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SEMIPRIME SUBMODULES OF
GRADED MULTIPLICATION MODULES

SANG CHEOL LEE AND REZVAN VARMAZYAR

ABSTRACT. Let G be a group. Let R be a G-graded commutative ring
with identity and M be a G-graded multiplication module over R. A
proper graded submodule @ of M is semiprime if whenever I"K C @,
where I C h(R), n is a positive integer, and K C h(M), then IK C Q.
We characterize semiprime submodules of M. For example, we show
that a proper graded submodule @ of M is semiprime if and only if
grad(Q) N h(M) = Q N h(M). Furthermore if M is finitely generated,
then we prove that every proper graded submodule of M is contained in
a graded semiprime submodule of M. A proper graded submodule @ of
M is said to be almost semiprime if
(grad(Q) N h(M))\(grad(0ar) N h(M))
= (Q N h(M))\(grad(0ar) N Q N h(M)).

Let K, Q be graded submodules of M. If K and @ are almost semiprime
in M such that Q + K # M and QN K C M, for all g € G, then we
prove that @ + K is almost semiprime in M.

1. Introduction

Let G be a group. Then we define a G-graded ring R and a G-graded module
over R in the same way as in [2], [3], and [5]. The notations which the authors
use are slightly different but basically the same.

Throughout this paper G is a group, R is a G-graded commutative ring with
identity and M is a G-graded module over R. From now on, by graded we mean
G-graded, unless otherwise indicated.

Lemma 1.1. Let R be a graded ring.

(i) If a and b are graded ideals of R, then a4+ b, anNb, and ab are graded
ideals of R.
(ii) If a is an element of h(R), then the cyclic ideal aR of R is graded.
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Let M = ®4eq M, be a graded R-module. Let NV be a submodule of M. The
factor R-module M /N becomes a G-graded module over R with g-component
(M/N)y = (Mg + N)/N for g € G. A submodule N of M is called to be
graded if N = ®4eqNy where Ny = NN M, for g € G. Clearly, 0 is a graded
submodule of M.

If N and K are submodules of an R-module M, the set of all elements r € R
satisfying r K’ C N becomes an ideal of R and is denoted by (N :g K) as usual.

Lemma 1.2. Let R be a graded ring and M be a graded R-module.

(i) If N and K are graded submodules of M, then N + K and N N K are
graded submodules of M.
(ii) If a is an element of h(R) and x is an element of h(M), then aM and
Rz are graded submodules of M.
(iii) If N is a graded submodule of M and K is a graded submodule of M,
then (N :r K) is a graded ideal of R.

Proof. Clearly, (i) holds. See [3, Lemma 2.2] for (ii). For the proof of (iii), see

[2, Lemma 2.1] and [5, Lemma 1(ii)]. We give a proof of (iii) for our record.
To show that (N :p K) is a graded ideal of R, let I = (N :p K). We show

I =®¢4ecly. Forallge G, I, =1NR,; CI. Hence ®yecly C I. Conversely,

let = be any element of I. Since R is graded, there exist g1, g2, ..., gn € G such

that x = Z?:1 xg,. To show that I C @®4eqly, it suffices to show that z,, € 1

since then z,, € R;, NI = I, . In turn, it suffices to show that z,, K C N.
Since K is graded, K C N, and N is graded, we have

g, K = 24, (®recKn) = Oneaty, Kn
C Pnea(@K)g,n € SreaNg;n € N,

as required. ([

Corollary 1.3. Let R be a graded ring. If a and b are graded ideals of R, then
(a:r b) is a graded ideal of R.

Let R be a graded ring and M be a graded R-module. We recall that a proper
graded submodule P of M is prime if whenever rm € P, where r € h(R) and
m € h(M), then either r € (P :gp M) or m € P.

Definition 1.4. Let R be a graded ring and M be a graded R-module. A
proper graded submodule @ of M is semiprime if whenever I"K C @, where
I C h(R), n is a positive integer, and K C h(M), then IK C Q.

