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HOLOMORPHIC FUNCTIONS
ON ALMOST COMPLEX MANIFOLDS

CHONG-KYU HAN AND HYESEON KIM

ABSTRACT. Given an almost complex structure (C™,.J), m > 2, that is
defined by setting 6% = dz® + ag‘diﬁ, a=1,...,m, to be (1,0)-forms,
we find conditions on (ag) for the existence of holomorphic functions and
classify the almost complex structures by type (v, q). Then we determine
types for several examples in C2 and C3 including the natural almost
complex structure on S°.

Introduction

Let (M, J) be a smooth (C*°) almost complex manifold of dimension 2m,
m > 2. We are concerned in this paper with the problem of deciding the max-
imal number of independent holomorphic functions on M. Our viewpoint is
purely local, thus M must be regarded as a small neighborhood of a reference
point and we may shrink the neighborhood finitely many times as our argument
proceeds. We work in C'*° category; all manifolds and maps are assumed to
be of differentiability class C°° unless stated otherwise. There can be at most
m independent holomorphic functions, which is the case that the integrabil-
ity condition of the Newlander-Nirenberg theorem [14] holds. A generalization
due to L. Nirenberg and F. Treves (cf. [15] or [2]) states that there exist ¢
(1 < ¢ < m) independent holomorphic functions if and only if there exists
a closed sub-bundle W of rank ¢ of the bundle of (1, 0)-forms, which we shall
discuss in §1. In [13] O. Muskarov showed that a closed sub-bundle W of (1, 0)-
forms corresponds in a natural one-to-one manner to a certain sub-bundle of
the real tangent bundle T'M that contains the image of the Nijenhuis tensor
and satisfies the Frobenius integrability condition. Given an almost complex
manifold (M, J) we shall construct in this paper the closed sub-bundle W of
differentials of the maximal set of independent holomorphic functions following
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the method of deciding the maximal number of first integrals due to E. Car-
tan [4] and R. B. Gardner [8]. Instead of the Nijenhuis tensor we use the
torsion tensor dff mod 6, where 6 := (61,...,0™) are independent (1,0)-forms,
to analyze the degree of non-integrability of J. We prove:

Theorem 0.1. Let M?™, m > 2, be a C™ manifold with C™> almost complex
structure J. Let (T*M)Y° be the bundle of (1,0)-forms. Then, under a generic
assumption of non-degeneracy in each step of the construction, there exists a
sequence of sub-bundles (T*M)"0 := 1 > 1MW 5 1@ 5 ... and a non-
negative integer v such that for k=0,1,2,...,

i) J-+D G 1R ik <,

i) 7D = 1) if k> b,

iii) dI*+1) = 0 mod 1),
Moreover, for each point x € M, a function u defined near x, is holomorphic
if and only if du € I™") | thus the number of independent holomorphic functions
is equal to the rank of I%).

If 1) has rank g, then we shall say (M, .J) has type (v,q) (Definition 2.1).
It is of type ¢ in the sense of O. Muskarov [13]. Then W := I*) is the desired
closed sub-bundle. Locally, an almost complex structure is obtained by a small
perturbation of the standard complex structure of C™: Let a?, Jk=1,...,m,
be C*° complex-valued functions defined on a small neighborhood of the origin
0 of C™ such that a;?(O) =0. Let

(0.1) 0 =dz' +> apdz*, (=1,...,m.
k=1
Then 0 := (6,...,6™) uniquely determines an almost complex structure J on

C™ so that 6 are (1,0)-forms. We prove:

Theorem 0.2. Suppose that ai, jk=1,...,m, are C* complex-valued func-
tions defined on a neighborhood of the origin 0 of C™, m > 2, and that
al(0) = 0. Let J be the uniquely determined almost complex structure that
has (0.1) as (1,0)-forms. Suppose that J has type (v,q). Then there exist q
independent holomorphic functions (',... (9. The condition that J has type
(v, q) with ¢ > 1 is given as a system of non-linear partial differential equations
of order v+1 on (ai),

