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THE ASYMPTOTIC BEHAVIOUR OF THE m-TH ORDER
CARDINAL B-SPLINE WAVELET

RoNALD KERMAN, MI-AE KiM, AND SUSANNA SPEKTOR

ABSTRACT. It is well-known that the m-th order cardinal B-spline wave-
let, ¥, decays exponentially. Our aim in this paper is to determine the
exact rate of this decay and thereby to describe the asymptotic behaviour
of Ym.

1. Introduction

Mallat and Meyer in [6, p. 225] define a wavelet, ¢, with the aid of a scaling
function, ¢, in Ly(R), which function satisfies, among other things, a relation
of the form

(1.1) p(x) = a2z — j)
JEZ

for certain scaling constants a;; indeed,

(1.2) U(x) =Y (1) a1 (2z - j).
JEz
The cardinal B-spline scaling functions, and hence the wavelets they deter-
mine, are given in terms of the cardinal B-splines, N,,. As in [1, p. 17], the
latter are defined inductively by

1
Ni(x) = xj0,1)(z) and Ny, (x) = / Np—1(x — y)dy,
0

m =2,3,.... One has N,, € C"%(R) for m > 2. Moreover, it is supported in
[0, m] and is equal to a polynomial of degree m — 1 on each interval of the form
ek +1),k=0,1,...,m— 1.

Though the family {N,,(z — j)} ez is not an orthonormal system, it is
possible to construct a scaling function, ¢,,, from it so that {¢pn,(x — j)}jez is
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such a system. Indeed, one can take
(1.3) Z ¢ Ny (z — J),
JEL

with

(1.4) . 1/ COb]H
. = 5
2m J- \/ P, cos

in which P,, is a polynomial of degree m and

4 N 12
P, <cos 2) = 27TZ | N (6 + 27j)]

JET

(We use the convention f()\) = \/% Jg f(t)e™™dt, X € R, for the Fourier trans-
form).

It is well-known that the m-th order cardinal B-spline wavelet defined by
(1.2) in terms of the scaling constants of ¢,, decays exponentially; see, for
example, [6, Corollary 5.4.2, pp. 150-152].

Our aim in this paper is to obtain the exact rate of the decay. Its principal
result is:

Theorem A. The m-th order cardinal B-spline wavelet, 1,,, m > 2, has the
asymptotic form

efaorj

N N (z =) | [L+o(1)],

(15)  Ym@ =] Y (-1)VE

r—m<j<x

as |x| = oo, in which r; = {%} and E; depends only on the sign and parity of

j € Z. The constant ag in (1.5) is given by

a0 |:\/,um 1+1 + /lm—1
\/,U/m 1+ _\/,U/m 1

where
(/\m—l + 1)2
4|)‘m—1|
and \p—1 1s the (m — 1)-st smallest negative root of the Euler-Frobenius poly-
nomial of degree 2m — 2.

Hm—1 =

The constants E; are given explicitly for j € 2Z, in the proof of Theorem
6.2. Therefore, they are expressed in terms of constants D,, = D,,(j) and
Dypy1 = Dm+1( /), which are themselves specified in the proof of Theorem 5.1.

Estimates similar to (1.5) are given in [2, Theorem 1] for the Franklin func-
tions.
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To prove Theorem A we need a representation of 1, similar to the one for
©m in (1.3), namely,

(1.6) Ym(2) =Y 7N (z = ).
JEZL

As will be shown in Lemma 6.1 below,

(1.7) v = (=1) Z(*l)kakﬂ'ﬂck’
kez

J € Z, where the a; appearing in (1.7) are the scaling constants for ¢,,,. These
constants are given by the formula

M+1 m+1
(1.8) a;=2"" <M+1_i> ;Z Cizibj
€

i=M-m
=i

b; = % A\ Pm (cos Z) cos jodo,

j € Z, and | = i means | = ¢mod 2. The constants b; come out of an equation
inverse to (1.3), namely,

(1.9) No(2) =D bjpm(a — ),

JEL

for j € Z; here,

z e R.

The behaviour of 1, (x) as |z| — oo is determined by that of ; as |j]| — oo.
To describe the latter we need to know the long term behaviour of, successively,
the ¢, b; and a;. This is obtained in Sections 3, 4 and 5, respectively. The proof
of Theorem A is then essentially given in Section 6 by the determination of the
behaviour of ; as |j| — oco.

