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THE EXISTENCE OF GLOBAL ATTRACTOR FOR
CONVECTIVE CAHN-HILLIARD EQUATION

XIAOPENG ZHAO AND Bo Liu

ABSTRACT. In this paper, we consider the convective Cahn-Hilliard equa-
tion. Based on the regularity estimates for the semigroups, iteration tech-
nique and the classical existence theorem of global attractors, we prove
that the convective Cahn-Hilliard equation possesses a global attractor
in H* (k > 0) space, which attracts any bounded subset of H*(Q2) in the
HF*-norm.

1. Introduction

In this paper, we consider the existence of global attractor for the convective
Cahn-Hilliard equation

(1.1) %+7A2u:AA(u)+B~VB(u), x €,

where 2 is a bounded domain in R™ (n < 2). On the basis of physical consid-
erations, as usual Eq.(1.1) is supplemented with the following boundary value
conditions

(1.2) u(z,t) = Au(z,t) =0, x €09,
and the initial value condition
(1.3) u(z,0) = up(x).

Eq.(1.1) arises naturally as a continuous model for the formation of facets
and corners in crystal growth, see [5, 17]. Here u(z,t) denotes the slope of
the interface. The convective term - VB(u), see [5], stems from the effect of
kinetic that provides an independent flux of the order parameter, similar to the
effect of an external field in spinodal decomposition of a driven system. For
small driving force 8 — 0, Eq.(1.1) is reduced to the well-known Cahn-Hilliard
equation.

During the past years, only a few papers were devoted to the convective
Cahn-Hilliard equation. It was K. H. Kwek [6] who first studied the convective
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Cahn-Hilliard equation (1.1) for the case with convection, namely, B(u) = u.
By some a priori estimates, he proved the existence of a classical solution, and
gave the error estimates by the discontinuous Galerkin method. A. Podolny
et al. [12] studied the convective Cahn-Hilliard equation with A(u) = u® —u
and B(u) = u?. In their paper, the dynamics of domain walls (kinks) governed
by the convective Cahn-Hilliard equation was studied by means of asymptotic
and numerical methods. M. A. Zaks et al. [19] investigate bifurcations of sta-
tions periodic solutions of a convective Cahn-Hilliard equation, they described
phase separation in driven systems, and studied the stability of the main fam-
ily of these solutions. Eden and Kalantarov [3, 4] considered the convective
Cahn-Hilliard equation as [12] with periodic boundary conditions in one space
dimension and three space dimension. They established some result on the
existence of a compact attractor. Recently, X. Zhao and C. Liu [20] studied
the equation (1.1) with A(u) = vu® + v1u? — v and B(u) = —2u' + 1u? in
two space dimension. They used a classical theorem on the existence of global
attractor to derive that the equation (1.1) possesses a global attractor on some
subset of H2. There is much literature concerned with the convective Cahn-
Hilliard equation, for more recent results we refer the reader to [8, 9, 17] and
the references therein.

The dynamic properties of convective Cahn-Hilliard equations such as the
global asymptotical behaviors of solutions and global attractors are important
for the study of convective Cahn-Hilliard system, which ensure the stability of
parabolic phenomena and provide the mathematical foundation for the study
of parabolic dynamics. So in this paper we are interested in the existence of
global attractors for Eq.(1.1). We shall use the regularity estimates for the
linear semigroups, combining with the iteration technique and the classical
existence theorem of global attractors, to prove that the problem (1.1)-(1.3)
possesses a global attractor in H* (k > 0) space.

This paper is organized as follows. In Section 2, based on R. Temam’s
classical theorem, we shall prove the result on the existence of global attractor
in H? space. In Section 3, using the theorem on the global attractor of H?
space, the existence of global attractors for problem (1.1)-(1.3) in H* (k > 0)
space is proved. Our important ideas come from [1, 2, 7, 10, 13, 14, 15, 18],
etc.

Throughout this paper, we denote L%, LP? and H* (k = 1,2,3) norm in
simply by || - ||, || - Il and || - ||g+. In the following, C, C; (¢ = 1,2,...) will
represent generic positive constants that may change from line to line even if
in the same inequality.

2. Attractor in H? space

2.1. Preliminary

Assume X and X; are two Banach spaces, X7 C X a compact and dense
inclusion. Consider the following equation defined on X,
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(2.1) { u = Lut Glu),

U(O) =¥,
where u is an unknown function, L : X; — X alinear operator and G : X7 — X
a nonlinear operator. Then the solution of (2.1) can be expressed as

u(t, ) = S(t)e,
where S(t) : X — X (t > 0) is a semigroup generated by (2.1).

For convenience, we recall some basic concepts on infinite dimensional dy-
namical systems.

