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WEAK BLOCH FUNCTIONS, ¢-UNIFORM
AND ¢-JOHN DOMAINS

K1 WoN KM

ABSTRACT. We give some properties of weak Bloch functions and also give some
properties of ¢-uniform domains and ¢-John domains in terms of moduli of conti-
nuity of Bloch functions and weak Bloch functions.

1. INTRODUCTION

Suppose that D is a domain in euclidean n-space R, n > 2. Let £(y) denote the
euclidean length of an arc y and dist(A, B) denote the euclidean distance from A to
B for two sets A, B C R".

A domain D in R" is said to be b-uniform if there is a constant b > 1 such that

each pair of points x1, o € D can be joined by a rectifiable arc v in D which satisfies
£(7y) < blzr — x2]
and

(1) jn:l% U(y(zj,2)) < bdist(x,0D)
for each = € v, where v(z;,z) is the part of v between z; and z. Uniform domains
arise in many areas of function theory (see [1], [4], [5]).

We say that a domain D in R" is b-inner uniform if there is a constant b > 1
such that each pair of points x1, x2 € D can be joined by a rectifiable arc v in D
which satisfies (1) and

£(y) < bAp(w1, 72),
where \p(z1, x2) = inf £(«) and infimum is taken over all rectifiable arcs o which

join z1 and z9 in D. Obviously |z1 — x| < Ap(x1, z2).
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A domain D in R" is said to be b-John if there is a constant b > 1 such that each
pair of points x1,z9 € D can be joined by a rectifiable arc v in D with (1).

John domains arise naturally in distortion problems of conformal and quasicon-
formal mappings [3], [4], [5], [7]. An inner uniform domain is a domain intermediate
between a uniform domain and a John domain. In [1, Theorem 1.11], they showed
that inner uniform domains in R™ are Gromov hyperbolic. See also [9], [11] for inner
uniform domains.

For each pair of x1, zo € D C R”, we define the quasihyperbolic metric kp in D
by

. ds
hp(1,22) = H';ffy dist(z,dD)’
where the infimum is taken over all rectifiable arcs ~ joining x; to 3 in D. A
quasihyperbolic geodesic is an arc ~ along which the above infimum is obtained.
We have some important bounds for quasihyperbolic metric and the bounds in-
volve metrics jp and jj, (see [1], [2], [5], [9], [10], [11]). We define

. 1
Jjp(z1,22) = 3 log(1+ rp(x1,22))
and
./

1
Jp(wr, ) = S log(1+rp(z1,22))
for x1, xo € D C R", where

rp(x1,xe) = |21 — 2|
DAL, 22 minj:LQ diSt($]’,aD)
and
)\D Tr1,T2
T‘/D(l’l,fEQ) — ( U )

minj:LQ diSt(l’j, OD) '
For any proper subdomain D of R"™ we have
(2) jp(x1,x2) < jp(21,22) < kp(21,22)

for 1, x2 € D [1, (2.4)], [6]. These bounds may be reversed exactly if the domain

is uniform (or inner uniform) as follows([2, Theorem 5.3.5], [5], [9], [11]).

Theorem 1.1. A domain D in R™ is b-uniform, (b-inner uniform), if and only if

there is a constant a such that
kp(z1,x2) < ajp(x1,z2),

(kp(z1,22) < ajp(x1,x2)),

for all x1,x9 € D, respectively. Here a and b depend only on each other.
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A function f analytic in D C R? is said to be a Bloch function, or f € B(D), if
fllp) = sup |f'(2)|dist(z,0D) < oo.
ze

A real valued harmonic function u in D C R" is said to be a Bloch function, or
u € Bp(D), if
[ullB, (D) = sug |Vu(x)|dist(z,0D) < oo.
BAS

If f e B(D), then

1
|f'(2)] < HfHB(D)W;

and thus
ds

@) = Fa2)| < Wy | e
107 )

where 7 is a rectifiable arc joining x1 to x9 in D. Hence we generalize Bloch function
in terms of quasihyperbolic metric as follows (see [2], [9]).

For p > 1, a function f: D — RP in D C R" is said to be a weak Bloch function,
or f € By,(D), if there is a constant m > 0 such that

‘f(:L’l) — f($2)| < mkD(:cl,xg), V:L’l,:lig e D.
Let

[ fl|B(p) = inf{m >0 : [f(z1) — f(z2)| < mkp(z1,22), V1,79 € D}.

In section 2, we characterize weak Bloch functions and give some properties of
them.

