i ̸= j and
| A1 |=| A2 |= · · · =| A7 |= 32.
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Second, ∀ α = x1 + x2a + x3a
2 + x4a

3 + x5b + x6ab + x7a
2b + x8a

3b ∈ Ai

and ∀ β = y1 + y2a+ y3a
2 + y4a

3 + y5b+ y6ab+ y7a
2b+ y8a

3b ∈ Γ(Z2Q8), we
can conclude that αβ = βα⇐⇒ β ∈ Ai. Moreover, we can conclude that each
connected component Ai (i = 1, 2, . . . , 7) is a complete graph. This completes
our proof. □

Lemma 2.9 ([9, Proportion 8.1.20]). Let R be a commutative Noetherian ring
and let G be an arbitrary group. Then there exist finitely many indecomposable
rings R1, R2, . . . , Rn such that RG ∼= R1G× R2G× · · · × RnG. In particular,
U (RG) ∼= U (R1G)× U (R2G)× · · · × U (RnG).

Theorem 2.10. Let p be a prime. Then Γ(Z2pQ8) is a connected graph and
diam(Γ(Z2pQ8)) = 3.

Proof. (1) If p = 2, by Theorem 2.3, the result follows.
(2) If p ≥ 3, by Lemma 2.6 and Lemma 2.9, we have Z2pQ8

∼= Z2Q8 ⊕Zp ⊕
Zp ⊕ Zp ⊕ Zp ⊕M2(Zp). Then ∀ α = (α1, α2, α3, α4, α5, α6) ∈ Z2pQ8 and β =
(β1, β2, β3, β4, β5, β6) ∈ Z2pQ8, where α1, β1∈Z2Q8, α2, β2, α3, β3, α4, β4, α5, β5
∈ Zp, α6, β6 ∈M2(Zp). By symmetry, we have the following cases to consider.

First, let A1, A2, . . . , A7 are the sets of vertices of the connected components
of Γ(Z2Q8). By Lemma 2.1, we know that there are p2 + p + 1 connected
components in Γ(M2(Zp)) and we denotes them as Bi, i = 1, 2, . . . , p2+p+1.

Case 1 Assume that α1 ∈ Z(Z2Q8), β1 ∈ Γ(Z2Q8), α6 ∈ Γ(M2(Zp)), β6 ∈
Z(M2(Zp)), then α-β is an edge of Γ(Z2pQ8).

Case 2 Assume that α1, β1 ∈ Z(Z2Q8), α6, β6 ∈ Γ(M2(Zp)). If α6, β6 ∈
Bi for some i, then α-β is an edge of Γ(Z2pQ8). Otherwise, (α1, α2, α3, α4, α5,
α6)-(0, 0, 0, 0, 0, α

′
6)-(β1, 0, 0, 0, 0, 0)-(β1, β2, β3, β4, β5, β6) is a path of Γ(Z2pQ8),

where α6, α
′
6 ∈ Bi.

Case 3 Assume that α1 ∈ Z(Z2Q8), β1 ∈ Γ(Z2Q8), α6, β6 ∈ Γ(M2(Zp)).
By similar argument above, we have the same results.

Case 4 Let α1, β1 ∈ Γ(Z2Q8), α6, β6 ∈ Γ(M2(Zp)).
Subcase 4.1 Suppose that α1, β1 ∈ Ai, α6, β6 ∈ Bj for some i, j, then α−β
is an edge of Γ(Z2pQ8).
Subcase 4.2 Suppose that α1, β1 ∈ Ai, α6 ∈ Bj , β6 ∈ Bk for some i, j, k,
j ̸= k, then (α1, α2, α3, α4, α5, α6)-(α1, 0, 0, 0, 0, 0)-(β1, β2, β3, β4, β5, β6) is a
path of Γ(Z2pQ8).
Subcase 4.3 Suppose that α1 ∈ Ai, β1 ∈ Aj , α6 ∈ Bt, β6 ∈ Bk for some i, j, k, t
and i ̸= j, t ̸= k, then (α1, α2, α3, α4, α5, α6)-(α

′
1, 0, 0, 0, 0, 0)-(0, 0, 0, 0, 0, β

′
6)-

(β1, β2, β3, β4, β5, β6) is a path of Γ(Z2pQ8), where α
′
1 ∈ Ai, β

′
6 ∈ Bk.