Remark 1.5. 1t is easy to check that a proper graded ideal I of a graded ring
R is semiprime if and only if whenever 2ty € I, where x,y € h(R) and ¢ is a
positive integer, then xy € I.

Proposition 1.6. Let R be a graded ring and M be a graded R-module. Then
every graded prime submodule of M is semiprime. Moreover, every graded
prime tdeal of R is semiprime.
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Proof. Assume that I" K C N, where n is a positive integer, I C h(R) and K C
h(M). Now, since N is a graded prime, we have either I C (N : M) C (N : K)
or I" 1K C N. In the first case IK C N and we are done. If " 'K C N,
then I C (N : M) or I" 2K C N. In this way we have IK C N. Hence N is
a graded semiprime submodule of M. ([l

For basic properties of a multiplication module one may refer to [1], [4] and
[6].
A graded R-module M is said to be a graded multiplication module if for
every graded submodule N of M, there exists a graded ideal a of R such
that N = aM. Let M be a graded R-module. Assume that M is a graded
multiplication module. If N and K are graded submodules of M, then there
exist graded ideals a and b of R such that N = aM and K = bM. Then the
product of N and K is defined to be (ab)M and is denoted by N - K. It is well-
known in [1, Theorem 3.4] and [5, Theorem 4] that the product is well-defined.
In fact, ab is a graded ideal of R by Lemma 1.1 and N - K is independent of
the choices of a and b. Also, for every positive integer k, N* is defined to be

k times
—N—

Let R be a graded ring and M be a graded multiplication module over R.
The graded radical of a graded submodule N of M is the set of all elements
m of M such that (Rm)* C N for some positive integer k and is denoted by
grad(N).

Remark 1.7. There were several authors who would like to define the product
x-y of two elements z and y of M to be Rx- Ry and then they used the notation
“x™ C N for some positive integer n” in their papers, such as in [1, Theorem
3.13] and in [5, Corollary 4 to Theorem 12]. If n = 1, then z C N. This does
not make sense, because x € M. Hence it is natural not to define the product
of two elements of M. However, we define the product of two submodules of
M as in the second paragraph just posterior to the proof of Proposition 1.6.

Let R be a graded ring and M be a graded multiplication module over R.
A graded submodule N of M is called nilpotent if N* = 0 for some positive
integer t. If a graded submodule N of M is nilpotent, then grad(0) = grad(N).

A nonempty subset S of M is said to be multiplicatively closed if (Rx)"NS #
() for each positive integer n and each x € S.

The present paper will proceed as follows. Let R be a graded ring and M
be a graded multiplication module over R.
In Section 2, we characterize graded semiprime submodules of M as follows.
(1) (Theorem 2.1 and its corollary) The following ten statements are equiv-
alent for a proper graded submodule P of M.
(i) P is semiprime.
(ii) If (Rz)™ C P, where € h(M) and n is a positive integer, then = € P.
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(ii) If K™ C P, where K is a graded submodule of M and n is a positive
integer, then K C P.
(iv) If L is a graded submodule of M such that P C L C M, then (P : L)
is a graded semiprime ideal of R.
) (P:r M) is a graded semiprime ideal of R.
) grad(P) = P.
(vii) If Rz - Ry C P, where z,y € h(M), then Rz N Ry C P.
ii) The factor R-module M /P has no nonzero nilpotent submodule.

) There exits a graded semiprime ideal p of R with (0 :g M) C p such
that P =pM.
(x) M\ P is multiplicatively closed.

Moreover, if M is regular, then we show that every proper graded submodule
of M is semiprime.

We give an example showing that the condition “M being a multiplication
module” cannot be omitted.

Using the result above, we show that the three statements are true.

(2) (Theorem 2.6) If K is a graded submodule of M and S is a multiplica-
tively closed subset of M such that KNS = @, then there is a graded semiprime
submodule P of M which is maximal with respect to the properties that K C P
and PN S = (.

