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ON THE TATE-SHAFAREVICH GROUP OF
ELLIPTIC CURVES OVER Q

DonyEoNG KIM

ABSTRACT. Let E be an elliptic curve over Q. Using Iwasawa theory,
we give what seems to be the first general upper bound for the order of
vanishing of the p-adic L-function at s = 0, and the Zp-corank of the
Tate-Shafarevich group for all sufficiently large good ordinary primes p.

1. Introduction

Let E be an elliptic curve defined over Q. We recall that the Tate-Shafarevich
group of F/Q is defined by

III(E/Q) = Ker <H1 (QE@) — [[H' (@mE(Qv))) ;

where v runs over all places of QQ, and Q, is the completion of Q at v. Let p
be a prime number. It is well-known that the p-primary subgroup of II(E/Q)
has a finite Z,-corank, and we denote this corank by ¢,. It is conjectured that
t, = 0 for every prime p, but this is unknown when the complex L-function
has a zero of order at least 2 at s = 1. In principle, arguments from Galois
cohomology give an upper bound for t,, but the estimate is so bad that no
one has ever written it down. In this paper, we will use p-adic arguments
from Iwasawa main conjecture, combined with a theorem in [1] on the non-
vanishing of twisted complex L-functions, to give an upper bound for the order
of vanishing of p-adic L-function at at the Birch-Swinerton-Dyer point in the
p-adic plane, which we normalize to be the point s = 0. We prove:

Theorem 1. Let p be a prime of good ordinary reduction for E. Let h;, be the
order of vanishing at s = 0 of the p-adic L-function of E. Then, h; < Cp?,
where C' > 0 is independent of p but dependent on E.

As a corollary, we prove:
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Corollary 1. Let C be the constant appearing in the above theorem. Then
t, < Cp® — gg for all good ordinary primes p.

Our proof uses some deep arithmetic results, which includes the modularity
of E, the non-vanishing theorem in [1], and Kato’s proof of a weak form of the
Iwasawa main conjecture for E over the cyclotomic Z,-extension Q¢ of Q [4].
We hope to prove an analogous result for supersingular primes in a subsequent
paper. In the special case in which E admits complex multiplication, the
stronger result is proven in [2] that t, < (1/2 + €)p for all sufficiently large
good ordinary primes p, but the proof is special to elliptic curves with complex
multiplication.
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field of Iwasawa theory of elliptic curves and suggesting the problem to me.
Without the valuable discussions we had, this article would not have been
written. I wish to thank YoungJu Choie from whom I learned the analytic
theory of modular forms. Jeehoon Park is also acknowledged for carefully
reading the manuscript and giving me numerous suggestions. Finally, I would
like to thank David Rohrlich for pointing out the improved result on non-
vanishing proved in [1].

2. The complex and p-adic L-function

Let N be the conductor of E. By the modularity theorem, there exists a
primitive cusp form of weight 2 for I'g(V)

f(T) _ Z an€2ﬂ'in
n=1

such that the complex L-function L(E, s) is equal to L(f,s) = >~ a,n~*. In
particular, this deep result establishes the analytic continuation and functional
equation for L(E,s), and all its twists by Dirichlet characters. Unfortunately,
even though it is predicted by the conjecture of Birch and Swinnerton-Dyer no
way is known at present for showing that L(E, s) has a zero at s = 1 of order
greater than or equal to gg, the rank of F(Q). However, using Iwasawa theory,
one can show this holds for the p-adic analogue of the complex L-function.
Let p be a prime number not dividing N and let x be a Dirichlet character of
conductor p” for some positive integer r. Write f, (resp. L(f,x,s)) for the
twist of f (resp. L(E,s)) by x defined by f, (1) = Y oo anx(n)e*™™ (resp.
L(E,x,s) = Yo anx(n)n=%). Let Q be an algebraic closure of Q and fix
embeddings of Q into C and Q into Cp. Further assume that E has good
ordinary reduction at p. It is well known that p is an ordinary prime for F
if and only if p does not divide a,. In this case, there is a unique root « of
X? — a,X + p, which is a p-adic unit. Let Qg be the smallest positive real
period of a Néron differential on a global minimal equation for E over Q. If
X is a dirichlet character, let ¥ be its complex conjugate and let 7() be the
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associated Gauss sum. For s € Z,, we have the p-adic L-function L,(f, x, ),
which has the following interpolation property (See §14 of [6]).