Therefore, Γ(Z2pQ8) is a connected graph and diam(Γ(Z2pQ8))= 3. □

Theorem 2.11. If n(> 1) is not a prime, then Γ(ZnQ8) is a connected graph
and diam(Γ(ZnQ8)) = 3.

Proof. Let n = pt11 p
t2
2 · · · ptmm with m ≥ 2 and t1, t2, . . . , tm ≥ 1, p1, p2, . . . , pm

are distinct primes and 2 ≤ p1 ≤ p2 ≤ · · · ≤ pm.
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(1) When m = 1, n = pt11 , t1 > 1, by Theorem 2.3, the result follows.
(2) If n = 2p, p is a prime, by Theorem 2.10, the result follows.
(3) We suppose m > 1, n ̸= 2p. Let Ri denotes Zp

ti
i
Q8, then by Lemma 2.9,

we have ZnQ8
∼= R1 ⊕R2 ⊕ · · · ⊕Rm ≜ R. Note that ∀ α = (α1, α2, . . . , αm) ∈

R,α ∈ Z(R) if and only if αi ∈ Z(Ri), ∀i = 1, 2, . . . ,m. So ∀ α = (α1, α2, . . . ,
αm) ∈ Γ(R), β = (β1, β2, . . . , βm) ∈ Γ(R), we should consider the following
three cases:

Case 1 Assume that ∀ i = 1, 2, . . . ,m, αi ∈ Z(Ri) or βi ∈ Z(Ri), then
α− β is an edge of Γ(R).

Case 2 Assume that there exists i ∈ {1, 2, . . . ,m} such that αi ∈ Z(Ri)
or βi ∈ Z(Ri). Without loss of generality, we can assume that αi ∈ Z(Ri),
and take γi ∈ Ri \ Z(Ri) such that βiγi = γiβi, where γi ̸= βi. Set γ =
(0, 0, . . . , γi, 0, . . . , 0) ∈ R, then γ ∈ Z(R) and γ ̸= α, β. So α − γ − β is an
path of Γ(R).

Case 3 Assume that ∀ i = 1, 2, . . . ,m, neither αi nor βi belongs to Z(Ri).
If there exists γi ∈ Ri \ Z(Ri), where i = 1, 2, . . . , m, such that αi − γi − βi
is a path of Γ(Ri), then we put γ = (0, 0, . . . , γi, 0, . . . , 0) ∈ R. It is obvious
that α−γ−β is an path of Γ(R). Otherwise, taking γ′ = (α′

1, 0, . . . , 0) ∈ Γ(R)
with α1α

′
1 = α′

1α1 and γ′′ = (0, . . . , 0, β′
m) ∈ Γ(R) with βmβ

′
m = β′

mβm, then
α− γ′ − γ′′ − β is an path of Γ(R).

Consequently, we must have Γ(R) is a connected graph and diam(Γ(R)) ≤ 3.
Furthermore, note that there must exist an odd prime q such that q ̸= pi, ∀ i =
1, 2, . . . ,m, we have qa, qb ∈ Γ(R), then by the similar argument of Theorem
2.3, we can conclude that there doesn’t exist a vertex α of Γ(R) such that
qa − α − qb is a path of Γ(R). Thus diam(Γ(R)) = 3. This completes the
proof. □

3. The maximum degree and the minimum degree of Γ(ZnQ8)

Lemma 3.1 ([8, Exercise 12]). The number of solutions of congruence equation
in x1, x2, . . . , xk: a1x1+a2x2+· · ·+akxk ≡ b (modm) which a1, a2, . . . , ak, b,m
are integers andm ≥ 1, is equal tomk−1(a1, a2, . . . , ak,m), if (a1, a2, . . . , ak,m)
| b.

Lemma 3.2. Assume that n = pt, x2, x4, x5, x6, x7, x8 ∈ {0, 1, 2, . . . , pt − 1},
where t ≥ 2, p ≥ 2 is a prime.

(1) Suppose p ∤ (x2 − x4, x5 − x7, x6 − x8). Then the number of solutions of
congruence system (∗) in y2, y4, y5, y6, y7, y8 is p4t.

(2) Suppose pτ || (x2 − x4, x5 − x7, x6 − x8), where 1 ≤ τ ≤ t− 1. Then the
number of solutions of congruence system (∗) in y2, y4, y5, y6, y7, y8 is p4t+2τ .

Proof. (1) First of all, since p ∤ (x2 − x4, x5 − x7, x6 − x8), without loss of
generality, we can suppose p ∤ (x2 − x4).

