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ABSTRACT 

The present paper extends the idea of tightened-normal-tightened sampling scheme to group acceptance sampling 
plans under the time truncated life tests. We consider three famous distributions that are widely used in the area of 
reliability such as the generalized exponential distribution, the Weibull distribution, and the Birnbaum-Saunders dis-
tribution in the proposed sampling plan. The plan parameters are determined such that the producer’s risk and the con-
sumer’s risk are satisfied at the specified median life. Extensive tables showing plan parameters are provided at vari-
ous values of the experiment time and the consumer’s risk for each of three distributions for the practical use. Some 
examples are given to illustrate the procedure of the proposed plan. 
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1.  INTRODUCTION 

Acceptance sampling plans are widely used for 
automotive products, pharmaceutical products and so on 
in the areas of compliance testing and quality assurance. 
The tightened-normal-tightened (TNT) sampling schemes 
are popularly used in compliance sampling (Schilling, 
1982). The tightened inspection can be used when the 
quality of a product deteriorates and the normal inspec-
tion is used when the quality is found to be good. 

Calvin (1977) proposed a TNT sampling plan util-
izing zero acceptance number in two single sampling 
plans of different sample sizes, namely, n1 and n2 (< n1) 
together with the switching rules, which is designated as 
TNT-(n1, n2; 0). Soundararajan and Vijayaraghavan (1992) 
developed tables and procedures for the selection of 
TNT-(n1, n2; c) scheme for various entry parameters. 
Vijayaraghavan and Soundararajan (1996) proposed ano-
ther type of TNT sampling scheme using one sample 

size and two acceptance numbers, designated as TNT-(n; 
c1, c2) scheme. Muthuraj and Senthilkumar (2006) stud-
ied variables TNT sampling schemes. Recently, Sen-
thilkumar and Muthuraj (2010) proposed variable TNT 
variables sampling schemes known as TNTVSS (n1, n2; 
k) and Aslam et al. (2010) designed a TNT scheme for 
Weibull distributions.  

Group acceptance sampling plans (GASP) are con-
sidered more economical than the ordinary sampling 
plans in terms of cost savings due to the reduction in the 
number of testers needed. GASP based on truncated life 
tests are also useful to reduce the inspection time. The 
GASP based on truncated life tests for various lifetime 
distributions have been studied by many authors includ-
ing Pascual and Meeker (1998), Vlcek et al. (2003), Jun 
et al. (2006), Aslam and Jun (2009), and Aslam et al. 
(2011).  

To the best of our knowledge, there is no work on 
TNT sampling scheme applied to the GASP based on 
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time truncated life tests. Therefore, the purpose of this 
paper is to propose TNT sampling scheme applied to the 
GASP based on time truncated life tests for three well-
known life distributions: the generalized exponential 
distribution, the Weibull distribution, and the Birnbaum-
Saunders distribution. The rest of the paper is organized 
as follows: the design of the proposed plan is given in 
Section 2. Plan parameters under various distributions 
are given in Section 3. Some examples and comparison 
of results are given in Section 4. Concluding remarks 
are given in the last section.  

2.  DESIGN OF THE PROPOSED PLAN  

We propose the following TNT group acceptance 
sampling plan (TNTGASP) using testers having group 
size r based on the time truncated life test with duration t0.  

 
Step 1: Start with the tightened inspection. During the 
tightened inspection, select a random sample of size n 
from the lot and distribute r items to g groups. Accept 
the lot if the total number of failures from all groups by 
time t0 is smaller than or equal to c1. Reject the lot and 
truncate the test as soon as the number of failures 
reaches c1. If t consecutive lots are accepted on the 
tightened inspection, then switch to the normal inspec-
tion as in Step 2 given below. 
 
Step 2: During the normal inspection, select a random 
sample of size n from the lot and distribute r items to g 
groups. Accept the lot if the total number of failures by 
time t0 is smaller than or equal to c2 (≥ c1). Reject the lot 
and truncate the test as soon as the number of failures 
reaches c2. If an additional lot is rejected among the next 
s (≥ t) lots after the rejection, then immediately revert to 
the tightened inspection as in Step 1 given above. 
 

The proposed plan is characterized by five parame-
ters g, c1, c2, s, and t. It should be noted that the group 
size r and the test duration t0 in the proposed plan are 
not plan parameters but they are pre-specified. The pro-
posed plan is reduced to the TNT plan by Vijayaragha-
van and Soundararajan (1996) when g = 1. Vijayaragha-
van and Soundararajan (1996) developed the TNT plan 
by fixing the values of s but in the proposed plan we 
will consider it as a plan parameter. 