Theorem 2. Let p be any prime of good ordinary reduction. Then, if x is a
nontrivial Dirichlet character of conductor p™ > 1, we have

! Lo(fiy.0) = ZESX D
(1 W0 = T

We need an interpretration of this p-adic L-function in terms of formal power
series with coefficients in Z,. Put I' = Gal(Q®°/Q) and pick a topological
generator y for I'. We identify the Iwasawa algebra A(I") with Z,[[T']] by sending
7 to 1 +T. Fix an isomorphism ZY = A x Z, and identify Gal(Q(up~)/Q)
with Z; via the p-adic cyclotomic character. Now we can regard Dirichlet
characters of p-power conductor and p-power order as characters for I'.

It is then well-known (See Theorem in §14 of [6]) that there exists an integer
cg and an element

(2) G(T) € ' Z,[T]

such that L,(f,x,0) = G(x(v) — 1) for all Dirichlet characters x of p-power
conductor and p-power order. Note that, by the Weierstrass preparation the-
orem, such a G(T) is uniquely determined by the values G(x(v) — 1) for all
Dirichlet characters x. We remark that cg is known to be 1 in most cases, but
it is not important for us.

3. Integrality of certain L-values
Define .
o(r) = 27ri/ f(z)dz

for r in QU {oco}. Write @ for the image of ¢. Let Q be the least purely
imaginary period of the Néron differential. It is well-known that there is an
integer cp satisfying the equation (2) and such that cg® is contained in the
lattice generated by QF (See Thm 1.2. of [5]).

Proposition 1. Let x be an even Dirichlet character of conductor p”. Then,
a"cgL,(f,x,0) is an algebraic integer in Q(x), the field generated by the values
of x.
Proof. By Birch’s lemma, if x is a Dirichlet character of conductor m, then we
have

fx(z):ﬁ Z X(a)f(z‘f‘a)'

Applying it to the equation (1), we obtain
p'L(f, X, 1) 1 a

Qparr(x) Qpar

a mod m

a mod m
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In the last line, we used the representation of the complex L-function by the
integral

0
(3) L(f,x,1) = 27ri/ fx(2)dz
(oo}
and the formula |7(x)|?> = p". Multiplying both sides by cza”, we get the
result from the assumption that y is an even character. O

4. p-adic L-function and the main conjecture

We recall the structure theory of finitely generated torsion A(T')-modules.
Let A be a finitely generated torsion A(T')-module. Then there is an exact
sequence

0——=@F_; AI)/F;A(L) A D 0,

where D is finite and Fj’s are nonzero elements in A(I"). Let F' be the product
of all F}’s. We call F' a characteristic power series of A and it is well-defined
up to multiplication by a unit of A(T"). If we have a short exact sequence of
torsion A(T')-modules

0 Al A A" 0,

then F - A(T) = F'F” - A(T'), where F, F/ and F" denote characteristic power
series of A, A" and A” respectively. We recall that the (p-primary) Selmer
group is defined by

Sel(B/K) := Ker (Hl(K, E[p™)) — HHl(KU,E)),

where K is a finite extension of Q and E[p™] denotes the Galois module of

p-power division points of E(Q). Put
cycy _ 1:
Sel(E/Q°) _1LnSel(E/K),

where K runs over the finite extensions of Q contained in Q¥¢, and the induc-
tive limit is taken with respect to the restriction maps on the Galois groups.
Define the Pontryagin dual of the Selmer group as

X(E/K) = Hom(Sel(E/K),Q,/Z,).