Case 1.1 Assume that x5 − x7 ̸≡ 0 (mod pt), x6 − x8 ̸≡ 0 (mod pt). Since
(x2−x4, x6−x8, pt) = 1, so by Lemma 3.1, we know that the number of solutions
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of the equation (2) is p3t. Suppose y2 ≡ y
(2)
s (mod pt), y4 ≡ y

(4)
s (mod pt),

y6 ≡ y
(6)
s (mod pt), y8 ≡ y

(8)
s (mod pt) are the solutions of the equation (2),

s = 1, 2, . . . , p3t. So we have
(4)

(x6 − x8)y
(2)
s + (x8 − x6)y

(4)
s + (x4 − x2)y

(6)
s + (x2 − x4)y

(8)
s ≡ 0 (mod pt).

Substituting y2 ≡ y
(2)
s (mod pt), y4 ≡ y

(4)
s (mod pt) into the equation (3),

and note that (x2−x4, pt) = 1, thus the equation (3) in y5, y7 has pt solutions,

denoted by y5 ≡ y
(5)
m (mod pt), y7 ≡ y

(7)
m (mod pt), m = 1, 2, . . . , pt. So we

have
(5)

(x5 − x7)y
(2)
s + (x7 − x5)y

(4)
s + (x4 − x2)y

(5)
m + (x2 − x4)y

(7)
m ≡ 0 (mod pt).

In addition, note that x5 − x7 ̸≡ 0 (mod pt), x6 − x8 ̸≡ 0 (mod pt), so by
equations (4) and (5), we have

(6)
(x5 − x7)(x6 − x8)y

(2)
s + (x5 − x7)(x8 − x6)y

(4)
s

+ (x5 − x7)(x4 − x2)y
(6)
s + (x5 − x7)(x2 − x4)y

(8)
s ≡ 0 (mod pt),

(7)
(x6 − x8)(x5 − x7)y

(2)
s + (x6 − x8)(x7 − x5)y

(4)
s

+ (x6 − x8)(x4 − x2)y
(5)
m + (x6 − x8)(x2 − x4)y

(7)
m ≡ 0 (mod pt).

From the above equations (6) and (7), we get

(x6 − x8)(x4 − x2)y
(5)
m − (x5 − x7)(x4 − x2)y

(6)
s

+ (x6 − x8)(x2 − x4)y
(7)
m + (x5 − x7)(x2 − x4)y

(8)
s ≡ 0 (mod pt).

Since p ∤ (x2 − x4), thus we have

(x6 − x8)y
(5)
m + (x7 − x5)y

(6)
s + (x8 − x6)y

(7)
m + (x5 − x7)y

(8)
s ≡ 0 (mod pt).

It follows that y5 ≡ y
(5)
m (mod pt), y6 ≡ y

(6)
s (mod pt),y7 ≡ y

(7)
m (mod pt),

y8 ≡ y
(8)
s (mod pt) satisfy the equation (1). Consequently,

y2 ≡ y(2)s (mod pt), y4 ≡ y(4)s (mod pt), y5 ≡ y(5)m (v pt),

y6 ≡ y(6)s (mod pt), y7 ≡ y(7)m (mod pt), y8 ≡ y(8)s (mod pt)

are solutions of the system (∗).
Therefore, the number of solutions of the system (∗) is p3t × pt = p4t.
Case 1.2 Assume that x5−x7 ≡ 0 (mod pt), x6−x8 ̸≡ 0 (mod pt). With the

same argument of Case 1.1, we know that the equation (2) has p3t solutions.
Moreover, note that p ∤ (x2 − x4), so the equation (3) has and only has pt
solutions, i.e., y5 ≡ y7 ≡ 0, 1, . . . , pt − 1 (mod pt), and all of them satisfy the
equation (1). Hence, the system (∗) has and only has p3t × pt = p4t solutions.

Similarly, if x5 − x7 ̸≡ 0 (mod pt), x6 − x8 ≡ 0 (mod pt), we also have the
same result.
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Case 1.3 Assume that x5 − x7 ≡ 0 (mod pt), x6 − x8 ≡ 0 (mod pt).
Notice that p ∤ (x2 − x4), thus y6 ≡ y8 ≡ 0, 1, . . . , pt − 1 (mod pt) and
y2 ≡ y4 ≡ 0, 1, . . . , pt − 1 (mod pt) satisfy the equation (2). And y5 ≡ y7 ≡
0, 1, . . . , pt − 1 (mod pt) and y2 ≡ y4 ≡ 0, 1, . . . , pt − 1 (mod pt) satisfy
the equation (3). Thus y2 ≡ y4 ≡ 0, 1, . . . , pt − 1 (mod pt), y5 ≡ y7 ≡
0, 1, . . . , pt − 1 (mod pt), y6 ≡ y8 ≡ 0, 1, . . . , pt − 1 (mod pt) satisfy the
equation (∗). Hence, the system (∗) has p2t × pt × pt = p4t solutions.

