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Semi-analytical Annular Mindlin Plate Element for Out-of-plane
Vibration Analysis of Thick Disks
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Abstract This paper presents a new semi-analytical annular Mindlin plate element with which out-of-plane natural vibra-
tion of thick disks can be analyzed simply, efficiently, and accurately through FEM by including effects of rotary inertia and
transverse shear deformation. Using static deformation modes which are exact solutions of equilibrium equations of annular
Mindlin plate, the element interpolation functions, stiffness and mass matrices corresponding to each number of nodal diam-
eters are derived. The element is capable of representing out-of-plane rigid-body motions exactly and free from shear lock-
ing. Natural frequencies of uniform and multi-step disks with or without concentric ring support are analyzed by applying
the presented element. Such results are compared with theoretical predictions of previous works or FEA results obtained by
using two-dimensional shell element to investigate the convergence and accuracy of the presented element.
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Fig. 1 Geometry of an annular plate element
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Table 1 Frequency parameters A= wa’~ph/D of a uniform circular disk with free outer boundary surface; #/a=0.2, v=0.3, and K = /12

1-D FE model
n m* Theory®
N.=16 N,=32 N, =64 N,=128 N,=256 N,=512
0 2 8.50623 8.50538 8.50517 8.50512 8.50511 8.50510 8.50510
3 31.1643 31.1238 31.1139 31.1114 31.1108 31.1107 31.1106
4 60.0194 59.7365 59.6678 59.6507 59.6464 59.6454 59.6450
5 91.3479 90.3728 90.1371 90.0787 90.0642 90.0606 90.0593
1 2 17.9883 17.9805 17.9786 17.9781 17.9780 17.9780 17.9779
3 44.5858 44.4719 44.4433 44.4362 44.4344 44.4340 44.4338
4 75.0315 74.5070 74.3752 74.3422 74.3339 74.3319 74.3312
5 106.986 105.524 105.156 105.064 105.041 105.035 105.033
2 1 5.11438 5.11420 5.11415 5.11414 5.11413 5.11413 5.11413
2 28.7098 28.6786 28.6708 28.6689 28.6684 28.6683 28.6682
3 58.0532 57.8052 57.7429 57.7273 57.7233 57.7224 57.7220
4 89.7076 88.8266 88.6042 88.5485 88.5346 88.5311 88.5300
3 1 11.3163 11.3143 11.3138 11.3137 11.3137 11.3137 11.3137
2 40.0716 39.9881 39.9671 39.9618 39.9605 39.9602 39.9601
3 71.4718 71.0159 70.9009 70.8721 70.8649 70.8631 70.8625
4 104.073 102.726 102.385 102.299 102.278 102.272 102.270
6 1 36.4377 36.3731 36.3568 36.3527 36.3517 36.3514 36.3514
2 75.7011 75.1638 75.0275 74.9933 74.9848 74.9827 74.9819
3 111.140 109.533 109.122 109.018 108.992 108.986 108.984
4 145.261 141.952 141.095 140.878 140.824 140.811 140.806
9 1 66.3308 65.9567 65.8615 65.8376 65.8316 65.8301 65.8296
2 112.012 110.382 109.961 109.855 109.829 109.822 109.820
3 149.653 146.116 145.187 144.952 144.893 144.878 144.874
4 182.202 176.676 175.204 174.830 174.736 174.712 174.704
#m is a mode order for the given n number of nodal diameters.
PN, is the number of circular and annular plate elements with equal radial length.
Calculated by using the frequency equation presented by Irie et al. [13].
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Fig. 2 Relative convergence errors ¢ of frequency parameters versus number of elements N, for one-dimensional finite element models of
a uniform circular disk with free outer boundary; #/a=0.2, v=0.3, and K= 7/12 : (a) n=0; (b) n=1; (c) n=2; (d) n=3; (e)

n=6;and () n=9
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n m* 1-D FE model 1-D FE model