(3) (Proposition 2.8) If N is a graded semiprime submodule of M, then it
contains a minimal graded semiprime submodule.

(4) (Theorem 2.9) If N is a proper graded submodule of M and M is finitely
generated, then there exists a graded semiprime submodule of M that contains
N.

In Section 3, we define an almost semiprime submodule of M.

(5) (Theorem 3.5) Let Q, K be graded submodules of M. If Q and K are
almost semiprime in M such that Q + K # M and QN K C M, for all g € G,
then we prove that ) + K is almost semiprime in M.

2. Semiprime submodules

In this section, we deal with graded multiplication modules over graded
rings. We define a semiprime submodule of a graded multiplication module
over a graded ring to characterize it. And then we discuss several properties of
semiprime submodules.

Let M be a multiplication module over a ring R. Let K be a submodule
of M. Then there exists an ideal I of R such that K = IM. Consider the
following descending chain of ideals of R:

IDro>-.-.
Then we can get a descending chain of submodules of M

KDOK?D---.
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From this, we can see the following: if K C N, where N is a submodule of M,
then K™ C N for every positive integer n. In view of this it is natural to ask a
question: when K™ C N, where n is a positive integer, under what conditions
can we get K C N7 The following result deals with this question.

Theorem 2.1. Let M be a graded multiplication module over R and P be a
proper graded R-submodule of M. Then the following statements are equivalent.
(i) P is semiprime.
(ii) If (Rx)™ C P, where x € h(M) and n is a positive integer, then x € P.
(iii) If K™ C P, where K is a graded submodule of M and n is a positive
integer, then K C P.
(iv) If L is a graded submodule of M such that P C L C M, then (P :g L)
s a graded semiprime ideal of R.
) (P:r M) is a graded semiprime ideal of R.
) grad(P) = P.
(vil) If Rx - Ry C P, where x,y € h(M), then Rt N Ry C P.
i) The factor R-module M /P has no nonzero nilpotent submodule.
) There exits a graded semiprime ideal p of R with (0 :g M) C p such
that P =pM.

Proof. (i) = (ii) Let P be a graded semiprime submodule of M. Assume
that (Rz)™ C P, where z € h(M) and n is a positive integer. Since M is a
multiplication module, there exists a graded ideal a of R such that Rx = aM.
Then

a"M = (aM)" = (Rx)" C P.
Since P is a graded semiprime submodule of M, we have Rx = aM C P.
Therefore z € P.

(ii) = (iii) Assume that K™ C P, where K is a graded submodule of M
and n is a positive integer. To show that K C P, it suffices to show that every
element z of h(K') belongs to P. Let z be an arbitrary element of A(K). Then
x € h(M) and (Rz)” C K™ C P. By (ii), z € P.

(iii) = (iv) Assume that (iii) is true. Assume that L is a graded submodule
of M such that P C L C M. Then (P :g L) is proper. By Lemma 1.2, (P :g L)
is graded.

Also, assume that a™b C (P :g L), where n is a positive integer and a and
b are graded ideals of R. Then

((ab)L)™ = (ab)"L = b""!((a™b)L) C 6" 'P C P.

Notice that (ab)L is a graded submodule of M. Then by (iii) we have
(ab)L C P. This shows that ab C (P :p L). Hence (P :p L) is a semiprime
ideal.

(iv) = (v) Assume that (iv) is true. Taking L by M, we can see that
(P :g M) is a graded semiprime ideal of R.

(v) = (vi) Assume that (v) is true. Clearly, P C grad(P). Conversely,
assume that (Rz)™ C P for some positive integer n. Then we need to show
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that x € P. If n = 1, then x € P; we are done. Assume that n > 1. Since
M is a graded multiplication module, there is a graded ideal a of R such that
Rx = alM. Then
a"M = (Rz)" C P.

So, a"la = a® C (P :g M). Since (P :p M) is graded semiprime, we get
a C (P:g M). Hence

xr€Rr=aM C (P:g M)M =P,
as required.

