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EXISTENCE OF THE SOLUTIONS FOR THE
SINGULAR POTENTIAL ELLIPTIC SYSTEM

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We investigate the multiple solutions for a class of the
elliptic system with the singular potential nonlinearity. We obtain
a theorem which shows the existence of the solution for a class of
the elliptic system with singular potential nonlinearity and Dirich-
let boundary condition. We obtain this result by using variational
method and critical point theory.

1. Introduction and statement of main result

Let 2 be a bounded subset of R™ with smooth boundary. Let D be
an open subset in R" with compact complement C' = R"\D, n > 2. In
this paper we investigate the multiple solutions U(-) € C?*(£2, D) for a
class of the elliptic system with the singular potential nonlinearity and
Dirichlet boundary condition

(1.1) AU(z) = gradyG(z,U(x)) in €,
u = (0,---,0) on 0

where G € C*(Q x D, R') and U = (uy,...,u,). We assume that G
satisfies the following conditions:
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(G1) There exists Ry > 0 such that
sup{|G(z,U)| + |lgrad,G(z,U)||g~| (z,U) € Q x (R™"\Bg,)} < +0.
(G2) There is a neighborhood Z of C'in R™ such that
A

G(.T,U)Zm for (.T,U)GQXZ,
where d(U, C) is the distance function to C' and A > 0 is a constant. Let
U= (uy,...,u,). The system (1.1) can be rewritten as
Sue) = pgleu()
u(z) = au1g z,u(z w,
(1.2) dug(z) = aiug (z,u(x)) in w,
dup(x) = 0 (x,u(x)) in w
n - aung ) ’
U = - =1u,=0 on w,

where grad,G(z,U(z)) = (Gy, (2, U),...,Gy,(z,U)). Let 0 < A\; <
Ay < ... < A < ... be the eigenvalues and ¢, be the eigenfunctions
belonging to the eigenvalue Ay, k& > 1, of the eigenvalue problem for a
single elliptic problem

—Au = lu in €,
u = 0 on Of).

We note that ¢;(z) is the positive normalized eigenfunction associated
to A\;. Let H = H(Q, R"). We endow the Hilbert space H with the

norm
n

U1 =D lluall,
i=1

where [|u;]|? = [, [Vu;(2)|*dz. Thus we have

WUl = / IVU ().
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In this paper we are trying to find the weak solutions U € C*(Q2, D)NH

of the system (1.1), that is, U = (uy ..., u,) € C*(Q, D) N H such that
/[Vul Vo1 +Vuy- Voo + -+ Vu, - Vo, daj—i—/ aTG z,U(x)) - ¢y
1

for all ¢ = ¢1,"',¢n)€C’2(Q D)ﬂH ie.,
/[VU-ngﬁ]dx—i—/ grad,G(z,U(x))-¢ =0, for all ¢ € C*(2, D)N H.
Q Q

In [1-7] the authors investigate the existence of multiple solution of
elliptic problems. In [8] there are many methods to study the existence
of multiple solution of elliptic problems and some simple nonlinear prob-
lems. Our main result is the following:

THEOREM 1.1. Assume that G satisfies the conditions (G1) — (G2).
Then system (1.1) has at least one solution.

For the proof of Theorem 1.1 we approach the variational method and
the critical point theory. In section 2, we investigate the (P.S.) condition
for the associated functional of (1.1). In section 3, we prove Theorem
1.1 by the some variant of the mountain pass theorem in critical point
theory.

2. Palais Smale Condition

Since |A;] > 1 for all ¢ > 1, we have the following lemma.

LEMMA 2.1. Let u € H}(2, R) and || - || is a Sobolev norm. Then
(i) ||u]| > Cllul|r2(q) for some constant C' > 0.
(ii) |Ju|| = 0 if and only if ||ul| 2(q) = 0.
(iii) —Au € Wy*(, R) implies u € W, (2, R).

Proof. (i) and (ii) can be checked easily.
(iii) Let A, be an eigenvalue of the eigenvalue problem for a single elliptic
equation —Awu = Au in € with Dirichlet boundary condition. We note
that {\, : |An| < |c|} is finite. Let us set f = —Au € W,*(Q, R). Then
f can be expressed by

=Y lnon.
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Then

A=Y

Hence we have the inequality

I(=2)"f1 = Z&Fﬁ§2@,
which means that
I(=2)7f 1 < M fllzzo-
O
Let us introduce an open set of the Hilbert space H} (€, R") as follows
E={U¢€Hy(Q,R")| U(x) € DC R", x € Q}.

Let us define the functional on F
1
(2.1) I(U) = /Q(éHVU(x)H?%” +G(x,U(x)))dx,

where [U||3; = [, IVU||% = >0 [[Vugl|}i. The Euler equation for
(2.1) is (1.1). By the following proposition 2.1, I € C'(E, R), and so
the weak solutions of system (1.1) coincide with the critical points of the
associated functional I(U).