We begin in the next section with a study of 1

P, (cos %) ’

2. The function %9
P,, (cos 5)

It is shown in [1, p. 90] that

S O

in which 0 > Ay > --- > A,,_1 are the first m — 1 negative simple real roots of
the Euler-Frobenius polynomial

mly 2\, cos 0 + A7
Ak 7

k=1

m—1

Bam-1(2) = 2m = 1)1z > Nop(m +k)2*,
k=—m+1
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the remaining m — 1 negative roots, A1,..., Aam_2, being such that A\ Agp o0 =
C = A7n—1)\7n =
Lemma 2.1. Let P, (cos ) and M\, k=1,. —1, be as in (2.1). Then,
(2.2) = ,
\/Pl (cos 9 \/%4—% cos? 4
1 1
(2.3) - ,
\/P2 (cos §) 2 + 1+ cos? 9 f+2 cos4g
and, for m > 3,
(2.4)
1 K 2]
- = A 1+Z ( 2) (-1 + 1) (1+ B ?)sin® ~ |
P, (cos 9) 2
2

The positive constant A is specified in the proof and B,T_2 is the final term in
the finite recurrence sequence

where

and
+1
Bl+1 R(j <m+2 > 1+ B ’
Z Ml+1+1 ( J)
l=1,...,m—3, with

,ul - 4‘)\7]| )
i1=1,...,m — 1. Moreover, B = limy_, s BZT_2 exists.

Proof. The formulas (2.2) and (2.3) can be obtained directly from [1, p. 88,
(4.2.10)].

As for (2.4), we observe that, since 1 — 2\ cosf + \? = —4/\(33 + %)’

with « = cos?® (g) , one has
1 m—1 7%
— =9~ (m=D (2m — 1)! (H (x4 u1)>
P, (cos g) i=1

m—1 1
-1 3
=A <1+ i )
1 pi+1
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m—1 0o 1 r—1 k
=A 1 2 —_
+,§_;(k)(m+1> |

where A = 2=~V /(2m — 1)1 [[72, (s + 1)~ 3,

Now,
=) Hg;l(;)(;z;l)k N Srr
in which
dy = (‘,f) (1) + (‘,f) (52 + 1)
+k§ (f) (k_% > (i + 177 (2 + 1)
BN
— < k?) (p2+1)"" [14 By]
and

po +1
Bl = R(j
3w (25
We claim that limg_, o Bk exists. Indeed, p1 > po > -+ > ppm—1 > 0,
so the claim will follow from the Lebesgue dominated convergence theorem for
sequences once we show R(7, k) is bounded independently of j and k, 1 < j < k.

But, on expressing the generalized binomial coefﬁcients in terms of gamma
functions and using the relation I'(z)I'(1 — z) = we obtain

1 P(k+ 10+ %)F(k —j+1)
VID(k+ DTG+ DMk —j+1)

Stirling’s formula in the form I'(x) ~ v/2me™ " 272 then yields

, k+1\" (5+3 j(k—j+1>'” k+1
R(j, k) ~ V2e 2 2
(7, k) €<k+;> <j+1> k—j+1 GrDE—j+1)

R(j, k) =

<\F<k+1)
k3
1 k

:\/%<1+2k+1>

< V2e3.
Again,
1+i<_%>(x_l>k[+31} 1+§:(_%><T_1> 1+Zl — ¥
e\ Ek p2 +1 k =\ k ps+1 - (@
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with

l\')\»—l

mo= (7)) )

and

Bk_ZR <“3E> (1+BL).

An argument similar to the one involving the Bé shows limy,_, o B% exists.
Continuing like this we finally get

5 ) () e

+ i(—l)k (j) (ttm—1 +1) " sin* (g) (1+ B2

exists, as asserted. ([l

=A
P, (cos 2)

=A|1

and limg_, B;”_Q

Corollary 2.2. Let c; be the Fourier coefficient in (1.3). Then, for j > 1,

(25) ¢; = (=1)7A(1+ B+ o i ( ><k2_kj>(4(um_1+1))_k,

k=j
where A and B are as in Lemma 2.1.