Definition 2.1. Suppose S(t) is an operator semigroup defined on H, A set
¥ C H is called an invariant set of S(¢) if V¢ > 0, S(¢)¥ = 3. An invariant set
is called an attractor of S(¢) if ¥ is compact, and there exists a neighborhood
U C H of ¥ such that for any ¢ € U,

dist (S(t)p,X) = ing I1S(t)p —v|lgr — 0 as t — oo.
ve

Therefore, we can say % attracts U. In particular, if ¥ attracts any bounded
subset of H, ¥ is a global attractor.

For a set D C H, the w-limit set of D is defined by
w(D) = Js®D,

s>0t>s

where the closure is taken in the H-norm.
Next, we introduce the classical existence theorem of global attractor by R.
Temam [16].

Lemma 2.1. Assume that S(t) : X — X is the semigroup generated by problem
(2.1), and the following conditions hold:

(H1) For any bounded set A C X there exists a timeta > 0,Vo € A, t > ta,
we have S(t)p € B;

(H2) For any bounded set u C X and some T > 0 sufficiently large, the set
Ussp S(t)u is compact in X.
Then the w-limit set A = w(B) of B is a global attractor of problem (2.1), and
A is connected providing B is connected.

In this paper, the function A(u) is a polynomial of order 2p — 1

2p—1

. 2
A(u) = E aiul,pEN,pSﬁ—i—l,
i=1

with leading coefficient as,—1 > 0, the function B(u) is also a polynomial, with
the order ¢

q
» 6
B(u):ijuJ, qeN, ¢< ﬁ+1'
j=1
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Thus, we introduce the lemma on global existence and uniqueness for the
solution of problem (1.1)-(1.3).

Lemma 2.2. Suppose that ug € HZ(SY), Then problem (1.1)-(1.3) admits a
global weak solution u € HZ ().

We can obtained Lemma 2.2 by the standard Galerkin methods. Since the
proof is so standard, we omit it.

By Lemma 2.2, we can define the operator semigroup {S(¢)}+>0 in H? space
as

(2.2) S(tyup = u(t), Yug € H3(Q), t >0,

where u(t) is the solution of (1.1)-(1.3) corresponding to initial value ug. We
also get the operator semigroup {S(t)}:>ouo by solution u is strongly continu-
ous.

To study the existence of global attractor, we have to find a closed metric
space and prove that there exists a global attractor in the closed metric space.
Notice that it is alright to consider the global existence and uniqueness of the
solution of the problem (1.1)-(1.3) for any given initial datum, as described
in the previous lemma. However, because {u | u € HZ(Q)} is a closed metric
space, we let % = HZ(Q). It is easy to see that the restriction of {S(¢)} on the
affined space % is a well defined semigroup.

Then, we give the main result of this section:

Theorem 2.1. Suppose that 2 denote an open bounded domain in R™ (n < 2).
Then for every a chosen as above, the semiflow associated with the solution u
of the problem (1.1)-(1.3) possesses in % a global attractor o which attracts
all the bounded set in % .

2.2. Proof of Theorem 2.1

In order to prove Theorem 2.1, we establish some a priori estimates for the
solution u of problem (1.1)-(1.3). In this part we always assume that {S(t)}:>0
is the semigroup generated by the weak solutions of problem (1.1)-(1.3) with
initial data ug € H?(Q2). Thus, we have the following lemma.

Lemma 2.3. There exists a bounded set % whose size depends only on €, in
U such that for all the orbits starting from any bounded set B in %, Ity =
to(B) > 0 s.t. Vt > tg all the orbits will enter and remain in A.

Proof. It suffices to prove that there is a positive constant C' such that
lu(®)|mz < C, t>to(B).

We prove the lemma in the following steps.

Step 1: L? norm estimate. Multiplying (1.1) with u, and integrating the
result over €2, we deduce that
1d

(2.3) T

[ull® + | Aul* = (AA(w),u) + (8- VB(u), ).
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Hence
(2.4) iaﬂu” +9)Aul|*=— [ A (w)|Vu|*dx — 8- | B(u)Vudz.
Q Q
A simple calculation shows that
A (u) = (2p— 1)a2p_1u2p_2 +(2p— 2)a2p_2u2p_3 + . tauta
(25) Z k1u2p_2 — ]{72,
where k; and ky are positive constants. We also have
(2.6) (B-VB(u),u) = / 8- (VB(u))udz = 0.
Q
Adding (2.4)-(2.6) together, we get
1d
(2.7) §£HUHQ + || Aul? + kl/ u?P 2| Vul?dr < kz/ |Vu|?dz.
Q Q
Thus
1d 2 2 2 v 2 k‘% 2
— 2 < < . < L 22
5l Al Aul? < kallVul? < kol - 18] < Zul? + 22l

which means
2

d k
(2.8) el + vl Au]® < fIIUHQ-
On the other hand, by Poincaré’s inequality for function in %, we have
[ul® < er [ Vull?,

where c¢; depends only on the domain. In addition, we also have the following
inequality

2
allVulP < eaffull - Al < Ll + Al
Hence
[ul < eF )| Aull?.
Adding (2.8) and the above inequality together, we finally arrive at

d v k3
2.9 —Jul?+ (5 - =2 <.
(2.9 Gl + (% -2 ) Jule <

2
Taking v large enough, satisfies % — %2 > 0, we obtain
1

~
2

Jul? < ¢~

=
4‘mw

)t
lluol®.