Next we define two distance functions dp and np on a simply connected proper
domain D C R? by

op(z1,22) = Sl}p |f(21) = f(22)],

np(z1,22) = sup [u(z1) — u(22)]

for all 21, 20 € D, where the suprema are taken over all f € B(D) with ||f|[gp) <1
and u € By (D) with ||u||g, (D) < 1, respectively. In [2, 5.3] we have that for every
feBD)

|f(21) = f(z2)| < || fllBDydDn (21, 22), V21,22 € D.
In [2] and [10], the following relations of the distance functions kp, dp and np on a

domain D are given.
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Theorem 1.2. In a simply connected proper domain D C R?,
np(z1,22) = 0p(21,22) < kp(21, 22) < codp (21, 22) = conp(21, 22)
for all z1,z9 € D, where ¢y is an absolute constant.

In [2] and [10], a simply connected uniform (or John) domain D C R? is charater-
ized by moduli of continuity of Bloch functions with respect to jp (or jp,) as follows.
See also [9], [11].

Theorem 1.3. Let D C R? be a simply connected proper domain. Then the follow-

ings are equivalent.
(i) D is c-uniform.
(ii) There is a constant ¢ such that for f € B(D)
|f(21) = f(22)| < c||fllsp)ip (21, 22), V21,20 € D.
(iii) There is a constant ¢ such that for u € By (D)
[u(21) — u(ze)| < ellullg, (pyip(21, 22), V21,22 € D.
The constants ¢ are not necessarily the same, but they depend only on each other.

Theorem 1.4. Let D C R? be a simply connected proper domain. Then the follow-

ings are equivalent.
(i) D is c-John.
(ii) D is c-inner uniform.
(iii) There is a constant ¢ such that for f € B(D)
|f(21) = f(z2)] < ellfllgpyip (21, 22), V21, 22 € D.
(iv) There is a constant ¢ such that for u € By (D)

lu(z1) — u(z2)| < el|ullg,(p)ip(21, 22), V21,22 € D.

The constants ¢ are not necessarily the same, but they depend only on each other.

In [9], there are higher dimensional versions of Theorem 1.3 and Theorem 1.4 as

follows.

Theorem 1.5. Let D C R” be a proper subdomain. Then the followings are equiv-

alent.
(i) D is c-uniform.
(ii) There is a constant ¢ such that for f € By,(D), f: D — RP,

|f(x1) = fz2)| < el|fllB,(p)ip (71, 22), VX1, 22 € D.
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(iii) There is a constant ¢ such that for u € By,(D), u: D — R,
[u(@1) — u(x2)| < cllullp, (p)jp (w1, 32), Vo1, 22 € D.
The constants ¢ are not necessarily the same, but they depend only on each other.

Theorem 1.6. Let D C R" be a proper subdomain. Then the followings are equiv-

alent.
(i) D is c-inner uniform.
(ii) There is a constant ¢ such that for f € By, (D), f: D — RP,
|f(z1) = fx2)| < ellfllB(p)dp (w1, 2), V1,22 € D.
(iii) There is a constant ¢ such that for u € By(D), u: D — R,
lu(z1) — u(@2)| < cllullp, (p)ip (a1, 22), V1,22 € D.
The constants ¢ are not necessarily the same, but they depend only on each other.

In [8] we obtained results on moduli of continuity of conjugate harmonic functions

in uniform domains as follows.
Theorem 1.7. Let D C R? be a simply connected proper b-uniform domain. If
f=u+iv is an analytic function in D with u € B(D) then
|f(21) = f(z2)] < mjp(21,22), V21,22 € D.
The constant m depends only on b and ||u||g, (p)-
Theorem 1.8. Let D C R? be a simply connected proper b-uniform domain. If
f=u+iv is an analytic function in D with
lu(z1) — u(z2)| < mjp(z1,22), V21,22 € D,
then
|f(21) = f(22)| < majp(21,22), V21,22 € D.
The constant m1 depends only on b and m.

In section 3 and 4, we give analogous results of above theorems for much larger
class of domains such as ¢-uniform domains and ¢-John domains with center z.

Suppose that ¢ is an increasing self-homeomorphism of the non-negative reals
[0,00]. A domain D in R" is said to be ¢-uniform if

kp(x1,22) < ¢(rp(z1,22))

for all z1, zo € D. We say that D is ¢-John with center xq if
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kp(zo,x) < ¢(rp(xo,x))
for all z € D and for some fixed z9 € D (see [7]).
Remark 1.9.
(i) The domains which are ¢-uniform with ¢(t) = clog(1+t) for some constant
¢ are precisely uniform [5], [7].
(ii) The domains which are ¢-John with center z¢ with ¢(¢f) = clog(l + %)
for some constant ¢ have been characterized as domains which satisfy a

quasihyperbolic boundary condition [3], [4]. A special subclass of these

domains is the class of John domains [4], [7].