We use the method of prolongation of exterior differential systems as in [1],
[9] and [10]: The proof of Theorem 0.2 is a complex version of the classical
method of prolongation to involutive systems. In Section 3, we shall present
examples of almost complex structures of various types that are obtained by
small perturbations of the standard complex structures on C? and on C3, re-
spectively. In C?, we construct two examples of different types by computing
torsion matrices. Using the classical technique of finding first integrals, we find
independent holomorphic functions for each case.
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1. Preliminaries

Let M be a smooth (C°°) manifold of dimension 2m, m > 2, with smooth
almost complex structure J. Then the complexified tangent bundle CT'M has
decomposition

CTM =T (M) & T% (M),
where T10(M) (T%1(M), respectively) is the sub-bundle of rank m of eigen-

vectors of J associated with the eigen-value i (—i, respectively). Dually, the
complexified cotangent bundle CT*M has decomposition:

CT*M = (T*M)"° @ (T M)*L.
We can find real vector fields X;, j =1,...,m, so that
X, JXq, .., X, J X

span the real tangent bundle TM. Let Z; = (X, —iJX;) and Z; = 3(X; +
iJX;) for each j = 1,...,m. Then {Z,...,Z,,} spans T"0(M) and {Z4,...,
Zm} spans TOY(M). Let 6%,...,0™,6%,... 0™ be the dual 1-forms. Then the
sub-bundles (7*M)'? and (T*M)%! of the complexified cotangent bundle are
the linear spans of {#',...,6™} and {f',...,0™}, respectively.

A complex-valued function ( is said to be holomorphic if

(1.1) Z;i¢=0, j=1,....,m.
(1.1) is an over-determined system of linear PDEs, and thus in general, there

are no solutions other than constants. Holomorphic functions ¢*,...,¢? are
said to be independent if

dCY A AdCT #£0.

(1.1) is equivalent to saying that d( is a section of (T*M)1?, so that there exist
at most m independent holomorphic functions. J is said to be integrable if

(1.2) [T (M), T (M)] € T (M),
which means that the bracket of any two sections of T1:?(M) is again a section
of THO(M).

We consider the exterior algebra of differential forms with complex coeffi-
cients:

Q* :QO@Ql@"'@sz,

where Q0 is the ring of smooth complex-valued functions and Q" (r = 1,...,2m)
is the module over Q° of complex-valued smooth r-forms on M.

Definition 1.1. A subalgebra Z of (2* is called an algebraic ideal if the following
conditions hold:

HIAQ CT,

i) If ¢ = 2™ 6, € I, where ¢, € Q7, then each ¢, € Z (homogeneity
condition).



382 CHONG-KYU HAN AND HYESEON KIM

The homogeneity condition implies that Z is two-sided, that is, Q* AZ C 7.
In this paper we consider ideals generated by finitely many 1-forms: Let ¢ =
(¢, ..., 97) be a system of elements of Q'. We denote by Z(¢), or simply by
(¢), the algebraic ideal generated by ¢, which is the set of all elements of *

of the form
q

Z(bk/\wk

k=1
for some ¥* € Q*. For two elements o and /3 of Q*
a =L mod (¢)
means that o — 5 € Z(¢).
Then the integrability condition (1.2) can be written as
(1.3) (Z;, Z] e T(THO(M)), Vi, k=1,...,m,
where " denotes the set of all smooth sections. (1.3) is equivalent to
d#* =0 mod (), Vl=1,...,m,
where 0 = (6%,--.  0™).

Theorem 1.2 (Newlander-Nirenberg [14]). Let (M?*™,J) be a C* almost com-
plex manifold. If J is integrable, then there exist m independent holomorphic
functions.

The converse is also true, which is rather obvious. Now we fix notations: For
any sub-bundle I C (T*M)'° we denote by I the module over ° of smooth
sections of I and by (I) the algebraic ideal of Q* generated by the smooth
sections of I. By using Theorem 1.2 and the Frobenius theorem the following
was proved in [15]:

Theorem 1.3. Suppose that T’ is a sub-bundle of (T*M)l’0 of rank q, ¢ < m,
and that T' is closed, that is, dT'" C (T'). Then there exist q independent
holomorphic functions C', ..., ¢ whose differentials d¢',...,d¢? span T'.