Thus, for initial data in any bounded set B C %, there is a uniform time ¢ (B)
depending on B such that for ¢ > t1(B), there holds

(2.10) u(z,t)]|? < Ch.
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Step 2: H! norm estimate. Multiplying (1.1) with Au, and integrating the
result over {2, we obtain

(2.11) 1£||Vu||2 + 9| VAu||? = —/ AA(u)Audz — / VB(u)Audz.
Note that

AA(u) = A" (u)(Vu)? + A (u) Au.

A simple conclusion shows that
(212) A )] < ks(L+ [ 73), AT ()] < Ra(1+ [u*P70),

we also have
q
(2.13) B(u) =Y bju’ < ksu + k,
j=1

where ks, k4, k5, k¢ are positive constants. By (2.5), (2.11)-(2.13), we get

1d

2dt

k4/(1 123 Va2 Audz + k|| Aul?
Q

IVull? AV Al + o / W22 Auf*de
Q

IN

+k5lf)’|/ quVAuldx+k6|ﬂ|/ |V Au|dz
Q Q

IN

k k
?4||Vu||j + (24 + kz) | Aul® + kl/ u?72(Au)?dx
Q

—I—k—i P (Vu)tde + 1||VAu||2
4 Jo 7

Ths|B] 124 , ThslB|
(2.14) +T||u|\23+ S 1.

2
Thus,
1d
2dt

k k k2
Siwalt+ (5 +n) 12w+ 41 [0t

6
[VulP + 2V Aul?

IN

Tks|Bl, 12q . TkelB|
—Q
+ % Jullzg + 2 12|

7k
(215) = E1+E2+E3+E4+26,|YB|IQI-

For E1, based on Nirenberg’s inequality, we derive that

[Vulla < M| VAul|5HEE |u] 578 4 Moy

(2.16) < Ms||VAu[3+ 4+ My (n < 2),
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where M; (i = 1,2,3,4) here and in the following are positive constants. Thus,
(2.17) Ey = *IIV I3 < *IIVAUIIQ + Cs.

For Es, by (2.10), we get

/|Vu|2dm——/ u - Audz
(2.18) < (/Qu2dx>2 (/Q|Au|2dx)é <C (/Q|Au|2dx)2,

we also have

(2.19) / |Au|?de = —/ Vu - VAudr < (/ |Vu|2dx> (/ |VAu|2dx>
Q Q Q Q

Hence
k;4 9
Q
k4 2 5 Y 2
(2.20) < (2 + k) [VAu|?dz | < ﬂHVAuH + Cs.
Q

In order to estimate Fs5, we first estimate H'LLHLOO we have

suplu| < M 178 4 My
< 3||VAu||6 + My (n <2).

Hence, using (2.16) and the above inequality, we finally arrive at

k2
Es = 4—]:1/ u?P~(Vu)de
< ki —L (sup |u|)*~ 4/ |Vul|*dx
T4k
k2 n n
= ﬁWsIIVAuIIE + M) (M| VA3 + M)
< M| VA" 5SS 4 M
(2.21) < ﬂHVAuH? +Cy (n<2).
For E,, since
ICER IV RTCEL
l[ull2g < M|V Aull [[ul 7775 + Malul| (n < 2),
we have
Tks| 5|
(2:22) By =——|lu ulld < - L Ivaul? + .
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Adding (2.15), (2.17), (2.20)-(2.22) together, we finally arrive at

Tks ||
vy

d
(2.23) a||Vu||2+7||VAu\|2 <2(Co+Cs+Cy+Cs5) + Q.

Based on (2.18) and (2.19), we also obtain
IVull? < CIVAus < CIVAU|®+C,

where Ci and C’é are positive constants. By (2.23) and the above inequality,
we deduce that

7y

- Vul]? < Ce,
Clll ull* < Cs

d
2.24 — 2
(2.24) dtIIVuII +

where Cg = 2(Cs + C3 + C4 + C5) + 7k‘*T|ﬁ||Q| + % > 0. Using Gronwall’s
1

inequality, we deduce that

S CsC
[ul? < e € [|Vau|? + —222.

Thus, for initial data in any bounded set B C %, there is a uniform time t2(B)

depending on B such that for ¢ > to(B), there holds
2C5C,
(2.25) IVu(a, t)]? < T

Adding (2.10) and (2.25) together, we have
(2.26) lu(t) || < C.