(2) We will consider it from two cases:
Case 2.1 Suppose x2 − x4, x5 − x7, x6 − x8 ̸≡ 0 (mod pt). Since pτ || (x2 −

x4, x5 − x7, x6 − x8), without loss of generality, we assume that x2 − x4 = pτu,
x5 − x7 = pλv, x6 − x8 = pσw, where p ∤ u, v, w and t− 1 ≥ σ ≥ λ ≥ τ ≥ 1.
Since (x2 − x4, x6 − x8, p

t) = (pτu, pσw, pt) = pτ , thus by Lemma 3.1, the
total number of solutions of the equation (2) is p3t × pτ = p3t+τ . Suppose

y2 ≡ y
(2)
s (mod pt), y4 ≡ y

(4)
s (mod pt), y6 ≡ y

(6)
s (mod pt), y8 ≡ y

(8)
s (mod pt)

are the solutions of the equation (2), s = 1, 2, . . . , p3t+τ . So we have

(8) pσwy(2)s − pσwy(4)s − pτuy(6)s + pτuy(8)s ≡ 0 (mod pt).

Substituting y2 ≡ y
(2)
s (mod pt), y4 ≡ y

(4)
s (mod pt) into the equation (3),

then we will conclude the following equation:

(9) pτuy5 − pτuy7 ≡ pλvy(2)s + pλvy(4)s (mod pt).

Since (pτ , pt) = pτ and pτ | pλ, thus the equation (3) in y5, y7 has pt ×
pτ = pt+τ solutions. And we denote the solutions as y5 ≡ y

(5)
m (mod pt),

y7 ≡ y
(7)
m (mod pt), where m = 1, 2, . . . , pt+τ . So we have

(10) pλvy(2)s − pλvy(4)s + pτuy(5)m + pτuy(7)m ≡ 0 (mod pt).

Moreover, notice that v, w ̸= 0, so by the equations (8) and (10), we have

(11) pσwvy(2)s − pσwvy(4)s − pτuvy(6)s + pτuvy(8)s ≡ 0 (mod pt),

(12) pλvwy(2)s − pλvwy(4)s + pτuwy(5)m + pτuwy(7)m ≡ 0 (mod pt).

Furthermore, we can get

(13) pλ−τ+σwvy(2)s − pλ−τ+σwvy(4)s − pλuvy(6)s + pλuvy(8)s ≡ 0 (mod pt),

(14) pσ−τ+λvwy(2)s − pσ−τ+λvwy(4)s + pσuwy(5)m + pσuwy(7)m ≡ 0 (mod pt).

So by the equations (13) and (14), we have

pσuwy(5)m − pλuvy(6)s − pσuwy(7)m + pλuvy(8)s ≡ 0 (mod pt).

Notice that p ∤ u, we get

pσwy(5)m − pλvy(6)s − pσwy(7)m + pλvy(8)s ≡ 0 (mod pt).
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Consequently, y5 ≡ y
(5)
m (mod pt), y6 ≡ y

(6)
s (mod pt), y7 ≡ y

(7)
m (mod pt),

y8 ≡ y
(8)
s (mod pt) satisfy the equation (1). Thus,

y2 ≡ y(2)s (mod pt), y4 ≡ y(4)s (mod pt), y5 ≡ y(5)m (mod pt),

y6 ≡ y(6)s (mod pt), y7 ≡ y(7)m (mod pt), y8 ≡ y(8)s (mod pt)

are solutions of the system (∗).
Therefore, the number of solutions of the system (∗) is p3t+τ×pt+τ = p4t+2τ .
Case2.2 If at least one of x2 − x4, x5 − x7, x6 − x8 is 0 in Zpt , then the

similar argument of Case 2.1 can be applied in here. □

Theorem 3.3. Suppose n = pt where p ≥ 2 is a prime and t ≥ 2. ∀ α =
x1 + x2a+ x3a

2 + x4a
3 + x5b+ x6ab+ x7a

2b+ x8a
3b ∈ Γ(ZnQ8).