For any real vector fields X and Y the integrability condition is that
[X —iJX, Y —iJY]
is a vector field of (1, 0)-type, or equivalently,
(1.4) (X,)Y]-[JX,JY]=-J{[JX, Y]+ [X,JY]}.

The Nijenhuis tensor N is defined as the difference between two sides of (1.4),
namely,

N(X,Y):=[X,Y] + JJX,Y] + J[X,JY] - [JX,JY], VXY e (TM).

J is integrable if and only if N = 0. The following are easy to check:
i) N(X,Y) = =N(Y, X),
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ii) N(X,JY)=N(JX,Y)=—-JN(X,Y),

iii) If we extend N complex linearly to CT'M we have N(X,,Y10) =
]\f()(,yv)oﬂ7 where XLQ = %(X — ’LJX), X071 = %(X + ’LJX), and so forth.

It follows from ii) that the image of Nijenhuis tensor is J-invariant subset of
TM, and therefore, at each point « € M, the linear span LN (z) of the images
of the Nijenhuis tensor is even dimensional. LN (z) is the obstruction to the
existence of holomorphic functions (cf. [11]).

Definition 1.4. rank N is the map: z — dimgLN(x).

This map is lower semi-continuous (cf. [12]). If rank N is constant, then LN
is a sub-bundle of T'M. Based on Theorem 1.3 Muskarov proved the following.

Theorem 1.5 ([13]). Let (M?™,J) be a C* almost complex manifold with
Nijenhuis tensor N. Suppose that rank N = 2(m — q) is constant. Then
the number of independent holomorphic functions is at most q. There exist
q independent holomorphic functions ¢',...,¢% if and only if the sub-bundle
LN CTM has the following properties:

i) LN is involutive,

i) (X, Y]+ J[X,JY] € (LN) for all X e T'(LN) and allY € T(TM).

2. Nullity of torsion tensor and type of almost complex structures

We study the existence of holomorphic functions in the framework of Cartan-
Gardner theory [4] and [8] on first integrals (cf. [3]). We also make use of
Theorem 1.3. First of all we prove Theorem 0.1.

Proof of Theorem 0.1. We shall find the largest closed sub-bundle of (7 M)°
starting with I = 19 = (T*M)'°: The exterior derivative d : I — Q? is not a
module homomorphism, but composition with the projection
145025 0%/()
is a 0%-module homomorphism. Let § = mod. Consider the submodule .=
ker § of I. We assume that 1(1) has constant rank on M, hence defines a
sub-bundle ") of (T*M)"?. We have a short exact sequence of Q°-modules
010 515 d1/(1) — 0.

The sub-bundle IV is called the first derived system of (T*M)'°. Assuming
that I~ has constant rank, we define inductively the k-th derived system
I%) by

0 — I 5 1= 2, grlk=1) /(=1}y _,

Let v be the smallest integer with 1) = I(**1)_ Then we have a sequence of
sub-bundles

(2.1) (T*M)Y0 :=1:=10 511 5.5 =D 5 10
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Notice that dI") ¢ (I), that is, I is closed. Assume that 1™ has constant
rank g. Then by Theorem 1.3 there exist independent holomorphic functions
1 . ..,C%such that d¢',. .., d¢? generates I(¥). For a complex-valued function
C 7 ) ) 7 g p
f defined on M we recall that
f is holomorphic <= df € I'?), by definition
= df € I™® Wk =1,2,... since df is a closed 1-form
—df e IV,

Hence, the number of independent holomorphic functions is same as the rank
of I”) which completes the proof of Theorem 0.1. O

Definition 2.1. (M,.J) is said to be of type (v, q) if I*) has rank q.

