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DIAMETER OF THE DIRECT PRODUCT OF
WIELANDT GRAPH

SO00YEON KiM AND ByuNG CHUL SONG*

ABSTRACT. A digraph D is primitive if there is a positive integer k
such that there is a walk of length k& between arbitrary two vertices of
D. The exponent of a primitive digraph is the least such k. Wielandt
graph W,, of order n is known as the digraph whose exponent is
n? — 2n + 2, which is the maximum of all the exponents of the
primitive digraphs of order n. It is known that the diameter of the
multiple direct product of a digraph W, strictly increases according
to the multiplicity of the product. And it stops when it attains to
the exponent of W, . In this paper, we find the diameter of the
direct product of Wielandt graphs.

1. Introduction

A digraph D = (V, A) is primitive if there is a positive integer k such
that for each pair u, v of vertices of D, there is a directed walk from u to
v of length k£ in D. We say that the smallest such £ to be the exponent of
D and denote it by exp(D). For each pair of vertices u, v of D if there
is a directed walk from u to v of length k, then we use the notation

RIS o [7], Wielandt stated that the maximum exponent of the
primitive digraphs of order n is n? — 2n + 2. And he also provide the
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digraph, say the Wielandt graph W,,, which has the maximum exponent
for all primitive digraph of order n. See also [5]. The Wielandt graph
W, = (V, A) is a digraph with the vertex set V' = {0,1,2,...,n—1} and
the arc set A = {(4,i +1)[0 <i<n—-2}J{(n—1,0),(n —1,1)}. For
example, Wielandt graph of order 5 is as in Figure 1.

/

3
Figure 1. Wielandt graph Wj of order 5

For a digraph D = (V, A), the distance dist(u,v) from a vertex u to

a vertex v is the smallest k£ such that u i> V.
The diameter of the digraph D is defined by

diam(D) = ma>‘§{dist(u, v)}.
u,ve

It is obvious that D is strongly connected if and only if diam(D) is
finite. Moon [4] found a relation between the diameter, the minimum
degree and the number of vertices of a graph. The relation implies that
if a graph with n vertices has diameter d > 3 and has minimum degree
r > 2, then d < 32=20=0,

For two digraphs D = (Vp, Ap), E = (Vg, Ag), define the direct
product D x E = (V;A) of D and E by a digraph where

V = VD X VE
and
A = {((u1,u2), (v1,v2))|(u1,v1) € Ap and (uz,v2) € Ag}.
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Weichsel [6] and MacAndrew [3] studied the connectivity of the direct
product of graphs or digraphs. Lamprey and Barnes [2] showed that the
exponent of the direct product of two digraphs D and E' satisfies

exp(D x E) = max{exp(D), exp(F)}.

As an example of the direct product of digraphs, we consider the direct
product of Wielandt graph of order 5. Wy x Wj is the digraph with
vertex set {(4,7)|0 <4, j < 4} and ((7,7), (¢, 7')) is an arc only when
(1) =i+1land j/=7+1for0<4,5<3,(2)7=0o0r1withi=4
and j' =j+1for0<;<3,(3)j =0o0r1withj=4 and ¢ =i+1 for
0<i<3or(4)(i,)) = (4,4) and (#,7) is (0,0) , (0,1), (1,0) or (1,1).

Kim, Song and Hwang [1] showed that the diameter of the multiple
direct product of a primitive digraph D strictly increases and it stops
when it attains to the exponent of D.

In this paper, we show that the diameter of the direct product of
Wielandt graph W, of order n is "—22 for even n, and # for odd n.

2. Main theorem

Let W, be the Wielandt graph of order n. Note that diam(W,) =
dist(1,0) = n — 1.
For a Wielandt graph of order n, the following are strightforward.

1. For i1 #0, 1 £, i if and only if £ = pn + ¢(n — 1) for nonnegative
p, q;
2.0 -5 0 if and only if & = pn + g(n — 1) for positive p and nonneg-
ative q.
From now on we use oy if there is an integer p such that a—pn = a )
with 0 < a@,) <n —1.