Proof. According to Lemma 2.1,

A4 1 i . T 0 '
(2.6) ¢; Z(—l)k( k2> (Bm—1+1)""(1+ B} 2)/ sm%icosg@d@.

T on o
k=j
Now,
sin2k9=21 ( > 92k— 12 ( >cos?(k i)0,
o
- k—1
/ Sin%gcosjﬁdﬂz 2%% (—1)%= <2k / cos(k — )0 cos j0d0
- i=0
0, k<j
= Som 2k
1) —— s k>3
D = (k—1> /

Substitution in (2.6) and the observation that By*"? = B + o(1) for k > 1
yields (2.5). O
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3. The constants c;
The purpose of this section is to prove:

Theorem 3.1. Let c; be given by (1.4). Then,

. 670‘0‘]“
(3.1) i~ (1) Ke——=
Vil
as |j| — oo, where
an = In |:\//14m1 +1+ \/,U/m1:|
0 V Hm—1 +1- Vv Hm—1

and

1 1 \*
K.— L a1+ (1+ ) .
NG ( ) pr—

Proof. According to Corollary 2.2,
- - —3 2k -
i =y = (740 + B+ o) 3 032 (2 ) s 1)
k=|jl
for |j] > 1. We have, when j >0
- -3\ [ 2k -
k(2 k
S0t (52) () e < 1)
k=j
1 i T(k+ 3)T(2k + 1)
Nz o F(k+1DI(k+j+1)I(k—5+1)

(A1 + 1)) 7"

The ratio of the k + 1-st term to the k-th term in the last series is
1 (2n —1)2

r(n) = — n=k+1.
" G )
As )
, 2(2n —1 — (24
iy = 220 = D= i)
Apm—1 +1)(n? — j2)?
we conclude
1
. I _ :
(i) Jim_r(n) ]
(ii) r(n) decreases until n = 252, after which it increases;
(iii) r(n) = 1 when

1

de —1)n® —den+c+j2=0, c= —n——
( ) J 4(,Um—1+1)

or

4e — \/4c+452(1 -4 j
e c—+/4e+452%( c)m j _ iy .
2(4c—1) 1—4ec Hm—1
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Take k =1+ j, so that

T(l+7+ T2+ 25+ 1)
+i+ 000 +2j+ )01 +1)

1
l1_< 1+ 1>j—aj.
Hm—1

Then, according to [5, p. 274], we have, for [ = [y + h and |h| <j

) oG,

%ZV‘V7ﬂ+B+d1§:HZ (41 + 1)~

Let

§
5

1 1
Fh+j+s+h)=TUi+j5+5 )(11+] ) exp( <
2 20 +7-3)

D201 +2j+1+42h) =T(2l1+25+1) (211 +25) 1 i—%
(211+2j+1+2h) = D(2l+2j-+1)(201+2)) exp(mlw) 1404 )
et =i ) eXp(Ql +g> +0( %)),

Fli4+2j+1+h)=T01 4+ 25+ 1)(I1 + 25) exp(Zl oy ) [1+0(5),
(lh
and
h
D(ly +14+h) =T + 1)IF exp(Zl ) 1+0@G~ )]
Thus, with [ = l; + h, we have, uniformly in &, |h| < j,

D(l+j+ 320425 +1)
P(l+j+1)I(1+2j+1)I(+1)

equal to
D(ly +j+ 5020 +25 + 1)
Flh+7i+ )T +25+ DT+ 1)
" [h2< 1 4+1+1+1)]
exp |—— | — — —
P2 Uh+s-1 242 " hi+j h+2 'k
Fh+y—)@h+wﬁr
(I +) (L +25)1

N{ Al +5)? ]h[4<zl+j>2]h
L+ +2)0] [ +25)]