Given (M, J) we now construct the sequence (2.1) of sub-bundles and decide
the type (v,q). Let 6 = (0',...,0™) be independent (1,0)-forms. We set

(2.2) o' =3 T5.6" AG* mod (6),
j<k
where ¢, 5,k =1,...,m. In matrices (2.2) can be written as
6! A 62
e’ Ty T - Tﬁlq,m N
(2.3) =10 : mod (6).
agm TB T{g e T;;Z—Lm émfl'/\ g_m

T

The m x (ZL) matrix 7T is called the torsion of J with respect to the coframe 6.
Like the Nijenhuis tensor the torsion also measures the non-integrability of J:
If 7 has rank zero, that is, all the entries of 7 are zeros, then J is integrable.
Relation between 7 and N is

N(Z;, Z) = -4) T} Z,
=1

which is easy to check.

Proposition 2.2. If there exist independent holomorphic functions C*,. .., 9,
then rank T <m — q.

Proof. For each A =1,...,q, that ¢* is holomorphic implies

(2.4) ¢t => 50"
(=1
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for some functions b}. Now by applying d to (2.4) and by substituting (2.3)
for df* we have

0=> bpdf* mod ()

(=1
m —_ —_
=D BT AG* mod (0),
=1 j<k
so that
(2.5)
0 A 62
0 bi - b, T, T113 Tfln—l,m, gl A B3
= : : S : mod (6).
0 b(ll e bfrln TIWQL TI%L e T':r?—l,m émfl./\ ém
B T

Since the 2-forms 67 A 0%, j < k, are independent, we have
BT =0.

Since d¢' A -+ A dC? # 0 the rows of B are independent and each row of B is
a null vector of 7. Therefore, dimension of the null space of T is at least ¢,
which implies that rank 7 < m — q. O

Now assume rank 7 = r, r < m, is constant. Then by Proposition 2.2 there
exist at most m — r independent holomorphic functions.

Proposition 2.3. Construction of I") : Suppose the dimension of the null
space of the matriz T is q1 and that the row vectors b = (b},..., b)), A =
1,...,q1, are independent null vectors of T as the rows of B in (2.5). Let

P =00, A=1,....q1
=1

Then I is spanned by {¢*}.
Proof. Foreach A\=1,...,q

dp* = "bpd6” mod (6)
=1

(2.6) = Z Z bg\Tka_j A 6% mod (0)

and therefore, ¢* € M. Conversely, if ¢ := >",2, be6* is in I, then by the
same calculation as in (2.6) the row vector (b1, ..., by, ) is a null vector of 7. O
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Inductively, we have:

Proposition 2.4. Construction of I'**V) from I®) : Suppose I*) has rank qy,.
Let v == (1,... %) be a set of generators of 2 Complete ¢ to a coframe
(L.t Wl W), where 1 = 2m — q.. We find the torsion T for the
Pfaffian system i by setting
1 2
dl/fl 7'112 7'113 7'3—1,7- 31 253
=|: s : ) mod (¢).

qk dk dk . 9k ‘
dyp Ti2  T13 Tr=1,r WL A wr

T

Here, the torsion matrix T has size q X (;) Let g1 be the nullity of the
matriz T and let

_ (o _
' =(c,.. ek ), m=1 g

be the null vectors of T, namely, ¢\ satisfies

dk

oA
E C\Ti; = 0
A=1

for each pairi,j =1,...,r withi < j. Then qzy+1 1-forms
dk
Zciw)\a lea"'aqk+17
A=1

span T*+1)

Locally, an almost complex structure is obtained by a small perturbation
of the standard complex structure of C™: Let a?, Jk=1,....,m, be C*®
complex-valued functions defined on a small neighborhood of the origin 0 of
C™ such that a? (0) = 0. Consider the system of linear PDEs

(2.7) Zi¢=0, j=1,...,m,
where
- 0 L, 0
Zi= gz~ 2 U
are the perturbed Cauchy-Riemann operators. Then solving (2.7) is equivalent
to finding a complex-valued function ¢ such that d¢ € Z(6*,...,6™), where

(2.8) 0 = dz" + ) ajdz”.

k=1
Now let M = C™ and let J be the uniquely determined almost complex struc-
ture whose (1,0)-forms are (2.8). Let (v, ¢) be the type of the almost complex

structure determined by perturbation (aj). If v = 0, then dI C (1), which is
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the integrability condition of the Newlander-Nirenberg theorem. We see that
v =0 if and only if

(2.9) dé* =0 mod (8).