According to Calvin (1977), the operating charac-
teristics (OC) function of a TNT scheme is given by 
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where p is the failure probability of an item before the 
termination time t0, P1 is the lot acceptance probability 
under the tightened inspection, and P2 is the lot accep-
tance probability under the normal inspection. 

Under the GASP with g and the acceptance number 
of c, the lot acceptance probability is given by 
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So, P1 and P2 for the proposed plan are reduced to  
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The plan parameters of an acceptance sampling 

plan are usually determined by the two-point approach 
by considering the producer’s risk and the consumer’s 
risk at the same time. Let α  be the producer’s risk and 
β  be the consumer’s risk. Sometimes, 1 α−  is called as 
the producer’s confidence level, whereas 1 β−  is called 
as the consumer’s confidence level. A producer prefers 
that the lot acceptance probability should be larger than 
or equal to the producer’s confidence level, and a con-
sumer wants it to be smaller than or equal to the con-
sumer’s risk. So, to find the plan parameters we need to 
solve two inequalities at the same time by considering 
both risks. These inequalities for the proposed plan are 
given in Eqs. (4) and (5): 
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and p1 is the failure probability of an item at the limiting 
quality level (LQL).  
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and p2 is the failure probability of an item at the accept-
able quality level (AQL).  

3.  PROPOSED PLAN UNDER LIFETIME 
DISTRIBUTION  

In this section, we will present the TNTGASP plan 
for the generalized exponential distribution, the Weibull 
distribution, and the Birnbaum-Saunders distribution. 
The brief introduction of each distribution is also given. 
Here, we are particularly designing the proposed plan 
for assuring the median life although any percentile life 
can be considered similarly. 

3.1 Under Generalized Exponential Distribution  

The generalized exponential distribution was origi-
nally derived by Gupta and Kundu (1999), and these au-
thors observed that the two-parameter generalized expo-
nential distribution can be used quite effectively in the 
area of acceptance sampling and reliability for the ana-
lysis of lifetime data in place of two-parameter Weibull 
and gamma distributions. According to Gupta and Kundu 
(1999), the generalized exponential distribution has an 
increasing or a decreasing failure rate depending on the 
value of the shape parameter. The two-parameter gener-
alized exponential distribution has the following cumu-
lative distribution function (cdf): 

 
( )( )( ; , ) 1

δ

λδ λ = − − tF t exp for 0>t        (6) 

 
Here, δ 0>  and 0λ>  are the shape and the scale pa-
rameters, respectively. The qth percentile of the distribu-
tion is given by 
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The median of the distribution is given by 
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It is convenient to write the experiment time as the 

multiple of the target median 
0θm  such that 

0
0 θ= mt  for a 

constant a. Then, the failure probability of an item by 
time t0 in terms of the median life is given as 
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Under the generalized exponential distribution, the fail-
ure probability p1 at the consumer’s risk is determined 
for 

0/ 1θ θ =m m  and the failure probability p2 at the pro-
ducer’s risk is determined for various values of median 
ratio.  

The plan parameters of the proposed plan by satis-
fying Eqs. (4) and (5) are determined for various values 
of the shape parameters, the consumer’s risk, the median 
ratio, and the group size. The producer’s risk is specified 
as 0.05 for all cases. The plan parameters are placed in 
Tables 1 and 2 for the shape parameters of 2 and 3, re-
spectively.  

From these tables, we note that the number of groups 
required increases as the consumer’s risk decreases, but 
it remains unchanged within the same consumer’s risk 
as the median ratio increases from 2 to 6. But, for the 
same group size, we note the decreasing trend in g as 
termination time a increases from 0.5 to 1.0. We also 
note that the value of g remains the same generally 
when the shape parameter changes from 2 to 3.  