(vi) = (vii) Assume that (vi) is true. Assume that Rz - Ry C P, where
x,y € h(M). Let m be an arbitrary element of Rx N Ry. Then Rm C Rz and
Rm C Ry. Hence

(Rm)* C (Ra) - (Ry) € P.
By (vi), Rm C P. Hence m € P. This shows that Rx N Ry C P.

(vii) = (viii) Assume that (vii) is true. Let « + P be an arbitrary nilpotent
element of M/P. Then there exists a positive integer n such that ((Rx +
P)*/P)=01in M/P. There exists a graded ideal a of R such that Rx = aM.
So,

((Rx)"+P)/P=(a"M + P)/P=a"(M/P) = ((Rx+ P)"/P) =0.
This implies that (Rz)™ C P. By (vii),
n times
re€Rr=RxNRxN---NRx CP.
Hence 4+ P =0+ P.

(viii) = (ix) Assume that (viii) is true. Since M is a graded multiplication

module, there exists a graded ideal p of R such that P = pM. To show that

p is semiprime, assume that a™b C p, where a and b are graded ideals of R.
Then (ab)™ C p. So,

((ab)M)"™ = (ab)"M C pM = P.
This means that
(((ab)M + P)/P)" = (((ab)M)™ + P)/P = {0+ P}.
By (viii), ((ab)M + P)/P = {0+ P}. This implies that
(ab)M C ((ab)M + P = P = pM.
Since M is multiplication, it follows that ab C p. Therefore p is semiprime.
Also, let a be an arbitrary element of (0 :g M). Then aM =0 C pM. Since
M is multiplication, it follows that a € p. Hence (0 :g M) C p.
(ix) = (i) Assume that (ix) is true. To show that P is semiprime, assume
that a™ K C P, where a is a graded ideal of R and K is a graded submodule

of M, and n is a positive integer. Since M is a graded multiplication module,
there exists a graded ideal b of R such that K = bM. Then

(a"b)M = a"K C P = p)M.
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Since p + (0 :g M) = p, it follows from [6, Theorem 9, p. 231] that either
a’b Cpor M = (p:g a”b)M. If a®b C p, then we have ab C p since p is
semiprime. Hence aK = a(bM) = (ab)M C pM = P; we are done. Or, assume
that M = (p :r a™b)M. Notice that

a"(p:ga”b)b=(p:ga”b)a”b Cp.
Since p is semiprime, we have (p :g a™b)ab C p. Hence
aK =a(bM) = (ab)M = ((p :gr a"b)ab)M C pM = P.
Hence P is semiprime. ([

Corollary 2.2. Let R be a graded ring and M be a graded multiplication module
over R. Then a proper graded submodule P of M is semiprime if and only if
M\ P is multiplicatively closed.

Proof. Let P be a graded semiprime submodule of M and let z € M\ P. Since
P is graded semiprime, it follows from Theorem 2.1 that (Rxz)™ ¢ P for every
positive integer n. Hence (Rz)™ N (M \ P) # (. This shows that M \ P is
multiplicatively closed.

Conversely, assume that M \ P is multiplicatively closed. To show that
P is semiprime, assume that (Rz)™ C P, where n is a positive integer and
x € h(M). We need to show that z € P. Suppose on the contrary that
x ¢ P. Then x € M \ P. By our assumption, (Rz)" N (M \ P) # (). Take
y € (Rx)" N (M \ P). Then y € (Rx)" C P. This contradiction shows that
x € P, as needed. O

Let M be a graded multiplication module over a graded ring R. Then
N - K C NN K for each pair of graded submodules N and K of M. M
is said to be regular if for each pair of graded submodules N and K of M,
N -K=NnNnK.

Corollary 2.3. Let R be a graded ring and M be a regular graded multiplication
module over R. Then every proper graded submodule of M is semiprime.