By Sobolev’s imbedding theorem, we obtain the L™ estimate of the function
in the space %,
lu@llm < C, meN, m < oco.
Step 3: H? norm estimate. Multiplying (1.1) by A%u, and integrating the
result over {2, we obtain

1
(2.27) E%HAuHQ + ]| A%u|? = / A*uAA(u)dz + - | A*uVB(u)dz.
Q Q

Therefore
1d
2dt

which means

1Au[* + 4[| A%u]|* < Cr[| AAw)|* + Cs| VB (u)* + %IIAQUIIZ,

d
(2.28) T Aul® + ][ A%u]* < 207 | AAw)[|* + 2C5|IV B(w)|*.
On the other hand, we have
(2:29) AA(w)|

< 2(/ |A’(u)|2|Au|2dx+/ |A”(u)|2|vu|4da:)
Q Q
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IN

M, K/ﬂ |Au|6dm)é + (/Q |Vu|6dx)§] ,

and for B(u), we have
2

q
B(u)' [P = | Y jbjud ™t | < kpu?t7? 4 ks,
j=1

where k7 and kg are positive constants. Hence

/(k7u2q_2 + kg)|Vul*dz
Q

IN

IVB(u)|?

k k
< i/u4q’4dx+—7/ |Vaul*de + ks | Vul?
Q 2 Ja

2
ko W k:C 206C, ks
(2.30) < = |WVullj+ —+ ——.
2 D) v
Using Nirenberg-Gagliardo’s inequality, we have
[Vally < CylIA%u]| T || Vul|' =T + Col|Vul (n < 2),
[Vulls < Cyl|A%u]|¥]|Val'=F + Cy| Vul| (n < 2),
|Aulls < CL| A%l 5 | Vul' =5 + Cy|Vul| (n < 2).
Using Young’s inequality, we have
IVullf < C5l|A%u||5 + C) < ]| A%u||? + C-,
IVulls < C|A2ul|? + Cy < el| A% + C-,
1Au|Z < Cyl|A%u]| S + Cf < €| A%u)® + C-.
Thus, we deduce that

d
Sl Aul? +AlIA%u]* < 20 My ([ AulfE + [ Vullg)

kE:C  20sCiks Kk
w@<;+6$8+;vw®

< 207 My (2e||A%ul]? + 2C.)

2

365

k 20sC ks k k
+2C5 <7C + 76651 4 %E||A2u\|2 + 720> .

Therefore

d
(2.31) %HAUHQ + (y — 4C7 Mye — Cgkqe)||A%u||* < Cy,
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where Cg = 4C7 M C. + Csk7C + 2CsC) Cgks + CskrC. > 0. Taking & small
enough, for C1g > 0 and C7; > 0, we obtain

d
ZNAul? + Caol| A%l < Cry.

By the Calderon-Zygmund type estimate, we have

d ,
(2.32) ZAul? +C Cro[|Aul® + [[VAu[?) < Crr.
By Gronwall’s inequality and ||Aw(0)|| < R, there holds
/ C
A 2 < —C Ciot A 2 11
I8ul? < &€ Ot Au P + otk
_c Cn 2C1
2.33 < e @ Ctp? <
( ) = ¢ + 0/010 - O/Clo
fort > t5(B) = C'lClo In ClgiﬁRQ. Adding (2.26) and (2.33) together, we obtain
(2.34) lu(@®)|g2 < C.
Based on Sobolev’s embedding theorem, we obtain
(2.35) [u(®)||lz= < C.
Let to(B) = max{t1(B),t2(B),t3(B)}, the lemma is proved. O

The above lemma implies that the operator semigroup {S(¢)}:+>0 has a
bounded absorbing set in %. In the following Lemma 2.4, the precompact-
ness of the orbit in % is proved.

Lemma 2.4. For initial data ug varying in a bounded set B C % , there exists
at1(B) >0 such that

lu@)lgs <C, Vt>t; >0,
which turns out that |, u(t) is relatively compact in % .
Proof. The uniform bound of H?(Q) norm of u(t) has been obtained in the

above lemma. In the following we derive the estimate on H3 norm. Acting A
on the equation (1.1), we obtain

A
(2.36) % + A3y = A2A(u) + B - VAB(u),
and when x € 09, the following (2.37) is completed
(2.37) Au = A?u.

Multiplying (2.36) by A2u and integrating the result over Q, we immediately
deduce that
1d
= —||VAu|]? VA%ul’d
535 IVAulE 7 [ [VatuPda

(2.38) . /Q VAA(u)VA?uds — 3 - /Q AB(u)VA2udz = 0.
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On the other hand, we have
VAA(u) = V(A (u)Au+ A" (w)|Vul?),
and )
AB(u) = V(B (u)Vu).

Hence, a simple conclusion shows that

/VAA u) - VAZudx

w)Au+ A ( )| Vul*) VA uda

IN

</ 1A' (u)V AUV A%u|dz + 3/ |A” (u) VuAuV Au|dx
Q Q

|A” (u)(vu)3VA2udx)
Q

C </ |VAuY A?u|dx + 3/ |VuAuV A%u|dz
Q Q

+/Q |(Vu)3VA2u|dx>

(2.39) < Ce([ VAU + [[Vulul* + ([ Vull§) + e VA%u|,

and

IN

/ AB(u VAQudx

u)Vu) VA%udz

IN

/|B AuVA2u|da:+/ |B” (u)(Vu)?|VA2u|dz

C(/ |AuVA2u|dx+/ Vu2|VA2u|dx>
Q Q

(2.40) Ce(|Aul® + [[Vul|3) + el VAZul .