Theory ¢ Theory ¢
N, =512° N, = N, =512 N, = oo

0 1 477725 (0.0013x10°%) 477725 477725 9.24004 (0.0049x10%) 9.24004 9.24004
2 24.9945 (0.0332x10™%) 24.9945 24.9945 30.2107 (0.0489x10%) 30.2107 30.2107
3 52.5141 (0.1440x10%) 52.5139 52.5139 56.6826 (0.1692x107) 56.6823 56.6823
4 8.27666 (0.3570x10%) 82.7656 82.7656 85.5725 (0.3835x10%) 85.5714 85.5714
1 1 12.6196 (0.0087x10%) 12.6196 12.6196 17.7581 (0.0172x10°%) 17.7581 17.7581
2 37.5369 (0.0746x10™) 37.5368 37.5368 42.3740 (0.0957x10™) 42.3738 42.3738
3 66.9466 (0.2351x10™) 66.9461 66.9461 70.4595 (0.2621x107) 70.4588 70.4588
4 97.8750 (0.5024x10™) 97.8734 97.8734 100.112 (0.5265%10%) 100.110 100.110
2 1 21.6880 (0.0254x10%) 21.6879 21.6879 26.9935 (0.0396x10™) 26.9935 26.9935
2 50.1264 (0.1331x10%) 50.1262 50.1262 54.4662 (0.1589x10) 54.4659 54.4659
3 80.9512 (0.3451x10%) 80.9503 80.9503 83.9043 (0.3727x10%) 83.9032 83.9032
4 112.430 (0.6671x10%) 112.427 112.427 114.229 (0.6876x10%) 114.226 114.226
3 1 31.5467 (0.0533x10™) 31.5467 31.5467 36.7583 (0.0727x10™) 36.7582 36.7582
2 62.6750 (0.2082x10™) 62.6745 62.6745 66.5351 (0.2365x10™) 66.5345 66.5345
3 94.5988 (0.4732x10™) 94.5973 94.5973 97.1074 (0.4997x10) 97.1058 97.1058
4 126.534 (0.8480x10°%) 126.530 126.530 128.012 (0.8654x10%) 128.008 128.008
6 1 63.4620 (0.2156x10™) 63.4616 63.4616 67.9336 (0.2501x10™) 67.9330 67.9330
2 99.7304 (0.5307x10) 99.7286 99.7286 102.558 (0.5638x10°%) 102.556 102.556
3 133.870 (0.9562x10°%) 133.865 133.865 135.614 (0.9801x10%) 135.609 135.609
4 166.696 (1.4667x10%) 166.687 166.687 167.826 (1.4920x10°%) 167.818 167.818
9 1 96.5616 (0.4994x10™) 96.5600 96.5600 100.319 (0.5465x10°%) 100.317 100.317
2 135.734 (0.9880x10%) 135.729 135.729 138.030 (1.0247x10%) 138.025 138.025
3 171.182 (1.5609x10°%) 171.173 171.173 172.760 (1.5976x10°%) 172.751 172.751
4 188.898 (0.7189x10%) 188.894 188.894 205.813 (2.2137x10™) 205.797 205.797

#m is a mode order for the given » number of nodal diameters.

bCalculated by using N, =512 circular and annular elements with equal radial length. The value in parentheses denotes relative convergence

€ITor &.

‘Calculated from the formula : A(c0) = AN, = 512)/[1+&N,= 512)/3].
dCalculated by using the frequency equation presented by Irie et al. [13].
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Table 3 Frequency parameters A= wa*\ph/D of a uniform circular disk supported by a concentric ring support with ¢/a = 0.5, hla=0.2,

v=0.3, and K=5/6

For free outer boundary surface

For clamped outer boundary surface

(n. m? 1-D FE model Theor? (n. 1-D FE model Theory?
n, m €0 n, m €0
N,=512° N,=oo® v N,=512° N,= oo &
0,1) 6.59282 (0.0023x10%) 6.59282 6.59282 (0,1) 23.9924 (0.0304x107%) 23.9924 23.9924
1,1 8.10007 (0.0035x107%) 8.10006 8.10007 1,1 42.4305 (0.0950x107%) 42.4304 42.4304
@1 9.66846 (0.0050x10%) 9.66846 9.66846 0,2) 45.4604 (0.1106x107%) 45.4603 45.4603
3,1) 13.5734 (0.0096x10%) 13.5734 13.5734 2,1 46.9091 (0.1175x107% 46.9089 46.9089
4,1) 19.8791 (0.0211x10™ 19.8791 19.8791 (1,2) 50.4384 (0.1364x10™) 50.4382 50.4382
0,2) 25.0294 (0.0328x10%) 25.0294 25.0294 (3,1) 50.5889 (0.1368x10™) 50.5887 50.5887
(5,1) 27.7697 (0.0407x10%) 27.7696 27.7696 4,1) 55.9552 (0.1673x10™) 55.9549 55.9549
(6,1) 36.6311 (0.0702x10™) 36.6310 36.6310 5,1) 63.0282 (0.2123x10™%) 63.0277 63.0277
1,2) 44.5218 (0.0997x10%) 44.5216 44.5216 2,2) 71.0507 (0.2678x10™) 71.0501 71.0501
(7,1 46.0946 (0.1106x107%) 46.0945 46.0945 (6,1) 71.4638 (0.2731x10™ 71.4632 71.4632

“The number m in parentheses (n, nm) denotes a mode order for the given » number of diameters.
®Calculated by using N, =512 circular and annular elements with equal radial length. The value in parentheses denotes relative convergence

€rror &.

Calculated from the formula : A(w0) = AN, = 512)/[1+&N, = 512)/3].

Taken from Xiang [14].

