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CHARACTERIZING COMPLEX LOCALLY
MINKOWSKI SPACES BY
HOLOMORPHIC SECTIONAL CURVATURE

XINXIANG CHEN AND RONGMU YAN

ABSTRACT. In this paper, we prove that a complex Finsler manifold is
a complex locally Minkowski space if and only if it is a strictly Kahler-
Berwald manifold with zero holomorphic sectional curvature.

1. Introduction

Recently, more and more people have been attracted to the study of Finsler
geometry. The study of Finsler spaces has many applications in physics and
biology. In complex Finsler geometry, people think the notion of Kahler-Finsler
metrics is the extension of the Kéhler metrics. Actually, the Kéhler-Berwald
metrics may be the closest non-Hermitian complex Finsler metrics to the Kéhler
metrics. Therefore, to explore the properties of the Kéhler-Finsler metrics and
the Kahler-Berwald metrics is one of the most important tasks in complex
Finsler geometry.

Here we will describe the characterization of the Kéhler-Berwald manifolds
with zero holomorphic sectional curvature.

Main Theorem. Let F be a complex Finsler metric on a complexr manifold
M. Then it is a complex locally Minkowski metric if and only if it is a strictly
Kahler-Berwald metric with vanishing holomorphic sectional curvature.

A complex Finsler metric is a strictly Kahler-Finsler metric in the sense that
it is a K&hler-Finsler metric satisfying the following condition on the torsion of
the induced Chern-Finsler connection by F:

(1) (0g0(H,x,K),x) =0 forall H K cH,

where H refer to the (1,0)-part of complex horizontal bundle. M. Abate and
G. Patrizio [1] have ever used this condition to discuss those complex Finsler

Received January 1, 2010.

2010 Mathematics Subject Classification. 53C56, 32Q99.

Key words and phrases. complex Berwald manifold, holomorphic sectional curvature,
complex locally Minkowski space.

Supported by the Fundamental Research Funds for the Central Universities (2010121002,
2011121040).

(©2012 The Korean Mathematical Society
49



50 XINXIANG CHEN AND RONGMU YAN

metrics with nonpositive constant holomorphic sectional curvature. Notice that
it is different from the definition of a strongly Kéahler-Finsler metric.

A special case of the main theorem has been proved by the second author
[13, 14] with a stronger assumption.

Here we refer to [1] and [13] for all other definitions and notations.

2. Proof of the main theorem

From now on, we assume F' is a strictly Kahler-Berwald metric on a complex
manifold M with zero holomorphic sectional curvature. Using the coefficients

Pgw’ we define the complex Berwald connection:
ove 0

V= VAre v

DV = (g TV i) gpm @ 02

for a holomorphic vector field V' = Vo‘az%. Obviously, D is a linear connection
since F' is complex Berwaldian.
The curvature forms of D are
QF = dwP — W) /\wf,

where w? = I‘g;adﬁ.
Under local coordinate system, we can write

L 50
(2) QF = SK[ sd2" AdZ,
ors .

We know from [1, 3, 12] that the holomorphic sectional curvature of (M, F)
is

GosK2 5979y 9
K(X) = G2 )
2G*(y)
where X €e T,M,pe M,and X =y+9,y € Tpl’OM7y = yaafa. It is clear that

the holomorphic sectional curvature of D is equal to that of F.

Since (M, F') is a Kéhler-Berwald manifold, I'g, o and K 5 5 is independent
on y.