Based on Nirenberg’s inequality, we obtain

(241) |Vulld < C(IVAZa| 2 [Vul =% + [Vull*) < | VAZ|]? + C. (n < 2),
and we also have the following inequality

(2.42) [Vulu|? < C|Vu|E [ Aul? < Cral| Vul[f .

By Nirenberg’s inequality again, we deduce that

(243) |VulZ < C(IVA% |l T |[Vul>~% + | Vu|?) < | VA*u|® + C. (n < 2),
and we also have

(2.44) [[Vull§ < C(IVA%| %[ Vu|®~ % +[[Vull®) < el|VA%|® + C. (n < 2).

IA

IN
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Using (2.38)-(2.44), we obtain

%%HVAUHQ + (v = (C12Ce + Ce + 1+ |8|C: + |5|)€)||VA2u||2
< Ce|VAU|? + Cu,
where
Ci3 = C12C2 + C2 +|B|C2 + %61&1005 > 0.

Taking € small enough and v satisfies v — (C12C: + Ce + 1+ |8|C: + |8])e > 0,
using Young’s inequality, we have

1d
2dt
On the other hand, integrating (2.32) between ¢ and ¢ + 1, we immediately
conclude that

(2.45) IVAu|? < C.||VAU| + Chs.

41
!’ 2
(246) C cw/ IV Aul?dr < |Au(®)|? + Cri < Ot (e +1).
t C'Cho
Owning to (2.45), (2.46) and the uniform Gronwall inequality inequality in [16],
we deduce that
[VAul? <C, t>1.

The lemma is proved. (I

Then by Theorem I.1.1 in [16], we immediately conclude that &/ = w(Z).
The w-limit set of absorbing set % is a global attractor in %7. By Lemma 2.4,
this global attractor is a bounded set in H3(2). Thus the proof of Theorem
2.1 is complete.

Remark 2.1. Because of the convective term, the convective Cahn-Hilliard
equation is different from the usual Cahn-Hilliard equation in some properties.
For the usual Cahn-Hilliard equation (i.e., B(u) = 0) with following boundary
conditions

ou  0Au

% = %, S 69,
it is easy to obtain that the L? norm estimate and the H' norm estimate on
u, since the usual Cahn-Hilliard equation with the above boundary conditions
has two important properties:

(1) the conservation of mass, namely

/Q u(z, t)dz = /Q uo(z)dz,

(2) there exists a Lyapunov functional

Flu) = [ (GIVuP + Hw)ds

which is decreasing in time.
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However, for problem (1.1)-(1.3), the above two properties may not be ex-
istent. So, we have to use another approach to establish the a prior estimates
on |lullz2() and ||ul|g1(q): Multiplying both sides of Eq.(1.1) by u and Auw,
integrating the result over €. Since there’s no useful method to avoid applying
Nirenberg’s inequality when the H' norm estimate is established, we have to
confront some restricted conditions. We cannot help but consider this problem
in one or two dimension space, and we have got to choose some condition for the
order of polynomials A(u) and B(u), where A(u)’s order satisfies 2p—1 < 241
and B(u)’s ¢ < & +1.

3. Attractor in H* space
3.1. Preliminary

In this part, we used to assume that the linear operator L : X; — X in
(2.1) is a sectorial operator, which generates an analytic semigroup e**, and L
induces the fractional power operators and fractional order spaces as follows

L= (-L)*: X, —> X, a €R,

where X, = D(£*) is the domain of Z*. By the semigroup theory of linear
operators, Xg C X, is a compact inclusion for any 5 > «. For more details on
the space H,, see the reference [10].

Thus, Lemma 2.1 can be equivalently expressed in the following Lemma 3.1.
We can find Lemma 3.1 in [13, 14, 15].

Lemma 3.1. Assume that u(t,¢) = S(t)e (¢ € X,t > 0) is a solution of
problem (2.1) and S(t) the semigroup generated by problem (2.1). Assume
further that X, is the fractional order space generated by L and

(B1) For some « > 0 there is a bounded set B C X, which means for any
¢ € Xq, there exists t, > 0 such that

u(t,p) € B, Vt > t,,
(B2) There is a B > «, for any bounded set U C Xg, there are T > 0 and
C > 0 such that
u(t,@)llx, <C, V=T, peU.
Then (2.1) has a global attractor &/ C X, which attracts any bounded set of
X, in the X,-norm.

We also have the following lemma which can be founded in [13, 14, 15].