(2.9) is a system of non-linear partial differential equations of first order on (ai).

If (M,J) has type (v,q), the system of functions (ai) undergoes a process of
algebraic operation and differentiation v + 1 times. In particular, § = w o d is
applied v + 1 times to #’s. Thus we proved Theorem 0.2.

3. Cases (C2,J) and (C3,J) and examples

Let a := (ai) be as in (2.8). Solving (2.8) and its complex conjugate for dz
and dz’ we have

(3.1) Az = 6"+ elo¥,
=1 k=1

where cjk and ei are rational functions in a{; and their complex conjugates such
that ' ,

c}.(0) =67 (Kronecker delta),

€1 (0) = 0.
Applying d to (2.8) we have

substitute (3.1) and its complex-conjugate for dz? and dz’, respectively,

= Z Tfkéj AG* mod (6),
j<k
Jok=1,...,m

where Tfk are linear in the first order partial derivatives of (a},) with coefficients

that are rational in (a],) and

dal  Oat
T4(0) = (a - N) (0).

3.1. Case m = 2
(2.3) with m =2 is

1 .
[ZZQ} - [:H 8 AP mod ().
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J is integrable if and only if both 7" and T2 are identically zero. If T := [Tl}

T2
has constant rank 1, let b := % assuming 7' # 0. Then I") is generated by
¢ =0bo" —0°.

I is integrable if and only if d¢ = 0 mod(¢), that is,
(3.2) doNeo=0.

Notice that (3.2) involves first order derivatives of T7, j = 1,2, and therefore,
a system of second order partial differential equations on (ai). If (ai) sat-
isfy (3.2), then v = 1 and ¢ = 1. In this case, there exists one independent
holomorphic function. If (ai) do not satisfy (3.2), then there is no holomorphic
function other than constants. Assuming that I(!) has constant rank, there are
four possibilities as in the following table.

number of

i im 7D dim 1®
dim I dim 1 dim 1 type holomorphic functions

PDE for (a},)

case 1 2 2 (0,2) 2 1st order
case 2 2 1 1 (1,1) 1 2nd order
case 3 2 1 0 (2,0) 0
case 4 2 0 0 (1,0) 0

Example 3.1. Consider (C2,.J) where J is defined by declaring
0" = dz" + 2'dz?,
6% = dz2?

to be (1,0)-forms.

By computing df mod (), we see that T' = T? = 0, so that J has type

(0,2). Hence, there exist two independent holomorphic functions. Obviously,
2% is a holomorphic function. Using the classical technique of finding first
integrals as in [5] the other one can be found as follows: The (0, 1)-vector fields

are

- 0
Z1=—
oz
- 0 0
Zoy=—— —2'—.
27952 7 92t
A first integral of Z, is obtained by solving
@z _ !
1 =2V

whose solution is 2 4 log z! = constant. To avoid singularity at the origin we
exponentiate z2 + log z!, to obtain

1.2 =2 z2

C(21, 21, 2%, 2%) = 2le

as another holomorphic function.
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Example 3.2. Consider (C?,.J) with (1,0)-forms
0t = dzt + 2tdz?,
0? = d=* + 22dz".

Then we have
de! 0 =
[dHQ} = [_|1 _ z122|_2} 6' A6 mod (6).

Then the first derived system I(!) is generated by ' and the number of inde-
pendent holomorphic functions is at most one. Since

df* =0 mod (6,

J has type (1,1). As in Example 3.1 ((2!, 2,22 22) = z1e? is a holomorphic
function.