The following deep theorem (Theorem 17.4 in [4]), which says that one divisi-
bility of the Iwasawa main conjecture is true, is due to Kato.

Theorem 3. Let G(T) be the power series from Section 2 corresponding to
L,(f,x,s). Then X(E/Q%°) is a torsion A(I')-module and its characteristic
power series F(T) divides p"G(T') for some non-negative integer n.

Using the above theorem of Kato, we will prove the following theorem which
is one of the main ingredients for the proof of Theorem 1.
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Proposition 2. Let h, be the Z,-corank of Sel(E/Q). Then G(T)=T"»G(T),
where Go(T) is an element of c'Z,[[T]]. In other words, h, < hy,, where h;,
denotes the exact power of T dividing G(T).

Proof. Let S be the set containing p and the primes where E has bad reduc-
tion. Denote by Qg the maximal extension of Q unramified outside S and the
archimedean places. Consider following exact sequence

0 — Ker(a) — Sel(E/Q) —*= Sel(E/Q¥°) ,

where « is the restriction map. To simplify notation, let B’ be E[p>] and B
be E[p>®](Q®°). I claim that the image of « is contained in Sel(E/Qe).
Indeed, we have Sel(E/Q) C H'(Gg,B’) and Sel(E/Q%°) c HY(GY*, B'),
where G = Gal(Qg/Q) and G¢° = Gal(Qs/Q°) (See Ch.X Cord.4, [7]).

Then it follows from the inflation-restriction sequence that
0 ——= HY(T, B) —= H'(Gg, B') —% = H'(G%*, B')' |

Since G = Gal(Qs/Q*) and « is restriction of o/, I" acts trivially on the
image of a. Now note that the group H*(T, B) sits inside the 4-term exact
sequence

1—y

0 BT B B HYT,B) —=0.

Since BT = E[p>](Q) is finite and the alternating sum of Z,-corank is 0 in
an exact sequence, it follows that Ker(«) is also finite. Taking the Pontryagin
dual of o, we have a map

X(E/Q¥)r — X(E/Q) = ZZP x a finite group

with finite cokernel. Taking further quotient of the latter, we may assume that
X (E/Q¢) maps surjectively onto ZZ”. Composing the above map with the
natural surjection from X (E/Q%¢) to X (E/Q%¢)r, we obtain a I'-equivariant
surjective homomorphism

B: X(E/Q¥°) — Zl»,

where I' acts trivially on ZZ’”. In other words, we have a I'-equivariant short
exact sequence

0 — > Ker(8) —— X(B/Qv°) —2=7lr 0.

Note that then a characteristic power series of Zg” as A(T')-module is Th». If
we denote by Fy(T) a characteristic power series of ker(3), we have F(T') =
Th» Fy(T) from the above short exact sequence. Now we apply Theorem 3 to
obtain

T Fo(T)FA(T) = p"G(T)
for some Fi(T) in A(T'). Since Z,[[T]] is a UFD, the assertion follows. O
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We remark that no analogue of this argument is known for the complex
L-function.

5. The proof of the main theorem

We need the following result (Theorem 3 in [1]) due to Chinta.

Theorem 4. Let E be an elliptic curve of level N. Let q be a power of an odd
prime number with (¢, N) = 1, and x a primitive Dirichlet character mod q.
Then

L(E,x,1) #0
provided that
©(q) 5
< 1
7 (otag) <9<
and
(4) q >, Nl/(178576)'

The implied constant depends only on § and €, and o1(m) is the sum of positive
divisors of m.

For our application, we fix § and e and, therefore, the right side of the
equation (4) is a constant independent of p. An immediate corollary is the
following.

Corollary 2. Under the same assumptions as above,

L(E,x,1) #0

for all primitive Dirichlet characters x modulo p" of p-power order provided
that v > 9 and p is sufficiently large.