Lemma 3.2. Assume that L : X1 — X, is a sectorial operator which generates
an analytic semigroup T(t) = e*F. If all eigenvalues X of L satisfy ReX < —\g
for some real number \g > 0, then for £“(£ = —L) we have

(C1) T(t) : X — X, is bounded for all o € R' and t > 0;
(C2) T(t) LYx = LT (t)x,Vr € X,;
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(C3) For eacht >0, L*T(t): X — X is bounded, and
ILT ()] < Cat™e™,

where some § > 0 and Cy, > 0 is a constant depending only on «;
(C4) The X,-norm can be defined by ||z||x., = ||-Lx|| x-

For problem (1.1)-(1.3), we introduce the following space:

H  =12Q),
(31) H1/2 :{UGH2(Q)DH7U|BQ:0},
H1 :{H4(Q)HH,U|QQ:AU|3Q:0}7

where Q is a bounded domain in R" (n < 2). We define the linear operators
L:H, — Hand G: H — H by

Lu = —A2uy,
(3.2) g(w) = AA()+ 6 VB(),
G(u) =g(u).

It is easy to check that L given by (3.2) is a sectorial operator and the
tractional power operator (—L)'/? is given by
(—L)Y? = —A.

The space H,/y is the same as (3.1), and H, 4 is given by Hy,4 = closure of
Hi o in H'(Q) and H, = H* " H; for k > 1.

The main result is given by the following theorem, which provides the exis-

tence of global attractors of the convective Cahn-Hilliard equation in any kth
space HF.

Theorem 3.1. Assume Q2 C R? is a bounded domain. Then for any o > 0,
problem (1.1)-(1.3) possesses a global attractor o in H, space and <7 attractors
any bounded set of H, in the Hy-norm.

3.2. Proof of Theorem 3.1

It’s well known that the solution u(t,ug) of problem (1.1)-(1.3) can be writ-
ten as

¢
(3.3) u(t,ug) = eFug —|—/ LG (u)dr.
0

Using (3.2) and (3.3), we obtain

¢
(3.4) u(t,ug) = eFug +/ e Lg(u)dr.
0

Based on Lemma 3.1, In order to prove Theorem 3.1, we first prove the
following lemma.

Lemma 3.3. Assume Q C R?, then for any a > 0, the semigroup S(t) gener-
ated by the problem (1.1)-(1.3) is uniformly compact in H,.
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Proof. Tt suffices to prove that for any bounded set U C H,, there exists C > 0
such that

(35) Hu(t,UQ)HHa <C, Vt>0,upeUCH,, a>0.

For a = %, this follows form Theorem 2.1, i.e., for any bounded set U C H, /2,
there is a constant C' > 0 such that

(36) H’LL(t,’LLo)||H1/2 <C, Vi>0,uyeUC H1/2.

Thus, we shall prove (3.5) for any o > % The lemma will be proved in the
following steps.

First, we prove that for any bounded set U C H,, (% < a < 1), there exists
a constant C' > 0 such that

(3.7 llu(t, uo)||g, <C, ¥t>0, up €U, a<l.
Based on the embedding theorems, we derive that

Hyjpp = WhQ), Hyp— WH(Q).
Using (2.35) and the above embedding, we obtain

low)? = / lg(w) P

_ /Q A" )| Vuf? + 4" () A+ B - (B (u) V)

2
‘dm

1" ’ ’ 2
< c/ A 2|Vl + 4" () + (B @) VuP)| da
Q
< C (supA”(u)2 |Vu|4dm+supA/(u)2/(Au)2dm
TEQ w zeQ (9]
+supB,(u)2/ Vu|2dx>
e Q
< C’(/ |Vu|4dx—|—/ |Au|2dsc—|—/ |Vu|2d3:>
Q Qo Q
< O(lullyyrs + llullf, , + lullFy.2)
(3-8) < Clullsy, , + lulld,, + el ),

which means that g : Hy /o — H is bounded.
Hence, we deduce that

t
lut,uo)l, = lleuo + / =T g (w)dr | 1,
0
t
< Clluollm, + / I(=L)*e Dk g(u) |
0
t
< Olluolm, + / 1= L) - g (w)l|rdr
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IN

t
Clluo| . JrC'/ % 0T dr
0

(3.9) C, Vt>0, ugpeU C Hg,,

A

where 0 < o < 1.

Thus, (3.7) is proved.