3.2. Case m =3
(2.3) with m = 3 is

aw [m T T [0 AR
do*| = |T7, T% Tiy| [0'A6%| mod (6).
as| | TE TR | |2 Al

T

J is integrable if and only if 7 is identically zero. Let 77 be the j-th row
of T for j = 1,2,3. Assuming rank 7 is constant we shall find generators of
IM | If rank T = 3, there is no holomorphic function other than constants by
Proposition 2.2. If rank 7 = 2, we may assume that 75 = by 7' + by T2 for
some complex-valued functions b; and bs. Then

¢ = b10" + by6* — 63

generates IV, T(M) is integrable if and only if d¢ A ¢ = 0, which is the case
that v = 1 and ¢ = 1. If rank 7 = 1, then there exist at most 2 independent
holomorphic functions by Proposition 2.2. Assuming the third row of 7 is
non-zero, we let
T'=0T° T?=0bT".
Then I is generated by two 1-forms
ol =0 —b,0%,
% = 0% — b0,
I is integrable if and only if
d¢* Aot N ¢? =0,
dg? Aol A g2 = 0.
This is the case that v =1 and ¢ = 2.
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Assuming I®) | k = 1,2, 3, are of constant dimensions there are eight possible
cases as the following table shows.

number of

i imI® dimI®  dim I®
dim I dim I dim 1 dim 1 type holomorphic functions

PDE for (al)

case 1 3 3 (0,3) 3 1st order
case 2 3 2 2 (1,2) 2 2nd order
case 3 3 2 1 1 (2,1) 1 3rd order
case 4 3 2 1 0 (3,0) 0

case b 3 2 0 (2,0) 0

case 6 3 1 1 (1,1) 1 2nd order
case 7 3 1 0 (2,0) 0

case 8 3 0 (1,0) 0.

4. Non-integrability of S°

Let S% be the unit sphere in the real Euclidean space E(7) = {(z!,...,2")}.
In this section we discuss the natural almost complex structure on S% that
has been studied in [7] and [6]. This almost complex structure is defined by
the Cayley product of E(7) and turned out to be non-integrable as shown in
[13]. We present another proof of the non-integrability: we shall prove that
even locally there are no holomorphic functions other than constants by using
Theorem 0.1 and Theorem 0.2. In E(7) consider an ortho-normal frame

7
0 )
(4.1) @:Za?‘w, j=1,...,7.
A=1

Then the dual 1-forms are

7
(4.2) ¢F = didat, k=1,...,T.
p=1
Since eq,...,er may be considered as pure imaginary Cayley numbers, the

vector cross product is naturally defined by

7
VxW= g vjwkej-ek,
J,k=1,j#k

where V = vle; + - +v7er, W = wle; + -+ + w'ey, and - is the Cayley
product (cf. [6] or [7]). At a point x € SY, the tangent space T}, S® is identified
with the subspace (z)" of E(7). Assume e1,...,eq are tangent to S6 at z.
Then an almost complex structure J at z € S is defined by J,X = 2 x X
for X € I'(T,,8%). For z = (x',...,27) in a neighborhood of (0,...,0,1) we
express J; as a matrix with respect to the basis eq,...,eq so that J,e; is the
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j-th column of the following matrix:

(4.3)
s s s X 5.6 2
_z;.’;‘(’ —273 _ T:’7Eb 272 a":;c[’ —T5 _ ar::;c(’ $4 _ zTa;L‘ —1‘7 _ (1;67)
1.3 _ a:ia; _Iigﬁ"’ _Tl _ 'cTa" ,7)6 :Emz‘s T7 ($:)2 —,7,‘4 _ Ti’;c(’
(JV) (x) - _T2 _ 'E;a;,'i 1 _ ’L‘:Q;A _:E;a;‘ ,’L‘7 _ (”.547) TG TT'E T5 x;a;(’
H 5 z'a? 6 22z 7 (%) 23zt 1 o 2 z3aS
+ 57 i + 5 r -+ i
_z4 + 'rl;zz 1,7 + (1‘?7)2 76 + T::E zl + :r,;?: ari;c ) —,7,‘3 T:i'g(’
T7 + (ﬂfﬂ I4 + :rma;c _175 4z —fl?2 + zT; 1,3 + 'cTa;, TT:7c
We note that
00 0 O 0 -1
000 0 -1 0
(1) (0,...,0,1) = 000 -1 0 0
ps AT 001 O 0 01’
010 O 0 0
1 0 0 O 0 0

so that Je; = eg, Jea = e5, Jes = ey4 at the reference point. Therefore,
(0, 1)-vector fields of this J are generated by