Now,
4(11+j)2
7:4 7—+]~
ll(l1+2]) (,un 1 )
and
[_ L4 ot 1 1
Nhti—L 2h+2 "L+ L+ kL
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- 2 + 1 _;’_l—#—ﬂ
at+1l a+2 a ala+D(a+2) 7
Setting
T(l+j+3HrQ20+25+1 i
dl—|: ( 2) ( . ) (4(#Tn_1+1)) (l“l‘])7
F'l+i+1)rI+2j+1)rI+1)

we have shown
) 2

e~z h
di ~+/jd, —
2 d~id 3 =g
[1—11]<55 [l—11]<j5
j%‘) _pe?
N\ﬁdll/ ez dt, by [5, p. 275],
2 (o]
~ \/jdl”/B/ et
2mj
~ 7dl1

as j — oo. ,
Again, when |h| > j% there exists p, 0 < p < 1, such that

.3
d; < pllﬂs*ldll_j%, where 0<1<1l 457,

and .
—li—j5 .3
dy < plh 7"d, L3 where li+j5 <1,
1
SO
3 . 3
hi—j5 Lh—j hi—j> d, .3
Li—l—j5 I 1—45
< . 1 Y — - <
dsd, g 2.0 Gt 2P s,
=0 =0 =0
and, similarly,
o0
§ d < 114355
R ey
I=li+j5

Altogether, then,

¢ ~ (1) A1 + B)\/%dh.

Next, Stirling’s formula (in the form I'(z) ~ v2me "2%~2) yields

(4(,U/m—1 + 1))l1+jjdll

J o1 . . .
~—t—expl—(h+j+ =42 +2+1—-l—j—1—-1,—-2j—1—1 —1
o pl=(h +j+5 +20h +2j 1= 1= 2] 1 —1)]

I+ 7+ Lati(or 425 + 1)2h+2+3
% JT3 J
(lh + 7+ D)tita(ly 425 4 1)a+2i+s (] 4 1)a+s
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which equals

% li+j
e? (1 + m) (20y + 2j + 1) +2i+3 42
V2w (1 + %)lﬁj (b +2j 4+ D t2ts (4 D)\ (W +5+ 1)+ 1)
1+J
. . 1
N e 4ll+j+% (l1 + 5+ %)i(ll+J)+2
2ma(or+1) (h+7+7+1)hT20 el 4+ j—j 4+ 1)k
% 2(l1+7) 1
~ (& 4[1+j+% <1+ ll+j> ll +]+% 2
2 1 . 11425 . Lo\l + 27 +1
el (i) (g ray)
Ah+ithe2 <a+ 1\ 2 1 1
~ 2ra a+1 a+2> 1 L\t 1 1\
(&+1) <1+T+1+ll+j) (1*T+1+ll+j)
l1+7 .2 J
~ &(1_72)—(11+j) (1_7> 1 1
2 1_|_ li+j Lit+j
ma(a+2) 7 (1 + (1+7)1(l1+j)> (1 + (H)lmﬂ'))

j - ,
0 0 1 . .7
1+ — ) (1+—L = — j=2
X( +<1—m> ( +(1+7)j) (” o b Hi= (et w)
~ (4(Nm—1+1))l1+j62670¢0j eXp[ - . : : ]

ma(a+ 2) 1—y 149 1—v 14y
= (4(Nm71 + 1))ll+j eiaoj.
ma(a+ 2)
Finally, then,
(1
Cj ~(— c z
! Vi

as j — oo, where

K. = A(1+ B) a“:A(HB)(H ! ) .
™

\/E Hm—1

4. The constants b;
Using the methods of Section 3 one can prove:

Theorem 4.1. Suppose A, o and p,—1 are as in Section 8 and let

1 [ 0
4.1 = — P, — ]
(4.1) b; 5 /_7T - (cos 2) cos j6d0,

j €Z. Then,
e_ao‘j‘

bj ~ (_1)j+1Kb 3
Mk
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with
1 1+C 1 T4
Ky=———11
’ vro A ( +l‘m—1>
and
C = lim 0173%2,
k—o0

where C,Tf2 is the last term in the finite recurrence sequence

k J
1 . po 41
Ck_ZS(hk)(,ul—i—l) )

i=1
and
k ’ L1\F
crtl = S(i, k (TH_Z) 1+Cl),n=1,...,m—3;
P =Y (B2 o)
here,

We only remark that the key difference lies in the d; of Section 3 being
replaced by
“T(l+j— 520 +2j+1))
Fl+j+1)T00+25+ 1)1+ 1)

d;

A(fyy— 1))+ — _ .
(g1 +1) e

5. The scaling constants a;
The purpose of this section is to prove:

Theorem 5.1. Let a; be the j-th scaling constant of the function ¢,,, given
by (1.8). Then, with ag as in Theorem A and r = {Ij%nq, one has

—QQT
e 0

G

as |j| — oco. Here, Dj > 0 depends only on the sign and parity of j.