Second, we prove that for any bounded set U C H, (1 < a < %), there
exists a constant C > 0, such that

5
(3.10)  lu(t,uo)llg, <C, ¥t>0, up €U CHy, 1<a< T

Based on the following embedding theorems of fractional order spaces (see Pazy
[11]), we derive that

H, — W32(Q), H,— W>4Q),
H, — WY(Q), H,— WwWHQ),

where 2 < o < 1. Then, using (2.35), we obtain

(3.11)
lg()li%, .
= /Q(V (AA(u) + B - VB(u)))* dz

/ (A" W)Vl + 34" (w)|Vulu| + A (u)|VAul
Q
+ B (w)|p| - |Vul® + |8|B (u)Au)*da
(/ 1A”( |Vu|6dx+/ |A” ()2 VuAul?|ds
+/ |A' (u) |VAu|2dx+/ |B”( \Vu\4d9c+/ |B (u (Au)de>
Q

<C <sup Am(u)Q/ |Vu|®dz + sup A”(u)Z/(\Vu|4 + (Au))dx
Q zeQ

zeQ

\ /\

+sup A’ (U)2/(VAU)2dJU+ sup B ( / |Vu|tdz + sup/(Au)2d$>
o

zeQ z€Q TEQN
< Clullfyre + lullipss + l[ulfyes + ullfyae + lulz, ;)

< Cllullfr, + lullzr, + lull,),

which means that g : H, — Hj 4 is bounded for 3 < a < 1. Using (3.7) and
(3.11), we obtain

3
(3.12) lgCu(t, vl <C, ¥E20, 9 €V, ;<a<l



CONVECTIVE CAHN-HILLIARD EQUATION 373

By using the same method as that in the first step, from (3.12), we derive that

t
futt o), = ePuo+ [ e Eg(uwydrila,
0
t
< Clluolm, + / (= L) g ) | s
0
t
< Clluolm, + / 1Ly 4 - flg(w) 1, vl
t
< Cluwlu, +C [ 7% ar
0
(3.13) < C, Vt>0,upeUC H,,

where f=a—1 (0 <8< 1).

Thus (3.10) is proved.

Third, we prove that for any bounded set U C H,, (g < %) there exists
a constant C' > 0, such that

at
w

(3.14) ||u(t,u0)||Hu < C, Yt > 0, ug € U C Ha, Z <« —.

Based on the following embedding theorems of fractional order spaces (see Pazy
[11]), we deduce that

H, — W'4Q), H,— W?»4Q), H,— W>(Q),
Hy, = W42(Q), H, = W3(Q), H, — W),
H, — W5(Q),

[\]

where 1 < a < 2. Then, using (2.35), we obtain
(3.15)  llg(w)l%, ,
_ /Q|A(AA(u)+6-VB(u))|2dz
< /Q (A(4)(u)|Vu|4 +6A" (u)|Vul?Au + 3A" (u)(Au)?
+4A" (u)|[VuVAu| + A () A%u + B (u)|8] - |[Vul?
35" (|| - [Vudul + B (]| -|VAu|) " d
gc(/ﬂ( ) (w)? \W\de/A V2 Vul4(Au)2da
+/ A" (u) (Au)4d:r+/ " (w)?|Vul?|VAu)2dz

/A (A% dx—i—/B |Vu|6dx+/B )| VulAu|*da
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+/ B’(u)2|VAu|2dx)
Q

< C(sup (AD (4 /|Vu|8dx+sup( (u))Q/(vu|8+|Au|4)dx
Q

e

+ sup(4’ (u))2/(Au)4dx+gscup(A (u))Q/(\Vu\4+|VAu|4)dx

e

+ sup(A4 /|A2u|2dx+sup /|Vu|6da:
€N

wsup(B”(0)? [ (Vul! + 180l )+ sup(5 @) [ [Fau?ae)
e

< C(llullfyrs + Nl + lulliyss + ||U||w4,2 + [lullfyro
+lullfys.s + llullirs)
< O(llullfy, + lullzr, + lullZ, + lul,),
which means that g : H, — Hi 5 is bounded for 1 < o < 3. Using (3.10) and
(3.15), we obtain
(3.16) lgCu(t o))l ,a <C. VE>0, up €U, 1<a< g

By using the same method as that in the first and second steps, from (3.16),
we have

t
lutu) ., = ™o+ / T
< Cluolu, + [ 13 gl r
< Cluollm. +0/ =97 dr
(3.17) < C, Vt>0,upeUCH,,

where B =a— 1 (0< B <1).

Thus (3.14) is proved.

Fourth, we prove that for any bounded set U C H,, (% <a< %), there
exists a constant C' > 0 such that

(3.18) Ju(t,uo)llm, <C, V20, ug €U C Hy, 5<a<

N W
IR

Based on the following embedding theorems of fractional order spaces (see Pazy
[11]), we deduce that

H, = Wh0(Q), H, = Wh2(Q), H, — W>*(Q),
Hy = W'4(Q), H,— W>3(Q), H,— WH8(Q),
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H, — W*(Q), H,— W3>4Q), H,— W>?(Q),
H, — W*3(Q),

where 2 < o < 3. Then, using (2.35), we obtain,
2
(3-19)  llg(w)ll,,,

_ /Q\VA(AA(u)—Fﬁ-VB(u)Fdx

IN

/ (49 @) Vul® + 104D ()] Vul* Au + 154" (u)|Vul (Auw)?
Q

+10A" (w)|Vul? [ VAu| + 104" (u)| AuV Au| + 5A” (u)| VuA 2yl
+ A (w)VA%u + BYW)|B] - |Vu|* + 6B (v)|8] - [Vul*Au