(1) If p ∤ (x2 − x4, x5 − x7, x6 − x8), then d(α) = p6t − p5t − 1;
(2) If pτ || (x2 − x4, x5 − x7, x6 − x8), where 1 ≤ τ ≤ t − 1, then d(α) =

p6t+2τ − p5t − 1;
(3) The minimum degree δ(Γ(ZnQ8)) = p6t−p5t−1, while d(α=δ(Γ(ZnQ8))

if and only if p ∤ (x2 − x4, x5 − x7, x6 − x8).
(4) The maximum degree △(Γ(ZnQ8)) = p8t−2 − p5t − 1, while d(α) =

△(Γ(ZnQ8)) if and only if pt−1 || (x2 − x4, x5 − x7, x6 − x8).

Proof. (1) Assume that p ∤ (x2 − x4, x5 − x7, x6 − x8), then by Lemma 3.2,
we have d(α) = p2t · p4t − p5t − 1 = p6t − p5t − 1.

(2) Assume that pτ || (x2 − x4, x5 − x7, x6 − x8), then by Lemma 3.2, we
have d(α) = p2t · p4t+2τ − p5t − 1 = p6t+2τ − p5t − 1.

(3) and (4) follows directly by (1) and (2). □

Theorem 3.4. Suppose n = p where p is a prime. ∀ α = x1 + x2a + x3a
2 +

x4a
3 + x5b+ x6ab+ x7a

2b+ x8a
3b ∈ Γ(ZnQ8).

(1) If p = 2, then △(Γ(Z2Q8)) = δ(Γ(Z2Q8)) = 31;
(2) If pτ || (x2 − x4, x5 − x7, x6 − x8), where 1 ≤ τ ≤ t − 1, then

△(Γ(ZnQ8)) = δ(Γ(ZnQ8)) = p6 − p5 − 1.

Proof. (1) Owing to Theorem 2.8, the results follows.
(2) By the condition (1) of Lemma 3.2 for t= 1, we can conclude that the

number of solutions of congruence system (∗) in y2, y4, y5, y6, y7, y8 is p4. Hence,
△(Γ(ZnQ8)) = δ(Γ(ZnQ8)) = d(α) = p2 · p4 − p5 − 1 = p6 − p5 − 1. □

Remark 3.5. Suppose n > 1 and n has unique normal decomposition n =
pt11 p

t2
2 · · · ptmm with m ≥ 2, t1, t2, . . . , tm ≥ 1 and 2 ≤ p1 < p2 < · · · < pm where

p1, p2, . . . , pm are distinct primes. By Lemma 2.9, we have
ZnQ8

∼= Z
p
t1
1
Q8 ⊕ Z

p
t2
2
Q8 ⊕ · · · ⊕ Zptm

m
Q8.

Moreover, we denote this isomorphism by ψ. ∀ α = x1+x2a+x3a
2+x4a

3+
x5b + x6ab + x7a

2b + x8a
3b ∈ Γ(Z2Q8), let fi = xi and let fi1, fi2, . . . , fim

are the remainder of fi mod pt11 , p
t2
2 , . . . , p

tm
m , respectively. Then φ(α) =

(α1, α2, . . . , αm) where αi = xi1+xi2a+xi3a
2+xi4a

3+xi5b+xi6ab+xi7a
2b+



66 JIANLONG CHEN, YANYAN GAO, AND GAOHUA TANG

xi8a
3b ∈ Γ(Z

p
tλ
λ
Q8), λ = 1, 2, . . . ,m. By ([11], Remark 3.6), we have the

following results:
(1) let qσ denotes any term of pt11 , p

t2
2 , . . . , p

tm
m , then we can claim that if

there exists 1 ≤ τ ≤ σ − 1 such that qτ | fi, then we must have qτ | fis where
fis is the remainder of fi mod qσ.

(2) If qτ || fi, then we also have qτ | fis.

Corollary 3.6. Suppose n has at least two distinct prime divisors and the
normal decomposition of n and α have been given in Remark 3.5. Let Aλ =
{β ∈ ptλλ | αλβ = βαλ}, λ = 1, 2, . . . ,m.

(1) Assume that tλ = 1, pλ = 2. Then |Aλ| = 32.
(2) Assume that tλ = 1, pλ ≥ 3.