(5.1) a; ~ (=1)"D;

To do this we require:

Lemma 5.2. Set M = [%] . Then, the scaling constant

M+1 m+1
(5.2) a;=2""" " (M 1 Z) > ceibj,
kEZ

i=M-—m
k=1

J € Z; as before, k =1 means k = imod 2.
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Proof. According to [3, p. 148], the cardinal B-spline, N,,, satisfies the scaling
relation
m—+1

)=2" mz <m+1) (20 — M — 1 +1)

M+1 m+ 1
=27 Ny (22 — 7).

From formulas (1.3) and (1.9) we then have

M-+1
2)=Y alNul@—k) =Y 2™ Y (M”iﬁl_i)zvm@x—%—i)

kEZ kezZ i=M—m
M+1
m m+1 .
—rm 3 (L) T -2k
i=M—m kEZ
M+1
—m m+1
=2 | E <M+1—z> E Cizi Nim (22 — k)
i=M-—m keZ
M+1
—m m+1
=92 E <M+1 ) E Ck'L E bl(Pm 2(E— —Z)
i=M-—m k:EZ leZ
M+1
—m m+1
=2 E <M+1 )E cklg bj—rom (22 — j)

i=M-—m kEZ JEZL

Nt m+1
S| 2, () B e e
JEZ i=M-—-m

Thus, (5.2) holds, in view of the scaling relation (1.1). O

Proof of Theorem 5.1. For j >> 1. Fix i in (5.2), say i« = m+2n;, and consider

Cr—ib;i_p = Cr—ib;_
Z rPi—k Z ErtPi—k

kEZ kezZ

k=i =
= E Cn—n; bj7m72n-

neZ

To begin,

0
E Cn—n; bj—?n—Qn

n=—oo
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e—ao(j—m+2n)

o0

S Kb C o 3
,;)'”*” (j—m+2n)3
e—o(i—m) 2°

<K——— )% Z e~ 20on

(J_—m =
-’ (eﬁ ) |

- 7] e—Qon 7a0(j7m72n)

chnljm2n<Kz\/7J_

)T (V7] paon
700 ] m
Z \F (j—m-— 2n)%

Next,

m—2n)2

T[\/T

e~ @0 g—ao[VT]
‘ Z r_n%
67040’)"
‘0< NG )

Z Cn—n; bj7m72n
n=r— [/l +1

oo

Again,

—ap(n—mn;)

~ -1 niniKcib'—m,— n
Z ( ) m J 2

n=r—[/r]+1
e~ @or > T
=K. Z (71)71771.;67(10(7177”77’) bj—m—2n
VI e o
e~ @or > T
= KC Z (_l)kJrreiaOk bj—m—2k—2ni—2r
(R Tk
—QoT
~ (_1)TK1TL€

where
K" =KoY (—1)" e % bop o, (jm)t2n,-
k€EZ
When i = m + 1 + 2n; we arrive at

&
Cﬂb‘,k ~ (_1>T'Kim+17>
2 o= 7

k=m+1

—aor
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in which
Kim+1 = K. Z(_1)ke_a0kb2k+2rf(j*m*1)+2m'
kez
Altogether, then, (5.1) holds, with

Dj =Dy + Dm+1
M+1 M+1
m+1 m+1
— 9 m Km 9—m Km-&-l.
i=m i=m+1 O

Remark 5.3. (1) D; is a constant over all j > 0 having the same parity. Thus,
if j =m, one has 2r = j —m, whileif j=m+1,2r=75-m - L
(2) When j << —1,r = [=F2],

(5.3) K" =K. Z(—1)k67a°k52k+2r+j—m+2m
keZ

and

(5.4) K" =K, Z(—1)k€_a°kb2k+2r+g‘—m—1+2ni~
keZ

6. The constants «;

We here study the asymptotic behaviour of the constants ~; in (1.6). A
formula for them is given in:

Lemma 6.1. The constants y; are given in terms of the constants a; and c;

by

(6.1) v = (=17 (=) ar— ek,
keZ

jez.

