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SOLVABILITY FOR A CLASS OF THE SYSTEMS OF THE
NONLINEAR ELLIPTIC EQUATIONS

TACKSUN JUNG AND Q-HEUNG CHOI

ABSTRACT. Let Q be a bounded subset of R™ with smooth boundary. We
investigate the solvability for a class of the system of the nonlinear elliptic
equations with Dirichlet boundary condition. Using the mountain pass
theorem we prove that the system has at least one nontrivial solution.

1. Introduction

Let € be a bounded subset of R™ with smooth boundary. Let 0 < A\ <
Ao <o < A < -+ be the eigenvalues of the eigenvalue problem for a single
elliptic equation —Awu = Au with Dirichlet boundary condition and ¢ be the
eigenfunction corresponding to the eigenvalue A\;, £ > 1. Let F: R™ — R be a
C? function such that F(0,...,0) = 0. In this paper we are concerned with the
multiplicity of the solutions for a class of the system of the nonlinear elliptic
equations with Dirichlet boundary condition

—Auy = Fy, (ug, ..., up) in Q,
—Aug = Fy, (U1, ..., up) in Q,

—Au, = F,, (u1,...,up) in Q,
ui(x) =0 on 09,

where u;(x) € W)2(Q) and Fy, (u1,...,u,) = W Let U = (uy,...,
un), Fy(U) = gradF(U) = (Fy, (U1, yUn), ..., Fy, (u1,...,uy,)) and | - | de-
note the Euclidean norm in R™. Let H be a Cartesian product of the Sobolev

spaces W&’Q(Q,R), ie, H = W(}’Z(Q,R) X e X W&’Q(Q,R). We endow the
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Hilbert space H with the norm
n
1U1? =" llual?,
i=1

where [u;[|? = [, [Vu;(z)|*dx.
We assume that F' satisfies the following conditions:

. F.,(U) _
(F1) lmy, .. u,)—(0,...0) o~ = 0
. Fo. (U .
(F2) Iim)y) oo W =o00,1=1,...,m,
(F3) U - Fy(U) > uF(U) Y,
F4) |Fpy (res-omn)| + o+ B (rn )l < A(Im]” + o+ ),

V71, ...,Tn, where v > 0, p €]2,2"[[ v < 2* =1 — (2* — p)(1 — 22**/),
R

Some papers of Lee [13, 16, 17, 18] concerning the semilinear elliptic system
and some papers of the other several authors [10, 15] have treated the system
of this kind nonlinear elliptic equations. In [1, 2, 3, 7] the authors studied the
existence of solutions of the single elliptic equation. In [4, 5, 6, 8, 9, 11, 12, 14,
19, 20, 21] the authors used variational methods and critical point theory for
the existence and multiplicity of solutions of boundary value problems.

System (1.1) can be rewritten by

~AU =VF(U) in Q,
U=0 on 9.

In this paper we are looking for the weak solutions of the system (1.1) in H,
that is, U = (uy ..., u,) € H such that

/[—AU Vide— [ Fo(U)- V=0 forall Ve,
Q Q

where Fyy(U) = VF(U) = (Fy,(U),..., F,, (U)).
Our main result is the following:

Theorem 1.1. Assume that F satisfies the conditions (F1)-(F4). Then the
system (1.1) has at least one nontrivial solution.

For the proof of Theorem 1.1 we approach the variational method and use
the generalization of the mountain pass theorem. In Section 2, we obtain some
results on the operator —A on Wol’2 (Q), F, the functional I on H, and recall the
generalization of the mountain pass theorem. In Section 3, we prove Theorem
1.1 by the mountain pass theorem.