Proof. Tf x has conductor p” and p-power order, then ¢(q) = ord(x)(p — 1).
From elementary number theory, we have a bound oy (m) = o(m!*¢) for any €
(For the proof see Theorem 322 of [3]). Therefore, the conditions of Theorem 4
are satisfied if p is sufficiently large and r > 9. (]

Suppose now that y is a Dirichlet character of conductor p” and order p"—!.

By class field theory, we can view such a x as a character of the cyclotomic
Zy-extension of Q. Put x = a"cgL,(f, x,0). For o € Gal(Q(x)/Q), we write
x7 for the image of  under 0. We will apply the product formula to [ z7 to
prove Theorem 1. From now assume that x is nonzero, which is guaranteed by
Theorem 4 when r > 9 and p is sufficiently large. We first prove the following
estimations which will be used in the proof of Theorem 1. Recall that T" is the
exact power of p dividing the formal power series G(T), say G(T) = T"» Gy (T).

Lemma 1. For all sufficiently large good ordinary primes p, we have |z7|, <
pfh;/w(p"*l)_
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Proof. Without loss of generality, we assume that o is the identity. If we put
¢ := x(v), then ( is a primitive p"~!-th root of unity. By Proposition 2, we
have

Lp(vaa 0) = (g - 1)hpG1 (C - 1)
Applying Proposition 2, we obtain

‘x|p - |QTCELp(faX7O)|p
(¢~ 1)™G1(¢ — 1),

—hy /@)

< p d

Lemma 2. Suppose x is a Dirichlet character of conductor p”. Let x° be
the Dirichlet character defined by x°(n) = o(x(n)). We have |L(f,x%,1)| <
ClpT/Q.

Proof. Without loss of generality, we may assume o is the identity. We use
Birch’s lemma. Recall that there are finitely many cusps and there is a bound
C4 which depends only on E such that Cy > |¢(r)| for all r € Q U {oo}.

o / h fX(it)dt‘
0

=
—
=
3
-
I

<1 a
277/ — x(a)f(it + —)dt
) 700 2 X )
< Cyp2
In the last line we used the formula |7(x)| = p"/? and the integral of one of the

p" terms in the summation is at most Cj. O

To connect the estimations of p-adic absolute value and complex one, we
observe the following. For each place v of Q, let | |, be the corresponding
valuation. Then the product formula asserts that

H|a\v =1

v

for all non-zero a in Q. In particular, if a is a non-zero integer, this implies
that

laly > lal3!
for every finite place v. Using this, we obtain the following inequality.
Proposition 3. We have
/ -1 -1
hy, <re(™ ") + 0(p" ") log, Co.
In particular, there is a constant Cy such that we have

(5) hy, < Corp™ ™"



162 DOHYEONG KIM
Proof. We begin from the product formula;
~1
NEREE
g p g

Here o runs through Gal(Q(x)/Q) which has p(p"~!) elements. Applying
Lemma, 1 to the left-hand-side, we obtain

(6) Oy 0y <[ [T

o0

-1
p
To the right-hand-side, we apply Lemma 2 and Theorem 2 to obtain

(7) 1IEs

where Cy = cpC,/Q}, only depends on E. Here we used |7(x)| = p"/? and
Theorem 2. Combining the equations (6) and (7) and taking logarithms to the
base p, we obtain

2 ond Theoren 2 0.
T e )

hy, < @(p" ") log, Cy +ro(p" ™). O

Now we can prove Theorem 1. Taking a Dirichlet character x of conductor
p° and order p® with a sufficiently large prime p, z is nonzero by Corollary 2.
Then the equation (5) is now

(8) hy, < 9Cop°.

By Theorem 2, we have h, < h; and the proof of Theorem 1 is complete.
Now we prove Corollary 1. Consider the exact sequence

0 —> B(Q) ® Qy/Z, —> Sel(B/Q) — LI(E/Q)[p] — 0.

Since Zy-corank of E(Q)®Q,/Z, is gr and the Z, corank is additive in a short
exact sequence of abelian groups, we have gg 4+ t, = hp,. Therefore, we have
t, < Cp® — gr by Theorem 1.
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