The condition “M being multiplication” in Theorem 2.1 cannot be omitted.
The example of this is given below.

Example 2.4. First, consider the set Z of all integers. Then (Z, +) is a group
with additive identity 0 and (Z, +, -) is a commutative ring with identity 1.
Take G = (Z, +) and R = (Z, +, - ). Define
R o Z itg=0
971 0 otherwise.

Then each R, is an additive subgroup of R and R is their internal direct sum.
In fact, 1 € Ry and RyRp C Rgyp. That is, R = ©geqgRy. Hence R is a G-
graded ring. In other words, the ring (Z, +, - ) of integers is a (Z, 4 )-graded
ring.
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Next, let M be the set Z x Z. Then M can be given a Z-module structure.
Define
Zx0 ifg=0
My=¢ 0xZ ifg=1
0 x 0 otherwise.
Then M = ®4egM,. Hence M is a G-graded R-module. In other words, the
Z-module (Z x Z, +, -) is a Z-graded Z-module.
Now, consider a submodule N = 9Zx0 of M. Then it is a graded submodule.
(N :gp M) = 0 and so it is a graded semiprime ideal of R. But the graded
submodule N is not graded semiprime in M, since 3%(2,0) € N but 3(2,0) ¢ N.

By Theorem 2.1, we can see that the Z-module (Z x Z, +, -) is not a mul-
tiplication module.

Lemma 2.5. Let R be a graded ring and M be a graded R-module. If P is a
graded submodule of M and x € h(M), then both Rx and P + Rx are graded
submodules of M.

Proof. This follows from Lemma 1.2. O

Theorem 2.6. Let R be a graded ring and M be a graded multiplication module
over R. Let K be a graded submodule of M and S be a multiplicatively closed
subset of M such that KNS = (). Then there is a graded semiprime submodule P
of M which is maximal with respect to the properties that K C P and PNS = ().

Proof. Let Q be the set of all graded submodules L of M such that K C L
and LNS =0. K € Q, so in particular Q # (. By the Zorn lemma (Q has a
maximal element, say P. It is enough to show that P is semiprime. To show
that P is semiprime, assume that (Rxz)™ C P, where n is a positive integer and
x € h(M). Then we need to show that 2 € P. Suppose on the contrary that
x ¢ P. Then P C P+ Rz. By Lemma 2.5, P+ Rz is graded. By the maximality
of P, P+ Rx ¢ Q. Hence (P+ Rx)NS # (. Take y € (P + Rx)NS. Then
y € P+ Rx and y € S. Since M is a multiplication module and (Rz)™ C P,
we can show that
(P+Rx)"C P+ (Rx)" =P
Also, since S is multiplicatively closed and y € S, we have (Ry)" NS # 0.
Hence
04 (Ry)"NSC(P+Rx)"NSCPNS,

contradicting the disjointness of P and S. This shows that © € P. Therefore
P is a graded semiprime submodule. (]

Lemma 2.7. Let R be a graded ring and M be a graded multiplication module
over R. Let  be a nonempty family of graded submodules of M.

(1) If each member of  is semiprime in M, then so is Ngea Q.

(i1) If each member of Q is semiprime in M, § is totally ordered by in-
clusion, and Ugea@Q # M, then UgeaQ is a proper graded semiprime
submodule of M.
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Proof. (1) Assume that each member of ) is semiprime in M. Then by Theorem
2.1,

grad(Ngea®@) Nh(M) C (Ngeagrad(Q)) N h(M)
= Nealgrad(Q) Nh(M))
= Ngea(Q Nh(M))
= (N@ea®@) N h(M).
It is clear that the converse inclusion holds. Hence by Theorem 2.1 again,
NoenQ is semiprime.
(ii) Assume that  is totally ordered by inclusion and Ugea@ # M. Then

it is clear that Ugeq(@ is a proper graded submodule of M. Now assume that
each member of €2 is semiprime in M. Then by Theorem 2.1,

grad(Ugea@) N h(M) C (Ugeagrad(Q)) N h(M)
= Ugea(grad(Q) Nh(M))
= Ugea(Q Nh(M))
= (Ugea®@) N h(M).