2. Some results on —A, F, I and generalized mountain pass
theorem

In this section we obtain some results on the operator —A on Wy*(),
F, the functional I on H, and recall the generalization of the mountain pass
theorem. Since A; > 0 for all ¢ > 1, we have the following lemma.
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Lemma 2.1. Let u € Wy ?(Q,R) and || - || be a Sobolev norm. Then
(i) llull = Cllullz2(q) for some constant C > 0,
(ii) [[ull = 0 if and only if ||ul[2(q) =0,
(it)) —Au € Wy (2, R) implies u € W, (Q,R).

Proof. (i) Let A; be an eigenvalue of the eigenvalue problem for a single elliptic
equation —Au = Au in Q with Dirichlet boundary condition. If u € I/Vol’2 (Q,R),

then u can be expressed by
U = Z cjdj.
Thus we have that
Il = /2 Vu(e)|Pdx = /S (—Auudz =3 e > 0 3¢ = Mllul 2.
¢ )

Therefore we have that |[ul|* > Cllul|12(q), where C' = A;.
(i) is trivial.
(iii) Let us set f = —Au € Wy*(€,R). Then f can be expressed by

f=Y_ho;.
A=) /\ljhjfbj-

Hence we have the inequality

lull® = I1(-8) 2 £])? = ZAJW DN

which means that

Then

1(=A) " f = 11£ 1 22w O
From Lemma 2.1, we have:

Lemma 2.2. Let VF(U) € H=W,*(Q,R) x --- x Wy *(Q,R). Then all the
solutions of

—AU =VF(U)
belong to H.

Now we return to the case of the system. We observe that by the following
Proposition 2.1, the weak solutions of system (1.1) coincide with the critical
points of the associated functional I

IeCh(H,R),

(2.1) J(U):/Q B|VU|2—F(:E,U) dz,

where U = (u1,...,u,) and [VU]2 =Y V|2, n > 1.
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Proposition 2.1. Assume that the conditions (F1)-(F4) hold. Then the func-
tional I(u) is continuous, Fréchet differentiable in H with Fréchet derivative

VIU)V = / [(~AU) -V = Fy(U) - V]da.
Q

Moreover DI € C. That is I € C*.
Proof. First we prove that I(U) is continuous in H. For U,V € H,

LU+ V)= I(U)| =

% /Q(—AU AV) (U 4 V)da — /QF(U +V)da

—%/Q(—AU)~Udz+/QF(U)d$
‘;/ﬂ[(_AU.V_AV-U—AV-V)dx

_ / (F(U + V) - F(U))dx

Let u; = Zhé-daj, v = Zkéqﬁj (I=1,...,n). Then we have

/Q (—Awp) - wde| = | S AR < el - Jurl,

/Q (—Aw) - wde| = | S Nk < Jlall - ol

/Q(—Avl)-vldx = Z)\jkéké <l

from which we have

1

‘ / (=AU -V — AV -U — AV - Vydz| < C(|U| - [V + IVI?)
Q

2
for some C > 0. By the differentiability of F,
F{U+V)-F{U)=Fy(U)V+o(|V]),

so we have

/ (F(U+V) = F(U))da

< Fr @) 2@ lIV ] 2y + / of|V|)da:
< | E @IV + o(IV1).

Thus we have
LU+ V)= IU)| < (CIU[| + I1Fg @) DIV + o(IVI)) + CIVII?,

so I(U) is continuous at U.
Next we will prove that I(U) is Fréchet differentiable in H with Fréchet
derivative VI(U). For U,V € H,

(U +V) = I(U) = VI(U)V]|
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‘;/Q(—AU—AV)-(U+V)d;r,—/QF(U+V)dx

—%/Q(—AU)-de+/QF(U)dx—/Q(—AU—FU(U))~de
= |5 [rav - viae- [irw v - Fw) - o) vias|

By the differentiability of F', F(U+V)—F(U) = Fy(U)V 4 o(|V]), so we have
FU+V)-FU)-FyU)) -V =o(|V]).