Table 4 Frequency parameters 1= (uuf /ph/D; of a two-step circular disk with ax/a;=0.5, hi/a;=0.1, hy/h;=2.0, v=0.3, and K=5/6

For hinged outer boundary surface

For clamped outer boundary surface

(n. m? 1-D FE model ™ d (n. m? 1-D FE model Theorv?
n, m €0 n, m €0
N,=512° N,=oc® v N,=512° N,= oot v
(0,1) 5.94088 (0.0005%107%) 5.94088 5.94088 (0,1) 11.0254 (0.0018x10%) 11.0254 11.0254
1,1 14.3961 (0.0028x10™) 14.3961 14.3961 1,1 21.6130 (0.0060x10™) 21.6130 | 21.6130
@10 29.5769 (0.0118x10%) 29.5769 29.5769 @10 37.5335 (0.0187x10%) 37.5335 37.5335
0,2) 37.4877 (0.0184x10%) 37.4877 37.4877 0,2) 46.7178 (0.0285x10™) 46.7177 | 46.7177
3.1) 45.1643 (0.0275%10™) 45.1643 45.1643 B3,1) 55.0430 (0.0407x10™%) 55.0429 55.0429
1,2) 56.8834 (0.0432x10™%) 56.8833 56.8833 (1,2) 69.1945 (0.0639x10™) 69.1943 69.1943
4,1 59.2702 (0.0469x10™%) 59.2701 59.2701 4,1 70.3430 (0.0662x10™) 70.3428 70.3428
2,2) 73.0428 (0.0709x107%) 73.0426 73.0426 ,1) 84.5378 (0.0959x10%) 84.5375 84.5375
(5,1) 73.4062 (0.0721x10%) 73.4061 73.4061 2,2) 85.5331 (0.0979x10%) 85.5328 85.5328
0,3) 78.9802 (0.0808x10™) 78.9800 78.9800 (0,3) 90.7943 (0.1080x10™) 90.7940 | 90.7940

#The number m in parentheses (n, m) denotes a mode order for the given # number of diameters.
bCalculated by using N, = 512 circular and annular elements with equal radial length. The value in parentheses denotes relative convergence

€ITor é&.

‘Calculated from the formula : A(c0) = AN, = 512)/[1+&N, = 512)/3].

Taken from Xiang and Zhang [15].
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Table 5 Frequency parameters A= wa? /ph,/D, of a three-step annular disk supported by a concentric ring support with free outer
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Fig. 3 Geometry of a three-step annular disk with one concentric
ring support.
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boundary surface; ax/a; = 0.8, asla; = 0.4, aya; =02, cla;= 0.6, h/ay=0.1, hy/hy=2.0, hs/h;=1.0, v=0.3, and K = 77/12
For free inner boundary surface For clamped inner boundary surface

n m* 1-D FE model 2-D FE 1-D FE model 2-D FE
N,=512b N,= oo model N,=512b N,= o model

0 1 14.1914 (0.0014x10%) 14.1914 14.1913 25.2472 (0.0055x10™) 25.2472 25.2471
2 51.5263 (0.0227x10™) 51.5263 51.5244 89.9710 (0.0666x107%) 89.9708 89.9725

3 105.580 (0.0909X10'4) 105.579 105.580 118.018 (0.1169X10"4) 118.018 118.017

4 129.446 (0.1391x10™) 129.445 129.444 239.922 (0.4856x10™) 239918 239.920

1 1 22.3210 (0.0045x10%) 22.3210 22.3209 27.0114 (0.0063x10%) 27.0114 27.0116
2 60.9053 (0.0317x107%) 60.9052 60.9049 94.1228 (0.0728x10%) 94.1226 94.1210

3 108.845 (0.0974X10'4) 108.845 108.843 119.242 (0.1191X10"4) 119.242 119.242

4 137.264 (0.1566x 10 137.264 137.263 242.423 (0.4954x10™) 242.419 242.419

2 1 30.1427 (0.0076x10%) 30.1427 30.1427 30.9184 (0.0084x10™) 30.9184 309182
2 86.4290 (0.0632x10™) 86.4289 86.4306 105.071 (0.0904x10%) 105.070 105.070

3 114.560 (0.1091X10"4) 114.560 114.560 125.143 (0.1326X10’4) 125.143 125.142

4 162.414 (0.2217x107% 162.413 162.413 250.669 (0.5278x10™) 250.665 250.667

3 1 35.8617 (0.0112x107%) 35.8617 35.8616 35.9454 (0.0111x107% 35.9454 35.9453
2 114.053 (0.1070x107%) 114.052 114.051 116.003 (0.1103x10™) 116.003 116.004

3 128.165 (0.1404X10'4) 128.165 128.166 142.780 (0.1737X10’4) 142.779 142.779

4 200.307 (0.3425x10%) 200.305 200.303 257.247 (0.5120x10™) 257.243 257.246

9 1 99.8980 (0.0855x10) 99.8977 99.9030 99.8980 (0.0855x10™) 99.8977 99.9030
2 202.245 (0.3372X10'4) 202.243 202.248 202.245 (0.3372X10'4) 202.243 202.248

3 318.333 (0.8029X10'4) 318.324 318.329 318.333 (0.8029X10'4) 318.324 318.329

4 360.552 (1.1313x10%) 360.539 360.549 360.594 (1.1315x10%) 360.580 360.594

%m is a mode order for the given » number of nodal diameters.

bCalculated by using N, =512 annular elements with equal radial length. The value in parentheses denotes relative convergence error &.

Calculated from the formula : A(w0) = AN, = 512)/[1+&N, = 512)/3].
dCalculated by using 2x64 eight-node finite strain shell elements(SHELL281) of ANSYS for a cyclic substructure of a subtended angle of 5

degrees.

Im, W+
ay = lm,
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