Let V be the Chern-Finsler connection associated to F. In local coordinates,
the curvature operator of V is given by

QF = RY.,,dz" Adz” + R3500° Ad2 + Ry, dz" A7 + RGsst® A7,

where

Rg;uﬁ = _5’7(Fg;u) - ga(sﬁ(rfu)’
Rgé;ﬁ = _69( g5)7
g;w = —04( g;u) —-T%, A
RE‘(W = _37( %5)-
]

The notations here are similar to [1].
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Since (M, F) is with zero holomorphic sectional curvature, then
(3) GosKe 5975y 5’ = 0.
Denote Kﬂal“j = GaaKEMl—/, Rﬁ&;pﬁ = GO‘BR%;M?’ then

1 o
Rﬂ&;,u.f/ = iKﬁaﬂﬁ - Gaarﬁ(g&;(f‘i‘),
and

1
(4) Rﬁﬁmﬂyﬁ = §Kﬁfwﬂyﬁ'

By Lemma 3.1.6 in [1], condition (1) is equivalent to
(QH,K)x,x) = (Qx, K)H,x) forall H K ¢cH.
Under local coordinates, it is
Rﬁﬁ;uﬁyﬁyy = Ruz,p0Y
Furthermore, by (1.4) in [3],
Fomr = R

oBvi
Notice that Kgs.p = K585, so we have
(5) Kﬁ&uﬂyﬂyugy = Kﬁﬁpﬁyﬂyugy'
Differentiating on g for both sides of (3), it turns into
K0575y0y7g6 =0,
where we have used (5). It turns into

K:,ng”y“’g’s =0.

Differentiating again on § and y, we can have

o —
oys = 0.

For any fixed point p € M, let (z°) be any local holomorphic coordinate

51

system on some open set U with 2z%(p) = 0. For any holomorphic vector X (p) €

TI}*OM , we want to extend it to a covariantly constant holomorphic vector field
X (that is, DX = 0) on U. Let v(z!) := (21,0,...,0) be the z!-coordinate
complex surface that passes through p, z! = x! + iy!. Since D is linear, we
can parallel translate X (p) along the real axis. At each point along the real
axis, we now have a holomorphic vector. Parallel translate this vector along
the direction parallel to the imaginary axis, we have thus extended X (p) to a
holomorphic vector field X (2,0,...,0) on the z'-coordinate complex surface

¥ :={z|z=(2%,0,0,...,0) € U} that passes through p.
Since the holomorphic sectional curvature of D vanishes, we have

DLDLXfDLDLXZO onEl.
oxl Byl Byl Er
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But by construction, D o X =0on X%;. SoD o X is parallel along the

imaginary coordinate curve and it vanishes at the pomts on the real coordinate
curve. Thus it must be identically zero along the z!-coordinate complex surface.
Hence D 2 X =0on X;.

By followmg the similar step as above, we can extend X onto Xp := {z |z =
(2%,22,0,...,0) € U}. Obviously,

(6) Do X=0 on

We would show that D 2 X = 0is also true on .

We digress to conbtruct a linear connection on M as a real manifold. Let
{z',...,2"} be a set of local coordinates, with z* = z® + iz" "%, so that
{xb, ... 2™ 2" .. 2?7} are local real coordinates. We use the same conven-
tion as [13]: Lowercase greek indices will run from 1 to n, whereas lowercase

roman indices will run from 1 to 2n.
We write w? = 02 + /=16217, and let 617 = 02,07, = —675. These

a’ ' n+ta
{6} can be used as a connection form on M, i.e., we define

~ 0 0
D— =0"—.
oz 0z
If we write 00 = I dz°, the relation of I‘fg;a and T, is just the (5) and (6)
n [13]. It is easily known that D can be looked as the complexified linear

extension of D. A
The curvature form of D is

Qb = dh’ —0° N 6"

Obviously,
Qf = 0 + V=107t
and
ortl—ef e, =-ert’

n+a

If we denote the curvature tensors of D and D by R and R respectively, then
R is also the complexified linear extension of R.

Now we return to our proof.