2. PROPERTIES OF WEAK BLOCH FUNCTIONS

Theorem 2.1. Let f : D — RP, p > 1, be a function in D C R™. Then the
followings are equivalent.

(i) f € Bu(D).

(ii) There is a constant m such that

|f(z1) — f(22)| < mjp(w1,x2),

for all x1, o € D with |x1 — 2| < dist(x1,0D).
(i)
sup |0f (x)|dist(z,0D) < oo,
zeD
where
B) —
050 e @ 1) = @)
|h|—0 Al

Here all constants depend only on each other.

Proof. The equivalence of (i) and (ii) was proved in [9, Theorem 3.1]. Now we
show the equivalence of (i) and (iii). Suppose that (i) holds and fix 2 € D and
|h| < dist(xz,0D). Let v be the quasihyperbolic geodesic joining = to x + h in D.
Then by (i) there is a constant m > 0 such that

ds ds
_ < ———— < dist(w.dD)
|f(x+h)— flz)] < mldist(w’aD) =m iz, o1 dist(w, 0D)

|h| ds
<
= m/o dist(z,9D) — |h]
I
dist(z,0D) — |h|’
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Thus L
|h|—0 |h|
Next suppose that |df(x)| < mdist(z,0D)~! for all € D for some constant

m > 0. Fix z1,20 € D and choose a rectifiable curve 7 joining z1,29 in D. Let

< mdist(z, D).

s denote arclength measured along ~ from xi, let x(s) denote the corresponding

representation for v and set g(s) = f(z(s)). Then

‘ag(s)’ _ limsup |g(5 + h) _ g(S)’
|h|—0 |h|

< [0 (x(s))]
For 0 < s < ¢ ={(v), g is absolutely continuous and

Y/ Y4
/0 1Bg(s)lds < /O 07 (2((s))lds

IN

[f(x1) = f(x2)] = lg(£) — 9(0))]

0
< m/ dist(z(s), D) tds.
0

Thus

|f(z1) — f(22)] < mkp(x1,22),
for all x1,x9 € D. Hence f € By, (D). O
Remark 2.2.

(i) For a domain D C R?, B(D) is the intersection of B, (D) with the class of
analytic functions in D [9, Remark 1.2].
(ii) For a domain D C R", Bj,(D) is the intersection of B, (D) with the class
of real valued harmonic functions in D [2, Example 5.4.9 (i)].
Proof of Remark 2.2 (ii). (ii) is in [2, Example 5.4.9 (i)] without proof. Here we
prove it by Theorem 2.1. If u € By (D), then

ds
_ < < Tiat(r A
lu(@1) — u(22)| < /7 Vulds < [[ulls,p) /7 dist(z, 0D)

for all x1,x9 € D, where + is a rectifiable curve joining x1 to 2o in D. Thus

[u(z1) — u(@2)| < [lullg,(p)kp (71, 22)
for all z1,x2 € D and hence u € By, (D).
Suppose that u is a real harmonic function in D and u € B, (D). Then by
Theorem 2.1 there is a constant m > 0 such that

e — 1y 4D~ u(@)]
u(w)] = [Vu(a)| = Jim FEE

< mdist(x, 0D) !
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and hence u € By (D). O

Lemma 2.3. Let D C R" be a proper subdomain. Fix xqg € D and define a function
u: D — R byu(z) =kp(x,20). Then u € By(D) and |[ul|g,py < 1. In general, u

18 not harmonic.

Proof. The first part is Lemma 3.6 in [9]. For the second part, suppose that u is
harmonic in a proper subdomain D C R2. Since u(zp) = 0 and u(z) > 0 in D, by
the minimum principle for harmonic functions u must be a constant function and
thus u(z) =0 for all z € D. It is a contradiction. O