71 = €1 +iJ€1, 72 = €2 —|—’L'J€27 and 73 = €3 +iJ€3.
Let J* : T*M — T*M be the dual transformation of J. Then
(4.4) 0t = ot —iJ P, 0% = ¢* —iJ* g%, and 6 = ¢° — iJ* PP

annihilate Z;, j = 1,2,3. Therefore, § = (0,62, 63) are independent (1,0)-
forms. Now we shall show that the torsion, df mod 6, has full rank, which
implies there are no holomorphic functions other than constants. Since Je, =
DN J}/e, we have

6
(4.5) T =Y Tl

A=1

By applying d to (4.4) after substituting (4.5) for J*¢" we have

6 6
(4.6) A" =d¢" — iy _dJI At —i > JY dp.

A=1 A=1
To compute d¢™’s of the right hand side of (4.6) write (4.2) in matrices as
P! at - al] [dat
(4.7) =1 o :
o7 at - al| |da”
—_—— ———
¢ A dx
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and then apply d to (4.7), to obtain

dp = dA N dX
(4.8) =dAA™¢
= dAAT ¢, since A € O(7).
Now coming back to (4.1), we make a special choice of frame (eq,...,e7) as
follows:
(i) e7 is normal and ey, ..., eq are tangent to S°.

CoN1/2
(ii) Foreachk=1,...,6,let A* := (Zzzk (I’Z)Z) .Then e7 =47 (2',...,

z7). Let eg = (0,...,0, i—;, —Z—Z). Then eg is a unit vector that is
perpendicular to e7.

ee Ak+1 k_k+1 k_7
(lll) FOrea,Chkzl,...,E), letek: 0,...,0, 7,7%7...,7%
k—1
Then ey, is a unit vector that is perpendicular to eg1,...,er7.
Thus we have
A2 glg? _ z'ad gt _ z'ab _ z'af _m1x7_
Al A1A2 Al 2 A1A2 Al 2 A1A2 Al 2
0 A2 _ zzz% _ z%at _ 12;45 x2S _ r2;47
Az AZA3 AZ A3 AZ A3 AZ A3 AZA3
0 0 A74 _ 23zt o £3jc45 o 232° o 1‘3237
A3 A3 AL A3 AL A3 AL A3 A4
(4 9) A= 0 0 0 A5 o :v4:1v45 _ z*at o £E4;J47
: AT ALAS ATAS ATAS
0 0 0 0 R
A5 AT AG A5 AG
0 0 0 0 0 45 —%
.131 12 I3 I4 ms IS T
LAT AT AT AT AT AT AT

Note that the k-th row of A is e;. Since dAA” is skew-symmetric and at the
reference point A is the identity matrix, dA is skew-symmetric at the reference
point. Writing (4.9) in blocks as

_[A B
A-lo ]

where A is a 6 x 6 matrix, we have that dA is skew-symmetric and upper
triangular, hence dA = 0 at the reference point. Let 2 : S¢ < E(7) be the
inclusion map. Then 2*(dz”) = 0 at the reference point. From (4.8), we have

det dx!
D | =[dd dB]| :
de® dx”
Since dA = 0 and +* (dx7) = 0 at the reference point, we have