Proof. Using the formulas (1.2) and (1.3) for v,,, and ¢,, respectively, one
obtains

¢m($) = Z(_Dlalfl()pm(zx - l)

leZ
= Z(fl)lal—l Z CnNm(2x —1- 77,)
=/ neEZ
- Z(—l)lal_l ch_le(Qx —J)
l€Z JEZL
= Z [Z(—l)lal_le_l‘| Nm(Qx - .7)
jez Liez
— Z lZ(l)jkak_j+1Ck‘| N (22 — ),
jez Lkez
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which proves (6.1). O

Theorem 6.2. Let v; be given by (6.1) and suppose o is as in Theorem A.
Then, with r = {MT'H},

e—()éo’l‘
\/77

as |j| — oo, in which E; depends only on the sign and parity of j.

3~ (C1E,

Proof. For j >> 1 and j = 0. We write
51 4 i1 o
VR DO YRS SIES o) T
k=—co  k=—1 k=i+1 k=j
=514+ 5+ S5+ 94.
Consider Sy first. One has

J
2

52 = Z (—1)kak,j+1ck

. j—k+m—1
k=—1% D)
k—j=m+1
J
: . e
k j—kim e
+ Z (_1) (_1) m+1 Ck
) j—k+m
:—% 2
k—j=m
L ;
j e_aD§ k+m41 b) « m—k—1
_ 3 — —ag
=(-1)2 E (=1) mAl T h—mgl ( ek
5 sz% 2 2
k—j=m+1
7
2 ot 7
m 5 _ —
+ E (—=1)"2 Dpyq T m € ao (3 )ck]
sz% 2 2
k—j=m
J
i, e 02
~ (71)2EJ =y
J
2

with
Ej= ), (—1) T EF Dyem 0T gy,
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+ Z (_1)k§"‘Dm+1e—ao(mT_k)ck

keZ
k—j=m
~ Km0 3T (21) 5T D, emeollki=)
k€EZ
k—j=m
g ktm _ g — | —
femad Y (1), emeollki=h),
keZ
k—j=m
Next,
o0
|51 (—1)fa,
1] = Aj4+k—1Ck
k=%+1
0 67(10(”167%) efa(;k o0 67(1(;(]+k27m) efaok
<K Z & N + Z k VEk
- Jtk=1-m - j+k—m
k=4+1 3 k=4+1 5
j+k=m+1 jt+k=m
—apl [eS] J oo
e~ o3 5 3k _ (m+1)
2 —ap (-
<KDL S e, S
\/; k=%+1 2 2 k=%+1
j+k=m+1 jt+k=m
g%
=0 -
J
2
Again,
j—1
k
13l = | > (=Dfar—jic
k=%+1
<K I7l o () —agk I ao () p—aok
< E +
J j—k—1—m \/E j j—k—m \/E
k=3Z+1 2 k=g+1 2
k—j=m+1 k—j=m
gl Jj—1 Jj—1
o
§K€ Z eao(g—m=1) 1 Z e0(5—m)
\g k=4+1 k=441
k—j=m+1 k—j=m
e=03
=0
J
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Finally,
o0
k
1Sal = D (= DFar—jirck
k=3
e e_ao(M) e—Oéok' o0 e—ao(kij;m) e—aok
<SK| ) + 2
P k—jti-m ko k—j-m Vk
= 2 =J 2
k=m+1 k=m
€_a0% 0o o)
<K E e—ao(%—j—m+1)+ E e—ao(%—j—m)
2 k=j k=j
k=m+1 k=m+1
e—0%
=0
J
2

O

Remark 6.3. As mentioned in Introduction, the result of Theorem 6.2 essen-
tially gives us Theorem A. Similarly, Theorem 3.1 yields, for m > 2,

e—Oéo|j|
om(z) = K. _Z<,< WNm(x—j) [1+o(1)]

as |z| =»— oo.

Finally, as m gets large, both v,,, and ¢,,, decay less and less rapidly. Indeed,
Y and ¢, converge uniformly to the Shannon wavelet and scaling function,
respectively, each of which decays only as ‘71| when || — oo; see [4]. We are
grateful to the referee for bringing this paper to our attention.
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