It is clear that the converse inclusion holds. Hence by Theorem 2.1 again,
Ugea@ is semiprime. O

A graded semiprime submodule P of a graded R-module M is said to be
minimal if whenever N C P and N is graded semiprime, then N = P.

Proposition 2.8. Let R be a graded ring and M be a graded multiplication
module over R. If N is a graded semiprime submodule of M, then it contains
a minimal graded semiprime submodule.

Proof. Consider the set X of all graded semiprime submodules P of M such
that N O P. Since N € X we see that X is not empty. Also D is a partial
order on X. Let £ be a non-empty subset of ¥ which is totally ordered by D.
Therefore by Lemma 2.7(i), NpeqP is a graded semiprime submodule of M.
Now the result holds by applying the Zorn lemma. O

Theorem 2.9. Let R be a graded ring and M be a graded multiplication module
over R. If N is a proper graded submodule of M and if M is finitely generated,
then there exists a graded semiprime submodule of M that contains N.

Proof. Assume that N is a proper graded submodule of M and M is finitely
generated. Let ¥ be the collection of all proper graded submodules of M that
contains N. Then N € X. In particular, ¥ # (). Order X by inclusion. Then
Y is partially ordered. Let €2 be any chain of . Take Q* = Ugeq®. Then by
Lemma 2.7(ii), @* € . Q has an upper bound in ¥. By the Zorn lemma, 3
has a maximal member, say P. It remains to prove that P is semiprime.
Suppose that grad(P) N h(M) # PN h(M). Then we can take an element
x € (grad(P) N h(M))\(P N h(M)). Then z ¢ P, so P C P+ Rx. By



444 SANG CHEOL LEE AND REZVAN VARMAZYAR

Lemma 2.7(ii) and by the maximality of P, we must have P+ Rz = M. Since
x € grad(P), there exists a positive integer n such that ™ € P. Hence

M = M" = (P+ Rz)" C P+ (Rx)" C P,

so M = P. This contradiction shows that grad(P) N h(M) = P N h(M).
Therefore it follows from Theorem 2.1 that P is semiprime. U

3. Almost semiprime submodules

In this section we define an almost semiprime submodule of a graded mul-
tiplication module over a graded ring and discuss the sum of two almost
semiprime submodules.

Let R be a graded ring and M be a graded multiplication module over R.
Let @ be a proper graded submodule of M. Then QNh(M) C grad(Q)Nh(M).
The following two statements are true:

grad(0xr) N h(M) C grad(Q) Nh(M),
grad(0ar) NQ N A(M) C QN h(M).
More precisely, we can draw their lattice diagram as follows:

grad(Q) N
/ \
grad(0pr) N h(M QN h(M)
\ /

grad(0p) N QN (M
Then it is easy to see that
(Q N A(M))\(grad(0ar) N Q N h(M))
C (grad(Q) N h(M))\(grad(0ar) N h(M)).

Remark 3.1. This statement is the same as the following one but the following
one is much easier for us to make sure if it is true.

(Q\(Q N grad(Oar)) N (M) € (grad(Q)\grad(0ar)) N h(M).

Definition 3.2. Let R be a graded ring and M be a graded multiplication
module over R. A proper graded submodule @ of M is said to be almost
semiprime if

(grad(Q) N h(M))\(grad(0nr) N h(M))
= (@ N A(M))\(grad(0rr) N Q NV A(M)).

Let g € G. Likewise, a proper graded submodule @), of the R.-module M,
is said to be almost g-semiprime if

(3.2) (grad(Qq) N Mg)\(grad(OMg) NMg) = Qg\(grad(OMg) NQy)-

(3.1)
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It is immediate that the zero submodule of a graded multiplication module
is graded and almost semiprime.