LEMMA 1. Let W,, be the Wielandt graph of order n and i be vertex
of W,. If0 -2 i for some k, then for vertex d, d —— (d+1)m).

Proof. If k < n, then trivially k = i and d (d+1)m).

Let £ > n. In this case since d p”m Y d for some nonnegative p and

gand k> n >i, k=pn+ q(n— 1)+ i where at least one of p and ¢ is
positive. If p > 1, then since

e PR DRI T g ian LS = N PR

d
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we have d —- (d+1)@m). If ¢ > 1, then since

d " (- 1) L 1 PR R ),
we have d —= (d+ i)(n). 0

Note that the converse of Lemma 1 doesn’t hold. For example, n —
12 2= ((n—1)+3)@, but 0 — 3 is impossible.

LEMMA 2. The diameter of the direct product W,, x W,, of Wielandt
graphs satisfies

diam(W,, x W,,) = max dist((0,0), (¢, 7)).

0<i,j<n—1
Proof. By the definition
diam(W,, x W,,) > | max dist((0,0), (¢, 7)).

i,j<n—1

If dist((a, B), (( + ©)(m), (B + J)wy)) = k and | < k — 1, then at
least one of a —» (a + i) and B N (B + j)@ is impossible. By

Lemma 1, at least one of 0 L iand 0 -5 J is impossible. Therefore
dist((0,0), (i, 7)) > k and we get

diam(W,, x W,,) = max  dist((«, 3), (4 )y, (B+ T) )

0<a,B,1,j<n—1

< max dist((0,0), (4, 5)).

T 0<i,j<n—1

]

PROPOSITION 1. For n is even, the diameter of the direct product
W,, x W,, of Wielandt graphs of order n is ”72

Proof. Since (0,0) - (7,7) and i < mn — 1, we have
2
dist((0,0), (i,9)) =i <n—1 < %

Since dist((0,0), (¢, 7)) = dist((0,0), (j, 7)), there is no loss of generality
we may assume that 0 <i<j<n—1.

Ifj—i< 2 then j —i < =2, Since 0 — i

27 2
j (j—m—l)
We have

(ﬂn 7 and 0 i>

J, there is a walk from (0,0) to (4,7) of length i + (j — i)n.
n2

< —.
2 "7

n—2 n— 2

i+(j—in<i+ n=Mn+1)+
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Ifj—i>7%, thenn—(j—z)ggandigj—ﬂgn—_Q. If we assume

that 7 # 0, then 0 — i (= (ﬂ( U i and 0 —s Ji i (];;)_1) 7. Hence

there is a walk from (0,0) to (¢,7) of length i 4+ (n— (j —4))(n —1). We
have

z’+(n—(j—i))(n—1)§i+g(n—1):

1\3‘| 3,

(n n 2 (n—1)

Ifi=0andj=3, then0—>0and0l>§ — 5. There is a walk

from (0,0) to (4, ) oflength”z.

If@':()andj>E thenn—j<% ndson—j<?2. Since
(2

27
MY g and 0 7T 0) T (0, 7). In this case

0
we have

j, we have

n— 2) n?—=2
2 72
Therefore for 0 < i,5 < n — 1, we have dist[(0,0), (i, 7)] < % Moreover

we have

n
j+nn—7)<n—1+n( <5

d1am(Wn X Wn) > max dlSt((070)7 <Z7j)> <

0<i,j<n—1

[\3|3w

To prove the converse, assume that (0,0) — (0,%) for some a <
exp(W,) = n? — 2n + 2. Then we have a = n + pin + pa(n — 1) =
% 4+ qin + g2(n — 1) for some nonnegative integers p, pg, q1,q2 and with
0 <py,q—2<n-—1. It is enough to show that o > ” . By (1), we have

n[l+2(p1 — q1) = 2(q2 — p2)] = 2(q2 — p2)‘

Since 2 —2n < 2(py —q2) <2n—2and 1+ 2(p1 — q1) — 2(q2 — p2) # 0,
we know that 2(ps — ¢2) is n or —n. If py = q2 + 5, then p, > 7. We
have

n n2+n n
a:n+p1n+p2(n—1)2n+§(n—1): 5

If o = p2 + 5, then g2 > 5. As a consequence

n n
:—+q1n+qg(n—1)2 +§(n—1):—.