Thus we have

22) | [IFU+V)~ FO) - Fu(U)V)de| < \ | ovhiz| = oV,
Q Q
Thus we have
(2.3) |[I(U+V)—I({U) = VIU)V|=O0(|V|?.
Similarly, it is easily checked that I € C?. 0

Proposition 2.2. Assume that F' satisfies the conditions (F1)-(F4). Then
there exist ag > 0, by € R and p > 2 such that

(2.4) F(U) > ao|lU"* — by, VU.

Proof. Let U be such that |U|?> > R?. Let us set p(¢) = F(EU) for € > 1.
Then

¢'(§)=U-Fy(EU) >

Multiplying by £7#, we get

©(8).

=

(€"0(8)) =0,
hence (&) > p(1)&" for & > 1. Thus we have
o\ o\
FU) > F( RL;L) ( IRU\ ) > ¢o <|RU> > ao|U[" — bo

for some ag, by, where ¢y = inf{F(U)| |U|?> = R?}. O

Proposition 2.3. Assume that F' salisfies the conditions (F1)-(F4). Then if
|U;|| = +o0 and

fQ Uj : FU(UJ)dLL' -2 fQ F(Uj)dl‘
105
then there exist (Up,); and W € H such that

grad(fQ F(Uhj)dx) W and Uhj N
U, Ul

— 0,

0,...,0).
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Proof. By (F3) and Proposition 2.2, for U € H,

/Q[u~FU(U)]dac—2/QF(U)d;v2(u—2)/F(U)dx

Q
> (= 2)(aol|U|| 7. — b1).

By (F4),

’ grad (/ F(U)da:) H < C[[|U}7]] pae
Q
for suitable constant C”. To get the conclusion it suffices to estimate || % | 2=

"
in terms of H[ﬁ%“ . If 4 > 2*'v, then this is a consequence of Hélder inequality.

Next we consider the case u < 2*'v. By the assumptions p and v,

2+
7 )

By the standard interpolation arguments, it follows that

L U] ’

where a is such that £ + e =z (a>0)and f=(1—a)y—1- “r. By

(2.5), # < 0. Thus we prove the proposition. O

(2.5) v<2t—1— (28— p)(1—

’ ul
U]

For finding at least one nontrivial solution we shall use the following gener-
alization of the mountain pass theorem (cf. Theorem 5.3 of [22]).

Lemma 2.3 (Generalization of the Mountain Pass Theorem). Let H be a real
Banach space with H =V ® X, where V is finite dimensional. Suppose that
(I1) I € C*(H,R),
(I2) there are constants p, o > 0 and a ball B, with radius p such that
IaBpﬂX 2 a,

and
(I3) there is an e € OB1NX and R > p such that if Q = (BRNV) @ {re| 0 <
r < R}, then

IluEBQ <0.

(I4) I satisfies the (P.S.) condition.
Then I possesses a critical value ¢ > o which can be characterized as

= inf max ]
¢= inf max I{(y(u)),

where

I'={yeC(Q,H)| v=id on 0Q}.
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3. Proof of Theorem 1.1

From now on we shall show that I satisfies the conditions (I1)-(I4) under
the assumptions (F1)-(F4). Assume that the (F1)-(F4) hold.
We have the following inequalities:

Lemma 3.1. Assume that F satisfies the conditions (F1)-(F4). Let V; be the
finite dimensional subspace of VVOI’2 () spanned by eigenfunctions correspond-
ing to the eigenvalues A < Ag,, for some k; > 1 (i =1,...,n). Let us set

V=Vx--xV,.

Then V is a subspace of H and H =V ®V=+. Let us set X = V. Then
(i) there exist p > 0 and a small ball B, with radius p such that

inf I(U) >0, inf I(U)> -0
UeB,NX

UedB,NX
and -
(ii) there existe € 0B1NX and Q@ = (BRNV) @ {re| 0 < r < R} such that
sup I(U) <0.
UedqQ

Proof. First we will prove that there exist p > 0 and a ball B, with radius p
such that Byp, N X # () and infyepp,nx I(U) > 0. Let U € X. Then we have
that

1
10) = 51U - [ PW)da.
Q
By (F3) and (F4), F(U) < a|U|?, a > 0 and 3 > 2. So we have
1
IU) 2 UI* = allU] £z ).