PROPOSITION 2.1. Assume that G satisfies the conditions (G1) —
(G2). Then I(U) is continuous and Fréchet differentiable in E with
Fréchet derivative

(2.2)
DI({U)V

= /Q((—AU(I’)) -V(z) + gradyG(z,U(z)) - V(z))dz, YV e E.

Moreover DI € C. That is, I € C*.
Proof. First we prove that I(U) is continuous. For U,V € E,

[I(U+V) = I(U)] = \%/Q(—AU(QJ) — AV(2))) - (U(x) + V(x))dx
+/QG(x, U(z)+ V(z))dx — %/

Q

(—AU(z)) - U(x)dx — / G(z,U(x))dx

Q

_ %/ﬂ[(—AU.V—AV.U—AV.V)d:zc+/Q(G($,U—|—V)—G(;z;,U))dx‘_
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We have
(2.3) |/Q[G(a:, U+V)—G(z,U)ldz|

< / lerady Gz, U(x)) - V + O(| V]| ) da
— O(|Vlan).

Thus we have

[I(U +V) = IU)| = O(| V] zn)-
Next we shall prove that I(U) is Frréchet differentiable in E. For U,V €
L,

(U + V) = I(U) = VIU)V]
:|;/ﬂ(—AU—AV).(U+V)dx+/ﬂc:(x,U+V)dx—;/ﬂ(—AU)-de

— / G(z,U)dx — /(—AU—i—gradUG(J:,U(m))) - Vdz|
Q Q

1
:|2/Q[_AU.V_AV-U—AV-V]da:+/Q[G(:E,U—|—V)—G(%U)]d-f

- / [(—AU + gradyG(z,U(x))) - V]dz|.
Q
Thus by (2.3), we have
(2.4) [I({U+V)—-IU)—-DIU)V| =O(||V]rn).
Similarly, it is easily checked that I € C*. O

LEMMA 2.2. Assume that G satisfies the conditions (G1) — (G2). Let
{Ux} C E and U, — U weakly in E with U € OE. Then I(U) — 0.

Proof. To prove the conclusion, it suffices to prove that
/ G(z, Ug(z))dr — +o0.
Q

Since G(z,U(z)) is bounded from below, it suffices to prove that there
is a subset €2 of 2 such that

/ G(z, Ug(x))dx — +o0.
)

U € OF means that there exists * € Q such that U(z*) € dD. Let us
set
Q5(27) = {2 € Qf [l — 2™[| g <}
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By (G1) and (G2), there exists a constant B such that
A
G(,U) > -5 — B
@02 Ewe)
Thus we have
A

/W> Cla, Ul))dw 2 /Qé(m( 0@ -0 D™

for all 6 > 0. By Schwarz’s inequality, we have

10 (@)U () an < llr—a*|ln( / IVU ()| < 83( / VU ()20

Thus we have

/ G(z,U(x))dz > / (L2 — B)dx — 0.

Hence
/ G(z,U(z))dx = oc.
Qs ()
Since the embedding H < C(2, R") is compact, we have
max{||U(z) — Up(2)||%:]| © € Q} — 0 as k — oo.

Thus by Fatou’s lemma, we have

liminf/ G(z,Ug(x)) 2/ lim inf G(z, Uy(x))
Gs(z*) Gs(z*)

= / G(z,U(x)) = +oo.
Gs(z*)

Thus
liminf/ G(z,U(x)) = +o0.
Gs(z*)
Thus .
[(Uy) = /[invsz”izn + G, Uy(2))dz — 400,
Q
so we prove the lemma. O

LEMMA 2.3. (Palais-Smale condition) Assume that G satisfies the
conditions (G1) and (G2). Then there exists a constant -y, depending
on C' norm of the function G on Q x (R™\Bpg,) such that I(u) satisfies
the (P.S.), condition for vy > .



Existence of the solutions for the singular potential elliptic system 113
Proof. We shall prove the lemma by contradiction. We suppose that
there exists a sequence {Uy} C E satisfying I(Uy) — v and
(2.5) DI(Uy) = =AUy + gradyG(z, U (z)) — 6 in E,
or equivalently
U+ (I — A) Hgrad,G(x, Up(x)) — Uyp) — 6,

where § = (0,---,0) and (I—A)~! is a compact operator. We claim that
the sequence {Uy}, up to a subsequence, converges. Since G is bounded
below and

1
100 = [ [GIV0lf + Gl Uia)ldz —
Q
there exists a constant 7 > 0 such that

/ A
Q

We shall prove that the sequence {Uy} , up to a subsequence, is bounded
in H}(Q, R™). If then, there is a subsequence, up to a subsequence, Uy,
converging weakly to U in E. By Lemma 2.2, we have that U € F
and that ||grad,G(-, Uy)|| is bounded. Since (I — A)_l is compact and
(2.5) holds, {Uy} converges strongly to U. Let Vj, = al L o Uk ()de, i =