3.2 Under the Weibull Distribution  

The Weibull distribution is widely used in the area 
of acceptance sampling and reliability analysis. The 
failure time or the lifetime of electronic components is 
usually modeled by this distribution. Several authors 
including Jun et al. (2006) used the Weibull distribution 
to develop variable sampling plans under various testing 

 
Table 1. Proposed TNTGASP for generalized exponential distribution withδ= 2  

r = 5 r = 10 
a = 0.5 a = 1.0 a = 0.5 a = 1.0 β 0/θ θm m  

g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t 
2 2, 0, 7 10, 13 1, 0, 9 3, 17 1, 1, 4 17, 19 1, 1, 8 5, 17 
4 2, 0, 2 11, 18 1, 1, 2 10, 20 1, 0, 2 14, 14 1, 0, 6 8, 9 0.25 
6 2, 0, 6 12, 17 1, 0, 6 12, 16 1, 0, 3 12, 16 1, 1, 3 5, 20 
2 2, 0, 8 14, 19 1, 0, 5 7, 10 1, 0, 4 5, 10 1, 2, 9 10, 11 
4 2, 0, 6 11, 15 1, 0, 5 15, 15 1, 0, 3 7, 15 1, 1, 3 6, 10 0.10 
6 2, 0, 3 13, 14 1, 0, 6 7, 16 1, 0, 4 7, 13 1, 1, 3 1, 17 
2 3, 0, 3 4, 13 2, 0, 14 4, 13 1, 0, 4 2, 9 1, 1, 8 11, 11 
4 3, 0, 4 5, 15 2, 0, 8 6, 15 1, 0, 4 5, 7 1, 1, 7 5, 16 0.05 
6 3, 0, 3 16, 20 2, 0, 10 2, 5 1, 0, 2 7, 12 1, 1, 9 11, 14 

TNTGASP: tightened-normal-tightened group acceptance sampling plan. 
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scheme. Aslam and Jun (2009) and Aslam et al. (2011) 
developed group sampling plans for the Weibull distri-
bution. The cdf of the distribution is given by 

 
( ; , ) 1 exp( ( / ) ), 0γγ λ λ= − − >F t t t   (10) 

 
where 0γ>  and 0λ>  are the shape and the scale pa-
rameters, respectively.  

The qth percentile of the Weibull distribution is 
given by 
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The median life under the Weibull distribution is given 
by 
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The failure probability under the Weibull distribu-

tion is given by 
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Under the Weibull distribution, the failure prob-

ability p1 is determined at 
0/ 1θ θ =m m  and the failure prob-

ability p2 is determined at various values of the median 
ratio. The plan parameters for the proposed plan under 
the Weibull distribution are presented in Tables 3 and 4 
for the shape parameter γ= 2 and 3, respectively.  

From Tables 3 and 4, we see that the values of g 
increses as the consumer’s risk β  changes from 0.25 to 
0.05. When all other things remain unchanged, we note 
the increasing trend in g as the shape parameter of 
Weibull distribution changes from 2 to 3.  

3.3 Under Birnbaum-Saunders Distribution 

The Birnbaum-Saunders distribution is used to mo-
del the failure time of the fatigue process, originally 
derived by Birnbaum and Saunders (1969). Desmond 

Table 2. Proposed TNTGASP for generalized exponential distribution withδ= 3  

r = 5 r = 10 
a = 0.5 a = 1.0 a = 0.5 a = 1.0 β 0/θ θm m  

g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t 
2 2, 0, 6 1, 15 1, 0, 5 6, 9 1, 0, 3 3, 8 1, 0, 8 5, 7 
4 2, 0, 2 16, 17 1, 0, 5 5, 20 1, 0, 2 4, 16 1, 1, 8 11, 19 0.25 
6 2, 0, 8 14, 17 1, 0, 8 12, 19 1, 0, 4 12, 17 1, 2, 7 13, 16 
2 3, 0, 7 10, 18 2, 0, 10 11, 19 1, 0, 3 5, 5 1, 1, 7 12, 17 
4 3, 0, 3 7, 19 2, 0, 4 1, 10 1, 0, 4 3, 19 1, 2, 5 15, 17 0.10 
6 3, 0, 9 4, 16 2, 0, 14 17, 17 1, 0, 3 2, 13 1, 2, 9 9, 12 
2 4, 0, 5 11, 18 2, 0, 14 17, 18 1, 0, 4 7, 8 1, 0, 8 4, 13 
4 4, 0, 9 2, 20 2, 0, 7 7, 16 1, 0, 4 6, 6 1, 1, 8 3, 3 0.05 
6 4, 0, 8 11, 13 2, 0, 4 2, 5 1, 0, 1 11, 18 1, 1, 6 4, 4 

TNTGASP: tightened-normal-tightened group acceptance sampling plan. 
 