Then |Aλ|=
{
p6λ pλ ∤ (x2 − x4, x5 − x7, x6 − x8)
p8λ pλ | (x2 − x4, x5 − x7, x6 − x8).

(3) Assume that tλ ≥ 2, pλ ∤ (x2 − x4, x5 − x7, x6 − x8). Then |Aλ| = p6tλλ .
(4) Assume that tλ ≥ 2, pτλλ || (x2 − x4, x5 − x7, x6 − x8), 1 ≤ τλ ≤ tλ − 1.

Then |Aλ| = p6tλ+2τλ
λ .

(5) Assume that tλ ≥ 2, ptλλ | (x2−x4, x5−x7, x6−x8). Then |Aλ| = p8tλλ .

Theorem 3.7. Suppose n > 1, n ̸= pλ where p ≥ 2 is a prime and λ ≥ 1. The
normal decomposition of n has been given in Remark 3.5. ∀ α = x1 + x2a +
x3a

2+x4a
3+x5b+x6ab+x7a

2b+x8a
3b ∈ Γ(ZnQ8) and we define two subsets

I1, I2 of I = {1, 2, . . . ,m} as following:
I1 = {σ ∈ I | ∃τσ, 1 ≤ τσ ≤ tσ−1, such that pτσσ || (x2−x4, x5−x7, x6−x8)},
I2 = {λ ∈ I | pτλλ | (x2 − x4, x5 − x7, x6 − x8)}. Then

(1) Assume that pi ̸= 2. Then d(α) = n6
∏

σ∈I1−{1} p
2τσ
σ

∏
λ∈I2−{1} p

2τλ
λ −

n5 − 1;
(2) Assume that p1 = 2, t1 = 1. Then d(α) = 32n6

∏
σ∈I1−{1} p

2τσ
σ

∏
λ∈I2−{1}

p2τλλ − n5 − 1;

(3) Assume that p1 = 2, t1 ≥ 2. Then d(α) = n6
∏

σ∈I1
p2τσσ

∏
λ∈I2

p2τλλ −
n5 − 1.

Proof. (1) ∀ α, β ∈ ZnQ8, φ(α), φ(β) are defined in Remark 3.5. Then

αβ = βα

⇐⇒ (α1, α2, . . . , αm)(β1, β2, . . . , βm) = (β1, β2, . . . , βm)(α1, α2, . . . , αm)

⇐⇒ αiβi = βiαi, i = 1, 2, . . . ,m.

By Corollary 3.6, and note that |Z(ZnQ8)| = n5, we have d(α) =
∏

σ∈I1−{1}
p6tσ+2τσ
σ

∏
λ∈I2−{1} p

8τλ
λ

∏
k∈I−I1−I2−{1} p

6tk
k − n5 − 1 = n6

∏
σ∈I1−{1} p

2τσ
σ∏

λ∈I2−{1} p
2τλ
λ − n5 − 1.

By the similar argument above, we can conclude that the formulas of (2)
and (3). □
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Theorem 3.8. Suppose n > 1, n ̸= pλ where p ≥ 2 is a prime and λ ≥ 1. The
normal decomposition of n has been given in Remark 3.5. ∀ α = x1 + x2a +
x3a

2 + x4a
3 + x5b+ x6ab+ x7a

2b+ x8a
3b ∈ Γ(ZnQ8).

(1) Assume that pi ̸= 2, then δ(Γ(ZnQ8)) = n6 −n5 − 1 and △(Γ(ZnQ8)) =
n8

p2
2
− n5 − 1;

(2) Assume that p1 = 2, t1 = 1, then δ(Γ(ZnQ8)) = 32n6 − n5 − 1 and

△(Γ(ZnQ8)) =
32n8

p2
2

− n5 − 1;

(3) Assume that p1 = 2, t1 ≥ 2, then δ(Γ(ZnQ8)) = n6 − n5 − 1 and

△(Γ(ZnQ8)) =
n8

p2
2
− n5 − 1.

Proof. (1) By Theorem 3.7, we have d(α) = δ(Γ(ZnQ8)) ⇐⇒ I1 = ∅ and
I2 = ∅. Thus δ(Γ(ZnQ8)) = n6 − n5 − 1. Moreover, if t2 = 1, then d(α) =
△(Γ(ZnQ8))⇐⇒I1={2} and I2={3, 4, . . . ,m}. So we derive that

△(Γ(ZnQ8))=
n8

p22
− n5 − 1.

By the similar argument above, we can conclude that the formulas of (2)
and (3). □
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