3. WEAK BLOCH FUNCTIONS, ¢-UNIFORM AND ¢-JOHN DOMAINS

Theorem 3.1. Let D C R" be a proper subdomain. Then the followings are equiv-

alent.
(i) D is ¢-uniform.
(ii) For f € By(D), f: D — RP,
|f(x1) = f(z2)| < ||fllB, (D)0 (rD(21,22)), Va1, 22 € D.
(iii) Foru € By(D), u: D — R,
lu(21) — u(z2)| < |[ullg, (D)@ (rp(71,72)), Vo1, 22 € D.
Proof. First we show that (i) implies (ii). Suppose that D is ¢-uniform. Then for
feByD), f:D— RP,
|f(x1) = f(z2)| < |[fllBu(pykp (21, 22) < |[flB, (D) (rD (21, 72)),

for all x1, zo € D. Next obviously (ii) implies (iii), and we need to show that (iii)
implies (i). Suppose that (iii) holds. Fix xy € D and define a function u : D — R
by u(z) = kp(x,z0). Then by Lemma 2.3 and (iii)
kp(z,20) = |u(z) — u(zo)| < ¢(rp(x, 20))
for all z € D. Thus by triangle inequality
kp(x1,22) < d(rp(a1,2))

for all z1, zo € D and D is ¢-uniform. O

In particular, for n = 2 we can characterize ¢-uniform by B(D) and B (D) instead

of By(D).

Theorem 3.2. Let D C R? be a simply connected proper domain. Then the follow-

mngs are equivalent.
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(i) D is ¢-uniform.
(ii) For f € B(D), f : D — R?,
|f(21) = f(22)| < I flBp)y@(rD(21,22)), V21,22 € D.
(iii) Foru e By(D), u:D — R
lu(21) — u(z2)| < ||ullg,(p)@(rp(21,22)), V21,22 € D.
The ¢’s are not necessarily the same, but they depend only on each other.

Proof. By the exactly same argument in the proof of Theorem 3.1, (i) implies (ii)
and (iii). To show that (ii) (or (iii)) implies (i), fix 21,22 € D. Then by Theorem
1.2 and (ii) (or (iii))

kp(21,22) < codp(21, 22) = conp(z1, 22) < cop(rp(z1, 22)),
for an absolute constant ¢y. Thus D is ¢1-uniform with ¢; = cyo. O

Remark 3.3. If ¢(t) = clog(1+1t) for some constant ¢ in Theorem 3.1 and Theorem
3.2, then we have the same results as Theorem 1.5 and Theorem 1.3, respectively.
Theorem 3.4. Let D C R" be a proper subdomain. Then the followings are equiv-

alent.
(i) D is ¢-John with center x.
(ii) There is a point xg € D such that for f € B,(D), f: D — RP,
|f(@1) = f(@2)] < 2I£llB,,(0)¢(rD (x5, %0)), Va1, 22 € D.
(iii) There is a point xg € D such that for u € By(D), v : D — R,

Ju(x1) — u(z2)| < 2ullg, Dy (rp(x), x0)), V1,22 € D.

Here | |
" man:LQ a;j — X0
rp(x, o) = — - .
p(:%0) min;—; o{dist(x;, 0D), dist(zo, 0D)}
The ¢’s are not necessarily the same, but they depend only on each other.

Proof. First we show that (i) implies (ii). Suppose that D is ¢-John with center x.
Then for f € B,(D), f: D — RP,

|f(z1) = flz2)| < |[fllBn(p)kp(21,22)

< | fllBy(py(kp(21,20)) + kD (70, 72))
< |, (p)(@(rp(w1,70)) + d(rp(20, 72)))
< 2l fllB.(p)yo(rp (x5, 20)).
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for all z1,29 € D.

Next obviously (ii) implies (iii), and we need to show that (iii) implies (i). Suppose
that (iii) holds. Fix z¢p € D and define a function v : D — R by u(x) = kp(z, zo).
Then by Lemma 2.3 and (iii)

kp(x,20) = Ju(z) — u(zo)| < 2¢(rp(z, 20)) = 26(rp(x, x0))

for all x € D. Thus D is ¢;-John with center xy and ¢ = 2¢. O

In particular, for n = 2 we can characterize ¢-John with center xy by B(D) and
B, (D) instead of B, (D).

Theorem 3.5. Let D C R? be a simply connected proper domain. Then the follow-

ings are equivalent.
(i) D is ¢-John with center zy.
(ii) There is a point zg € D such that for f € B(D), f: D — R2,
(1) = f(22)| < 2/ fll5(0) ("D (25, 20)), V21,22 € D.
(iii) There is a point zo € D such that for uw € By (D), u: D — R,
lu(z1) — u(z2)| < 2lull,(p)?(rp(z), 20)), V21,22 € D.
The ¢’s are not necessarily the same, but they depend only on each other.