Table 3. Proposed TNTGASP for Weibull distribution with  γ = 2  

r = 5 r = 10 
a = 0.5 a = 1.0 a = 0.5 a = 1.0 β 0/θ θm m  

g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t 
2 2, 0, 4 8, 11 1, 0, 4 5, 9 1, 0, 4 10, 13 1, 3, 9 9, 15 
4 2, 0, 1 5, 19 1, 1, 3 2, 20 1, 0, 3 10, 15 1, 0, 5 4, 17 0.25 
6 2, 0, 5 8, 12 1, 1, 2 7, 17 1, 0, 5 19, 19 1, 0, 9 4, 7 
2 3, 0, 7 11, 16 1, 0, 4 7, 12 2, 0, 8 7, 20 1, 2, 6 2, 12 
4 3, 0, 5 1, 20 1, 0, 1 8, 9 2, 0, 8 14, 15 1, 0, 8 15, 18 0.10 
6 3, 0, 5 2, 11 1, 0, 3 2, 15 2, 0, 13 3, 16 1, 1, 6 4, 19 
2 4, 0, 8 10, 17 1, 0, 3 2, 4 2, 0, 7 13, 13 1, 1, 4 2, 5 
4 4, 0, 2 9, 13 1, 0, 3 3, 17 2, 0, 18 12, 19 1, 0, 4 12, 17 0.05 
6 4, 0, 5 2, 19 1, 0, 2 9, 20 2, 0, 15 9, 20 1, 0, 5 1, 11 

TNTGASP: tightened-normal-tightened group acceptance sampling plan. 
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(1985) discussed the applications of the Birnbaum-Saun-
ders distribution in biological sciences. Johnson et al. 
(1994) provided the many applications of Birnbaum-
Saunders distribution in a wide variety of contexts. Ba-
klizi and EI Masri (2004) used the Birnbaum-Saunders 
distribution to develop the ordinary acceptance sampling 
plan. Balakrishnan et al. (2007) developed acceptance 
sampling plans based on truncated life tests for the gen-
eralized Birnbaum-Saunders distribution. Recently, Lio 
et al. (2010) developed GASP using the percentile life 
of the Birnbaum-Saunders distribution, and Shoaib et al. 
(2011) developed acceptance sampling plans for the 
Birnbaum-Saunders distribution. The cdf of the Birn-
baum-Saunders distribution is expressed in terms of the 
cdf of a standard normal (Φ ) as follows: 
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where m is the shape parameter and λ  is the scale pa-
rameter. The scale parameter of Birnbaum-Saunders 

distribution is itself the median of the distribution. 
Therefore, we will use λ  as the quality parameter to 
develop the proposed plan. It is convenient to write the 
experiment time as the multiple of the target median 
( 0λm ) such that 

0
0t λ= ma  for a constant a. The failure 

probability of an item before experiment time is given 
by 
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Tables 5 and 6 are constructed for the Birnbaum-

Saunders distribution when the shape parameter is 1 and 
1.5, respectively. From these tables, we see that the 
shape parameter does not quite affect the number of 
groups required.  

3.4 Examples  

Suppose that an experimenter wants to adopt the 
TNTGASP having group size of 10 to test a product 

Table 4. Proposed TNTGASP for Weibull distribution with  γ = 3  

r = 5 r = 10 
a = 0.5 a = 1.0 a = 0.5 a = 1.0 β 0/θ θm m  

g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t 
2 4, 0, 2 4, 5 1, 0, 4 17, 20 2, 0, 8 14, 15 1, 2, 9 1, 8 
4 4, 0, 4 2, 18 1, 0, 1 4, 20 2, 0, 1 13, 15 1, 0, 3 3, 12 0.25 
6 4, 0, 2 13, 18 1, 0, 1 18, 19 2, 0, 6 13, 20 1, 3, 5 9, 10 
2 6, 0, 5 5, 8 1, 0, 4 7, 14 3, 0, 14 10, 17 1, 2, 9 10, 14 
4 6, 0, 5 16, 17 1, 0, 3 17, 18 3, 0, 10 2, 10 1, 2, 4 10, 11 0.10 
6 6, 0, 11 8, 15 1, 0, 1 4, 5 3, 0, 2 5, 13 1, 0, 7 9, 19 
2 7, 0, 13 11, 16 1, 0, 2 8, 10 4, 0, 15 3, 14 1, 1, 6 10, 19 
4 7, 0, 6 10, 18 1, 0, 4 13, 20 4, 0, 5 4, 12 1, 1, 8 7, 12 0.05 
6 7, 0, 12 1, 20 1, 0, 3 2, 8 4, 0, 10 8, 19 1, 0, 7 11, 18 

TNTGASP: tightened-normal-tightened group acceptance sampling plan. 
 