Since D is with vanishing holomorphic sectional curvature, then Q2 = 0 and
©> = 0 by the above discussion. Hence both the curvature tensor R and R
vanish. Now we have

DLDLX—DLDLX:() OHEQ.
2.1 2.2 5.2 o1
By this formula and (6), D 2 X is parallel along the z%-coordinate and it

vanishes at the points on the 21 :={(2%,0,...,0) € U}. Hence D o X =0 on
9z1
.
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This process of extension can be continued until one obtains a holomorphic
vector field X on U satisfying D 2 X =0 for all @. And this last property is
equivalent to Dy X = 0 for all holomorphlc vector fields Y.

Now we take any basis {Xq(p)} of T M and, through the above proce-
dure, extend it to a collection of covariantly constant holomorphic vector fields
{X4} on U. These holomorphic vector fields form a basis at every holomor-
phic tangent space in U. Also, since a Kéhler-Finsler metric must be strongly
Kahler-Finslerian for a complex Berwald metric and the torsion must vanish
for a strongly Kéahler-Finsler metric, it implies that [X,, X3] = 0. So one can
construct local coordinates (z*) on U such that X, = 3%.
Dx X, = 0 then implies that I‘g;a = 0. So under this coordinate, it gives
aaGZ 28 = (0. And (M, F) is a complex locally Minkowski space.

Conversely, suppose (M, F') is a complex locally Minkowski space. Obviously
F;ﬁa vanishes in some privileged coordinate charts and so Ff;a. This means
(M, F) is a strictly Kahler-Berwald space with vanishing holomorphic sectional
curvature. And we finish our proof of the main theorem.

The statement

3. Two examples of complex locally Minkowski spaces

Example 1. Let M be a complex manifold with an Hermitian metric «, and 8
be a (1, 0)-form on M. If a function F'(«, /3) satisfies the conditions in Definition
2.3.1 and Definition 2.3.5 in [1] as a function from T1°M to R, then F(a, 3)
is called a complex («, 8)-metric on M.

We know from [2] that if the (1,0)-form § is holomorphic and parallel with
respect to the Hermite connection induced by «, then (M, F(«a, 3)) is a complex
Berwald manifold. If we further assume « is a Kéhler metric, then (M, F(«, 3))
is a Kéahler-Finsler manifold. Under these conditions, if « is also with vanishing
holomorphic sectional curvature, then I'g | = 0. Hence (M, F(a, B) is a strictly
Kéhler-Berwald manifold with zero holomorphic sectional curvature, and it is
a complex locally Minkowski space by the main theorem.

Example 2. Let (M, ), (Ms,3) be Hermitian manifolds. F.(e > 0) is the
complex Szabd metric on the product manifold M7 x M,y defined by

P = fa(n)? + Bla)? +<(almn)? + Blu2) )

where y = y1 ©yo = (vb,..., om0 L omt) € THO(My x M), 2 =
(2’1,22) € My X Ms, y1 = (’Ul,...,Um) S Tzll’OMl,yQ = (’Um+1,...,1}m+n) S
Tzlz;OMg, and k > 1 is a positive integer.

We have known in [5] that F. is a strongly pseudoconvex complex Finsler
metric. Furthermore, F; is strongly Kéhler-Finslerian if o and g are both
Kahler metrics. In fact, the coefficients of Chern-Finsler connection can be
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written as follows:

— a”vliij 1<4i,7<m
Nj(y) = A b, mA+1<ij<m+4n
0 otherwise.

For X = (X1, X5) =y+7 € T.(M; x Ms), by a direct computation, we have

K(z, X)
1
T Y0, v a+m Y+m=0+m\, pt+m-—v+m
ae? (Aa,sT5, v 00D +Bba+m75+m117+mm+ P DT TG

1
= @(AKQ(ZI, Xl) —|— BK,@(ZQ, XQ)),
where G= F2, A= 1+4¢e(a?*+42%)) 8 ~1a2k-1) B= 14e(ak+32k)5—152(-1),

Now we can easily know that (M; x Ms, F.) is a complex locally Minkowski
space if both (M7, ) and (M3, 8) have vanishing holomorphic sectional curva-
tures.
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