Since 3 > 2, there exist a small number p > 0 and a small ball B, with radius
p such that if U € 0B, N X, then infyesp,nx [(U) > 0 and infyep,nx I(U) >
—o0. Next, we will prove that there exist e € 9By N X and Q = (BgNV) @
{re| 0 <r < R} such that sup;;csq I(U) < 0. Let us choose an element e € X
with |le] =1 and U € V @ {re| r > 0}. Let Py be a projection from H onto a
subspace Y of H. Then we have

1 1
I(U) = §r2 + 5\|PVU||2 - /Q F(U)dx.

By Proposition 2.2, there exist ag > 0, by € R and g > 2 such that F(U) >
ag|U|* — by, Yu. Thus we have

1 1
I(U) < §r2 + 5HPVUH2 = aol|U|%2 gy + bo-
Since u > 2, there exists R > p such that if U € ((BrRNV)@{re| 0 < r < R}),
then I(U) < %RZJr%RQfaOHUH‘LLz(Q)erO < 0. Thus we have supy ¢ 1(U) <0,
where Q@ = (BRNV) @ {re] 0 < r < R}. O
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Lemma 3.2. Assume that F satisfies the conditions (F1)-(F4) hold. Then I
satisfies the (P.S.) condition.
Proof. Let ¢ € R, j — +oo and (U;); be a sequence such that
U;j = (u,...,ul) € HYj,I(U;) = ¢, VI(U;) — 0.

We claim that (U;); is bounded. By contradiction we suppose that ||U;|| — +oo
Uy
and set U] = ”U,”. Then
J

N I(U;) fQFU ) - Ujde — 2 [, F(Uj)dx
(VI(Uy),U;) = 25— — 0.
! U5 U5
Hence
Fy(U;) - Ujdx — 2
fQ U T — fQ —0
1U;l
By Proposition 2.3,
d [, FU;)d
grad Jo PU)de— s
1U;
and u, — 0. We get
VI(U;) _ N grad( [, F(U;)dx) 0

U5l U5l

so —AUj converges. Since (U;); is bounded and the inverse operator of —Aisa
compact mapping, up to subsequence, (U ); has a limit. Since U —(0,...,0),
we get U; — (0,...,0), which is a contradiction to the fact that ||U;|| = 1. Thus
(Uj); is bounded We can now suppose that U; — U for some U € H. Since the
mapping U H grad(fQ F(U)dz) is a compact mapping, grad( [, F(U;)dz) —
grad fQ dz). Thus —AU; converges. Since the inverse operator of —A is a
compact operator and (U;); is bounded, we deduce that, up to a subsequence,
(U;); converges to some U strongly with VI(U) = lim VI(U—) = 0. Thus we
prove the lemma. O

Proof of Theorem 1.1. Let V; be the finite dimensional subspace of Wol’Q(Q)
spanned by eigenfunctions corresponding to the eigenvalues A < Ag,, for some
ki >1(¢i=1,...,n). Let us set

V=Vix- xV,.

Then V is a subspace of H and H = V @ V+. Let us set X = V. By
Proposition 2.1, I is C*(H,R), so the condition (I1) of Lemma 2.3 is satisfied.
By Lemma 3.1, the conditions (I2) and (I3) of Lemma 2.3 are satisfied. By
Lemma 3.2, I(U) satisfies the (P.S.) condition, so the condition (I4) of Lemma
2.3 is satisfied. Thus by Lemma 2.3, there exists at least one nontrivial critical
point for I whose critical value is

I(U) = inf max I(7(U)),
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where I' = {y € C(Q, H)|y = id on dQ}. Thus we prove the theorem. O
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