 
Table 5. Proposed TNTGASP for the Birnbaum-Saunders distribution when m = 1  

r = 5 r = 10 
a = 0.5 a = 1.0 a = 0.5 a = 1.0 β 0/θ θm m  

g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t g, c1, c2 s, t 
2 2, 0, 3 2, 10 1, 1, 4 15, 18 1, 0, 4 1, 5 1, 2, 8 16, 20 
4 2, 0, 4 7, 15 1, 1, 2 11, 16 1, 0, 6 9, 11 1, 0, 5 10, 20 0.25 
6 2, 0, 6 10, 20 1, 0, 1 1, 12 1, 0, 3 20, 20 1, 3, 4 10, 17 
2 2, 0, 7 5, 7 1, 0, 4 6, 6 1, 0, 9 14, 17 1, 2, 9 6, 12 
4 2, 0, 4 7, 13 1, 0, 4 16, 17 1, 0, 6 7, 14 1, 1, 2 5, 13 0.10 
6 2, 0, 5 4, 15 1, 0, 1 11, 14 1, 0, 7 8, 11 1, 0, 9 19, 20 
2 3, 0, 14 7, 16 1, 0, 4 2, 5 2, 1, 6 5, 10 1, 1, 9 8, 11 
4 3, 0, 8 4, 9 1, 0, 2 3, 6 2, 0, 16 15, 17 1, 1, 5 16, 17 0.05 
6 3, 0, 13 8, 18 1, 0, 2 3, 15 2, 0, 12 18, 18 1, 1, 9 4, 13 

TNTGASP: tightened-normal-tightened group acceptance sampling plan.
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using the time truncated life test with the duration of 
0t = 500 hours. Let the target median life of the product 

is 1,000 hours, while the producer’s risk is α = 0.05 at 
the median ratio of 2 and the consumer’s risk is β = 
0.10. Suppose that the lifetime of the product follows 
the generalized exponential distribution with the shape 
parameter δ = 2. Then the plan parameters from Table 1 
are as follows: g = 1, c1 = 0, c2 = 4, s = 5, t = 10. The 
plan is implemented as follows:  

 
Step 1: Start with the tightened inspection. Select a ran-
dom sample of size 10 from a lot and distribute 10 items 
to the single group. Accept the lot if there are no failures 
by 500 hours. Otherwise, reject the lot. If 10 consecutive 
lots are accepted on the tightened inspection, then swi-
tch to the normal inspection given below. 
 
Step 2: During the normal inspection, select a random 
sample of size 10 from a lot and assign them to the sin-
gle group. Accept the lot if the number of failures by 
500 hours is smaller than or equal to 4. Otherwise, reject 
the lot. If an additional lot is rejected among the next 5 
lots after the rejection, then immediately revert to the 
tightened inspection given above. 
 

If the life time of a product follows the Weibull 
distribution with shape parameter 2, then from Table 3 
we have the plan parameters g = 2, c1 = 0, c2 = 8, s = 7, t 
= 20. The plan parameters when the lifetime of the 
product follows the Birnbaum-Saunders distribution with 
shape parameter m = 1 are given as g = 1, c1 = 0, c2 = 9, 
s = 14, t = 17.  

We can compare the results of these distributions 
as we set their quality levels equally using the median 
lifetime. The number of groups obtained under the gen-
eralized exponential distribution and the Birnbaum-
Saunders distribution are the same, but the number of 
groups obtained under the Weibull distribution is larger 
than the generalized exponential distribution or the Birn-
baum-Saunders distribution. This means that the plans 

under these two distributions are more economical than 
the one under the Weibull distribution. 

4.  CONCLUDING REMARKS 

We propose the TNTGASP plan based on time trun-
cated life tests for three widely used distributions. We 
used the median as the quality parameter of the product, 
but the use of other percentile life will be straightfor-
ward. We provided the extensive tables for the practical 
use and explained the implementation procedure thro-
ugh examples. 

 We compared the results of three distributions in 
terms of the number of groups required. It was found 
that the plans under the generalized exponential distribu-
tion or the Birnbaum-Saunders distributions are more 
economical than under the Weibull distribution in that 
the former plans require smaller sample size than the 
latter. An economic design of the proposed sampling 
plan by considering various cost such as sampling and 
testing can be an interesting topic for the future research. 
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