Proof. By the exactly same argument in the proof of Theorem 3.4 we can prove that
(i) implies (ii) and (iii). Now we show that (ii) (or (iii)) implies (i). By Theorem
1.2 and (ii) ( or (iii))

kp(z,20) < codp (2, 20) = conp (2, 20) < c2¢(r'p(2, 20)) < c02¢(rp(2, 20)),
for all z € D and for an absolute constant c¢g. Thus D is ¢1-John with center x¢ and
¢1 = 2¢09. O
Remark 3.6. If ¢(t) = clog(1 + t) for some ¢ in Theorem 3.4 and Theorem 3.5,

then we have the results for the class of domains which satisfy the quasihyperbolic

boundary condition. Thus the results are also for the class of inner uniform domains.

4. MobDuLI OF CONTINUITY OF CONJUGATE HARMONIC BLOCH
FuNCTIONS

In [8] we obtain a result on conjugate harmonic Bloch functions in a domain as

follows.
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Theorem 4.1. Let D C R? be a simply connected proper subdomain. If f = u + iv
is an analytic function in D with u € By (D), then f is in B(D) with ||f||gp) <

|[ullB, (D)

Now we get some results on a certain moduli of continuity of conjugate harmonic
functions in a ¢-uniform domain, a ¢-John domain with center zy and an inner

uniform domain.

Theorem 4.2. Let D C R? be a simply connected proper ¢-uniform domain. If
f=u+iv is an analytic function in D with u € By (D), then

£ (21) = f(z2)| < Jull,(p)¢(rp(21,22)), V21,22 € D.
Proof. If u € Bp(D), then by Theorem 4.1 f € B(D) with ||f||zpy < [|ulls,D)-
Since D is ¢-uniform, by Theorem 3.2
|f(21) = f(22)| < I fllBpy@(TD(21, 22)) < ||ullB, (DyP(rp (21, 22))
for all z1,29 € D. O
Corollary 4.3. Let D C R? be a simply connected proper ¢-uniform domain. If
f=u+1v is an analytic function in D with
|u(z1) —u(z2)| < mjip(z1,22), V21,20 € D,
then
[f(21) = f(z2)| < mo(rp(21,22)), Va1, 22 € D.
The constants m are not necessarily the same, but they depend only on each other.

Proof. Since u is harmonic in D, by (2)

[u(z1) — u(z2)| < mjp(z1,22) < mkp(z1, 22)
for all 21,22 € D. Then u € B, (D) and hence by Remark 2.2 (ii) u € By (D). Then
by Theorem 4.2 we get the result. O
Remark 4.4. If ¢(t) = clog(1+t) for some constant ¢ in Theorem 4.2 and Corollary

4.3, then we have the same results as Theorem 1.7 and Theorem 1.8.

Theorem 4.5. Let D C R? be a simply connected proper ¢-John domain with center
20. If f =u+iv is an analytic function in D with u € B (D), then

|f(z1) = f(z2)] < 2l[ullgpyd(rp (2, 20)), V21,22 € D.
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Proof. If u € Bp(D), then by Theorem 4.1 f € B(D) with ||f||gpy < [|ulls, (D)
Since D is a ¢-John domain with center zp, by Theorem 3.5
£ (21) = f(z2)] < 2/ fll5(p)d(rD (25, 20)) < 2l[ull, (p)d(rD (2, 20))

for all 21,29 € D. O
Theorem 4.6. Let D C R? be a simply connected proper b-inner uniform domain.
If f =u+iv is an analytic function in D with u € Bp(D), then

|f(21) = f(z2)| < mllull, (D)ip(21,22), V21,22 € D.
The constant m depends only on b.
Proof. If u € Bp(D), then by Theorem 4.1 f € B(D) with ||f||zpy < [|ulls,(D)-
Since D is b-inner uniform, by Theorem 1.4 there is a constant m such that

|f(21) = f(22)| < ml|fllgpyip(21,22) < mllull,(p)ip(21,22)
for all z1,29 € D. O
Corollary 4.7. Let D C R? be a simply connected proper b-inner uniform domain.
If f =u+ v is an analytic function in D with
lu(21) — u(22)| < mjp (21, 22), V21,22 € D,

then

|f(21) = f(22)| < mullullppyip (21, 22), V21, 22 € D.
The constant my depends only on b and m.

Proof. Since u is harmonic in D, by (2)
u(21) — u(z2)| < mjp (21, 22) < mkp(21, 22)

for all 21,29 € D. Then u € B,,(D) and hence by Remark 2.2 (ii) v € B (D). Then
by Theorem 4.6 we get the result. U
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