1" 1" ’ 2
+3B (u)|B] - |Aul* + 4B (u)|8] - |[VuVAu| + |3|B (u)A2u) dz

IN

c(sup<A / Vuldo + sup(AD)? [ (Fu]"> + 8l )do
Q

e

+ sup)(4’ (u))z/(|Vu|4+|Au|8)dx+sup(AW(u))2/ (Vul*da
xEQ 0 TeQ Q

+sup(Am(u))2/ |VAu|4d;z:+sup(A”(u))2/(|Au|4+|VAu|4)dx
Q €N Q

zeQ

+sup(A”(u))2/(|Vu|4+|A2u|4)dx+sup(A’(u))2/ VA2u2de
Q

e z€eQ

+ sup(BW)? / |Vu|®dx + sup( " (u))? / (|Vul® + |Au|*)dz
e Q

zeQ

+ sup(B / |Au|*ds + sup( " (u))? / (|Vul* + |[VAu[*)dz
Q
+sup(B' (u))? / (A%)%)
e Q
< C(llulliprao + llullipoe + lulliyzs + llulliys + el + lulliys
+lulliysa + llullfyse + ullfyaz)

< C(Jlulf, b+l + lullz, + [llE,),

which means that g : H, — Hj/4 is bounded for % <a< % Using (3.14) and
(3.19), we obtain

5 3
(3.20) lg(u(t,uwo))lm,,, <C, Vt>0, uo €U, 1 <a< 7

By using the same method as that in the above steps and from (3.20), we have

t
[ut, uo)llm. = HetLUOJF/e(t_T)Lg(U)dTIIHa
0
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t
a—3 -7
< Clluolla, +/O I(=L)* 58 g, dr
t
< CHU()HHQ +C/ T_'ee_éTdT
0
(3.21) < C, Vt>0, ugeUC H,,

where f=a—32 (0 < B8 < 1).

Thus, (3.18) is proved.

In the same method as in the proof of (3.18), by iteration we can prove
that for any bounded set U C H, (o > 0) there exists a constant C' > 0 such
that (3.6) hold, i.e., for all & > 0 the semigroup S(¢) generated by problem
(1.1)-(1.3) is uniformly compact in H,.

The lemma is proved. |

Lemma 3.4. Assume Q C R3, ug € H3(Q). Then for any a > 0, problem
(1.1)-(1.3) has a bounded absorbing set in Hy.

Proof. Tt suffices to prove that for any bounded set U C H, (a > 0), there
exist T'> 0 and a constant C' > 0 independent of ug, such that

(3.22) ||u(t,u0)||Ha <C, Vt>T, ugeU C H,.

For a = %, this follows from Theorem 2.1. So we shall prove (3.22) for any
o> % We prove the lemma in the following steps:

First, we prove that for any 3 < o < 1, problem (1.1)-(1.3) has a bounded
absorbing set in H,,.

By (3.2), we deduce that

t
_ (t-T)L (t—T)L
. s W) — ) .
(3.23) u(t,ug) = e u(T uo)+/ e g(u)dr
T

Assume B is the bounded absorbing set of problem (1.1)-(1.3) and satisty
B C Hy /3, we also assume Tp > 0 the time such that

N =

u(t,ug) € B, Vt>1Ty, upe U C Hy, a>
It is easy to check that
HetLH < Ce—d)\ft’
where A1 > 0 is the first eigenvalue of the equation

{ —Au = \u,

3.24
( ) u|aQ =0.

Thus, for any given T'> 0 and ug € U C H, (o > %), we deduce that

(3.25) Jim [|e® D u(T, )|, = 0.
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Using (3.6), (3.21) and the assertion (C3) of Lemma 3.2, we derive that

t
lutuo)lm, < e u(Ty, uo)| . + /T (= L)t DL) - [lg(w)| srdr
0
t
< T (T, o) 1, + C / |(~L)elt=)E)
T
T,
< He(t_To)LU(Toauo)HHa+C/ % 0T dr
0
(3.26) < TR u( Ty, ug) || o, + C

where C' > 0 is a constant independent of ug.
Then, by (3.25) and (3.26), we obtain (3.20) holds for all § < o < 1.

Second, we use the same method as the above step to prove that for any

3 <a < 3andfor any 1 < a < 2, the problem (1.1)-(1.3) has a bounded

absorbing set in H,. By the iteration method, we obtain that (3.20) holds for
all o > % O

Hence, by Lemma 3.1, Lemma 3.3 and Lemma 3.4, we immediately conclude
that the proof of Theorem 3.1 is completed.

Remark 3.1. The attractors o7, C H, in Theorem 3.1 are the same for all
a >0, ie., o, =, Ya > 0. Hence, o7 C C*°(f2). Theorem 3.1 implies that
for any ug € H, the solution u(t,ug) of problem (1.1)-(1.3) satisfies that

L _ _ S
tlg&vléléﬂu(t,uo) vlgr =0, Vk>1.
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