(4.10) o (d¢?) =0, j=1,...,6,
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at the reference point. Therefore, from (4.6) and (4.10), we have at the reference
point
6
(4.11) 0" = —iy dJ] AN
A=1
To evaluate the right hand side of (4.11) at the reference point, first we apply
d to (4.3) and evaluate at the reference point (0,...,0,1), to obtain
0 —dx®  dx®  —d2z® dxt  —da”
da? 0 —dx'  dx®  —dz" —dz?*
(dJY) = —dz?  da! 0 —dx"  —dx®  da®
WO da® —da®  da” 0 —dz'  dx? |
—dz*  d2" daS  da? 0  —da?
dx” de*  —daz® —d2? da? 0
which implies
0 7¢3 ¢2 7¢5 ¢4 0
¢3 0 _¢1 ¢6 0 _¢4
2 1 6 5
* m\ _(b (b 0 0 _¢ ¢
(412) t (dJA) - ¢5 _¢6 0 0 _¢1 ¢2
_¢4 0 ¢6 ¢1 0 _¢3
0 ¢ ¢ —¢* ¢ 0
at the reference point. Substituting (4.12) in (4.11) we have
dot = —2ip? A 3 — 2ip* A ¢°,
(4.13) d0? = 2i¢" A ¢* + 2ip* A ¢°,
de? = —2ip' A $? — 2i¢° A ¢F,
at the reference point. Since 8! = ¢! + ¢, 62 = ¢? +i¢°, and 0> = ¢3 + ig*
at the reference point, by expressing the right hand side of (4.13) in terms of
67, 67, 5 =1,2,3, we have
o' 0 0 —i] [68A6?

(4.14) de*| =10 i 0| [0*A6% mod(h)
dg? - 0 0 0% A 63
~—_———
T
at (0,...,0,1), and hence the torsion matrix has full rank. Since the rank of a

torsion matrix 7 of (4.14) is lower semi-continuous, we conclude that (S, .J)
has type (1,0) and therefore, there are no holomorphic functions other than
constants.

References

(1] H. Ahn and C. K. Han, Local geometry of Levi-forms associated with the existence of
complex manifolds and the minimality of generic CR manifolds, J. Geom. Anal., to
appear.



394

CHONG-KYU HAN AND HYESEON KIM

[2] S. Berhanu, P. Cordaro, and J. Hounie, An Introduction to Involutive Structures, Cam-

bridge U. Press, 2008.

[3] R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt, and P. A. Griffiths,

[4]
[5]
[6]
7]
(8]
[9]
(10]
(1]
(12]
(13]
(14]

(15]

Exterior Differential Systems, Springer-Verlag, New York, 1991.

E. Cartan, Les systemes differentiels exterieurs et leurs applications geometriques, Her-
man, Paris, 1945.

R. Courant and D. Hilbert, Methods of Mathematical Physics, Vol. II, John Wiley and
Sons, New York, 1962.

A. Frolicher, Zur Differentialgeometrie der kompleren Strukturen, Math. Ann. 129
(1955), 50-95.

T. Fukami and S. Ishihara, Almost Hermitian structure on S®, Téhoku Math. J. (2) 7
(1955), 151-156.

R. B. Gardner, Invariants of Pfaffian systems, Trans. Amer. Math. Soc. 126 (1967),
514-533.

C. K. Han and K. H. Lee, Integrable submanifolds in almost complexr manifolds, J.
Geom. Anal. 20 (2010), no. 1, 177-192.

H. Kim and K. H. Lee, Complete prolongation for infinitesimal automorphisms on al-
most complex manifolds, Math. Z. 264 (2010), no. 4, 913-925.

B. S. Krugilov, Nijenhuis tensors and obstructions to constructing pseudoholomorphic
mappings, Mathematical Notes 63 (1998), 476-493.

O. Muskarov, Almost complex manifolds without almost holomorphic functions, C. R.
Acad. Bulgare Sci. 34 (1981), no. 9, 1225-1228.

, Existence of holomorphic functions on almost complex manifolds, Math. Z. 192
(1986), no. 2, 283-295.

A. Newlander and L. Nirenberg, Complex analytic coordinates in almost compler man-
ifolds, Ann. of Math. (2) 65 (1957), 391-404.

F. Treves, Approximation and representation of functions and distributions annihilated

by a system of complex vector fields, Ecole Polytechnique, Centre de Mathematiques,
Palaiseau, 1981.

CHONG-KYU HAN

DEPARTMENT OF MATHEMATICAL SCIENCES
SEOUL NATIONAL UNIVERSITY

SEOUL 151-747, KOREA

E-mail address: ckhan@snu.ac.kr

HyeseoN Kim

DEPARTMENT OF MATHEMATICAL SCIENCES
SEOUL NATIONAL UNIVERSITY

SEOUL 151-747, KOREA

E-mail address: hop222@snu.ac.kr