Let R be a graded ring and M be a graded multiplication module over R.
Let Q be a proper graded submodule of M. Assume that ) is semiprime.
Then it follows from Theorem 2.1 that grad(Q) N h(M) = Q N h(M), so that
grad(0pr) Nh(M) = grad(0p)NQNh(M). Hence @ is almost semiprime. This
shows that every semiprime submodule of M is almost semiprime. Conversely,
if @ is almost semiprime and grad(0ys) NA(M) = grad(0p) NQ NA(M), then
(Q is semiprime.

Proposition 3.3. Let R be a graded ring, M be a graded multiplication module

over R and @ be a proper graded submodule of M. If Q is almost semiprime,
then for every g € G, Qg4 is almost g-semiprime in M.

Proof. Assume that @ is almost semiprime. Then the equality (3.1) holds. Let
g € G. Note that Q) = ®4eq@y. Then taking the intersection of the equation
(3.1) with My, we can get (3.2). Hence @, is almost semiprime. O

Lemma 3.4. Let R be a graded ring, M a graded multiplication module over
R and K,Q graded submodules of M such that K C Q. Then the following
statements are true.
(1) If Q is almost semiprime such that K C M, for all g € G, then Q/K
is almost semiprime in M/K.
(ii)) If K and Q/K are almost semiprime in M and M/K, respectively,
then Q is almost semiprime in M.

Proof. f K C @, then we have already known that M/K and Q/K are G-
graded.

(1) Assume that @ is almost semiprime such that KX C M, for all g € G.
Then K C UgegMy = h(M) and

h(M/K) = Ugea((My + K)/K) = Ugea(My/K) = h(M)/K.
Now since the equality (3.1) holds, direct computation gives

(grad(@/ ) 0 R(M/ KD (grad(O3c/16) N H(/E))
= (Q/K Nh(M/K))\(grad(0r/r) N Q/K Nh(M/K)).
Hence Q/K is almost semiprime.

(ii) In order to show that @ is almost semiprime, we show that (3.1) holds.
Let x belong up in the equality (3.1). Then (Rz)® C @ for some positive
integer s. This implies that (R(z + K))* = ((Rz)® + K)/K is in Q/K. Hence
z+ K € grad(Q/K). Now, there are two cases to consider.

Case 1. Assume that x + K is in grad(0p; k). Then there exists a positive
integer ¢ such that (R(z + K))" = 0 in M/K. So, (Rz)" C K. This implies
that x € grad(K). Since K is almost semiprime, we have

x € (grad(K) Nh(M))\(grad(0pr) N h(M))
= (K Nh(M))\(grad(0p) N K N A(M)).

(3.3)
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Hence since K C @, x belongs down in the equality (3.1).

Case 2. Assume that x + K is not in grad(Oy; k). Then z 4 K belongs
up in the equality (3.3). Since @Q/K is almost semiprime, the equality (3.3)
holds. Hence = + K belongs down in the equality (3.3). This implies that
x4+ K € Q/K. Then there exists an element y € @ such that v + K =y + K.
This implies that t —y € K, sothat z = (z—y)+y € K+Q = @ since K C Q.
Hence z belongs down in the equality (3.1). This shows that the equality (3.1)
holds. Therefore @ is almost semiprime. O

Theorem 3.5. Let R be a graded ring, M be a graded multiplication module
over R and K, Q be graded submodules of M. If K and Q are almost semiprime
in M such that Q + K # M and QN K C My for all g € G, then Q + K s
almost semiprime in M.

Proof. Assume that @ and K are almost semiprime in M such that Q+ K # M
and QN K C M, for all g € G. Then Lemma 3.4(i), Q/(Q N K) is also almost
semiprime in M/(Q N K). Notice that Q/(QNK) = (Q + K)/K by the second
isomorphism theorem for modules. Then (Q + K)/K is almost semiprime in
M/K. Hence by Lemma 3.4(ii), Q + K is almost semiprime. O
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