2 2

]

PROPOSITION 2. For n is odd, the diameter of the direct product
W,, x W,, of Wielandt graphs of order n is #
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Proof. If j —1 < %, then j —1¢ < ”T’l Since 0 — 7 4" ; and

o Ly § 0D
We have

7, there is a walk from (0, 0) to (¢, 7) of length i+(j—i)n.

(n—1)(n+1)
2

i+(—in=0G-in-1)+j<

n?—-1 n?+1
< < .

-2 2
If j —i > %, then n — (5 — 1) <§andson—(j—i) < 22l Since
j<n—-1,i<(n—1)— (j—i)g"T’l—1<” Let us assume that
(n—=(3—i))(n=1)

i # 0. Since 0 — — and 0 — )= 1)j,thelreisa
walk from (0,0) to (4, j) of length i +( —(j - z))(n —1). We have
. . n—3 n—1
it G- im-n <2 o hm oy
:n2—n—2<n2+1'
2 - 2

Ifi=0andj= "TH, then since

1 (55 (n=1) _ pny

0—1 — 1350

and

o+l FHEmn+1
00— 5 25 5

there is a walk from (0,0) to (7,75) of length %

If@—OandJ>’”rl thenn—j<”—_1andson—j§”7_3. Since

On+(ﬂl§n 1) 0 d0]+(n Jn j, we haVe (0 0) J+(n Jin (O,j) In thlS case
we have
) ) n—3
j+nn—7)<n—1+n( 5 )
o nP-n—2 <n2+1
2 2

Hence for 0 < i, j < n—1 with odd n, we conclude that dist((0, 0), (7, j))
n2+1
e

If (0,0) —= (0, ), then

IN

n+1

a:n+p1n+p2(n—1): +q1n+q2(n—1)



Diameter of the direct product of Wielandt graph 401

for some nonnegative integers pi,ps,q1,qe. It is enough to show that
a > # We have

2n(p1 — q1) = (2¢2 — 2ps — 1)(n — 1).
There are 2 possible cases.

1. k(n—1) =2(p; — q1) and 2¢q3 — 2py, — 1 = kn, for k > 1.
2. k(1 —n)=2(p1 — q1) and —(2¢2 — 2py — 1) = kn, for k > 1.

If (1) holds, then since

k(n—1) k(n—1)
= — > - 7
D1 7 +q1 2 7 )
we conclude that
a=n+pn+p(n—1)

n—1)

Zn+p1n2—2 n
n—1 _n2+n>n2—|—1'

> =
A R
If (2) holds, then since
k(n—1 k(in—1
p2:¥+Q2Z <2 )7

we conclude that

a:n+p1n+p2(n—1)

k(n— 1
2n+p2<n—1)2n+%(n—l)
2 2
S LA (P e s LN Lol
2 2 2

[]

By combining Proposition 1 and 2, we have the following theorem.

THEOREM 1. If W,, be the Wielandt graph of order n, then the di-
ameter diam(W,, x W,,) of the direct product of W,, satisfies

n2—|—1J
5 )

diam(W,, x W,,) = |
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In [1], Kim, Song and Hwang showed that the diameter of W, x

- x W, increases as the multiplicity of the product increases. And
it finally stops when it reaches the value exp(W,) = n? — 2n + 2 at
which the multiplicity of the product is n — 1. It is worth computing the
diameter of the multiple direct product of the Wielandt graph when the
multiplicity varies from 3 to n — 2.
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