1, e, Ny where Uk = (Uk17 v 7Ukn>7 and Vk = (Vkl, . an) If {Vk} is
bounded, then {Uy} is bounded in H} (€2, R"). Thus it sufﬁces to prove
that {V;} is bounded. By contradiction, we suppose that ||Vi||grr — o0.
Then for large k, we have

26) U@ e = [Vellan — (1 / IVUL2dz)? > Ro.
Q
It follows from (2.6) that

(2.7) |/ (z,U(x))dx|

< [Qfsup{|G(z, U(2))[| (z,U(x)) € Q@ x (R"\Bg,)}.
By (2.5), for large k, we have
/Q[HVUk(l“)H?an +grady G (z, Ug(2)) (U — Vi)lde < [|Ux = Villu

Since [,,[Ux — Vi]dz = 0, we have
[(Ux = Vi)llz = [[VU]| 2, [(Ux = Vi)llzz < [[(Ux = Vi)l &
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It follows that

/ VUl nd < VUl 22 + llgrady Gz, Uk)llz2 VU 2.
Q

Thus we have

(2.8) [|[VU|lzz2 < 1+ |gradyG(x, Uy)| L2
< 1419 sup llgrady, G (x, Ug) || ge-

(2,U)€Qx(R"\Bg,)

Let
1
Yo = 5(1 + 19| sup |lgrady, G (z, Up)|| g )?
(2,U)€Qx(R"\Bg,)
+ 1€ sup |G(z,Uy)|.

(2,U)eQx (R™\BR,)

Then by (2.7) and (2.8), I(Uy) < 70, which leads to a contradiction.
Thus we prove the lemma. O

3. Proof of Theorem 1.1

By Proposition 2.1, I(U) is continuous and Fréchet differentiable in
E and moreover DI € C. By Lemma 2.2, If {Uy} C E and U, — U
weakly in £ with U € 0F, then I(Uy) — oco. By Lemma 2.3, there exists
a constant 7y depending on C' norm of the function G on Q x (R"\ Bg,)
such that I(u) satisfies the (P.S.), condition for v > vy. Let us choose
an element U € OF and a small neighborhood B, (U) of U with radius
r > 0. We can choose an Uy € B,(U) N E. We also choose elements
U, and Uj such that Uy, Uy € E\B,.(U). Let us define a class of sets as
follows:

I'={K C E| K is closed and connected,
U, € BT(U) NE,U e 8E, U,Uy € E\BT(U)}
By Lemma 2.2, we can choose a small radius » > 0 such that I(Uy) >

I(Uy) and I(Uy) > I(Us), where Uy € B.(U)N E, Uy, Uy € E\B,.(U).
Let us set

¢ = inf max I(U).
Ker Uek
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We know that by the mountain pass theorem, c is the critical value of
I(w). Thus it remains to show that ¢ > vy. Let us set

O, ={U e E| I(U) < ).

Suppose that ¢ < 9. Then there is a closed and connected set K € I’
containing three points Uy € B, (U)NE, U € OF and Uy, Uy € E\B,(U)
such that K C C, ;1. But we can choose a small number r > 0 such
that Uy € BT(U) N E and I(Uo) > Y + 1. Then

max [(U) > inf max > vy + 1,
UeK Ker UeK

which is absurd to the assumption that ¢ < ~y. Thus ¢ > 5. We prove
the theorem.

References

[1] A. Castro and J. Cossio, Multiple Solutions for a nonlinear Dirichlet problem,
STAM J. Math. Anal. 25, (6) (1994), 1554-1561.

[2] A. Castro and A. C. Lazer, Critical point theory and the number of solutions of
a nonlinear Dirichlet problem, Ann. Mat. Pura Appl. 120 (4) (1979), 113-137.

[3] M. Degiovanni, Homotopical properties of a class of nonsmooth functions, Ann.
Mat. Pura Appl. 156 (1990), 37-71.

[4] A. Groli, A. Marino and C. Saccon, Variational theorems of mized type and
asymptotically linear variational inequalities, Topol. Methods Nonlinear Anal.
12 (1998), 109-136.

[5] K.S. Ha and Y.H. Lee, Existence of multiple positive solutions of singular bound-
ary value problems, Nonlinear Anal. TMA, 28 (1997), 1429-1438.

[6] K. Lan and R.L. Webb, Positive solutions of semilinear equation with singular-
ities, J. Differential Equations, 148 (1998), 407-421.

[7] A. M. Micheletti and A. Pistoia, Multiplicity results for a fourth-order semilinear
elliptic problem, Nonlinear Anal. TMA, 31 (7) (1998), 895-908.

[8] P. H. Rabinowitz, Minimaz methods in critical point theory with applications
to differential equations, CBMS Reg. Conf. Ser. in Math. 6, Amer. Math. Soc.,
Providence, RI, 1986.

Department of Mathematics
Kunsan National University
Kunsan 573-701, Korea
E-mail: tsjung@kunsan.ac.kr



116 Tacksun Jung and Q-Heung Choi

Department of Mathematics Education
Inha University

Incheon 402-751, Korea

E-mail: gheung@inha.ac.kr



