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POSITIVE SOLUTIONS FOR A CLASS OF TELEGRAPH
SYSTEM WITH MULTIPARAMETERS

FANGLEI WANG AND YUKUN AN

ABSTRACT. In this paper, we study the existence, non-existence, and
multiplicity of positive solutions for a coupled telegraph system using the
fixed-point theorem of cone expansion/compression type, the upper-lower
solutions method, and fixed point index theory.

1. Introduction

In recent years, the study of semilinear elliptic problems in annular domains
has received considerable attention. In [1, 2, 4, 6], the authors considered the
existence of positive solutions of the following elliptic system:

Au~+ Ak (|z]) f(u,v) =0,
v+ ik (g, 0) = 0'in 2,
u=v =0 on o2

either for A = p or A # p, where (A, 1) € Dy =: R2\{(0,0)}, k; € C([r1,72],
Ry) (¢ = 1,2), which does not vanishing identically on any subinterval of
[r1,72] and f,g € C(R%,R;\{0}). In particular, we mention the works of
Dunninger and Wang on homogeneous Dirichlet boundary conditions, as well
as that of Lee on nonhomogeneous Dirichlet boundary conditions. On the
basis of [2, 6], X. Yang studied the existence of positive solutions for 2m-order
nonlinear differential systems in [16]. And J. M. do O et al. studied the
existence, non-existence, and multiplicity of positive solutions for a class of
systems of second-order ordinary differential equations

—u :gl(tauvvaavb)a in (07]‘)’
—UH - 92<tauavaa7b)7 in (071)’
u(0) = v(0) = u(1) = v(1),
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using the fixed-point theorem of cone expansion/compression type, the upper-
lower solutions method, and degree arguments in [9, 10].

Because of its important physical background, there are more people who
have paid attention to the existence of time-periodic solutions of the telegraph
equation or system with various boundary conditions for space variable x, see
[5, 7, 8, 11, 12, 13, 14, 15] and the references therein. By using the fixed-
point theorem of cone expansion/compression type, the upper-lower solutions
method, and degree arguments, our study will be concerned with the existence
of positive solutions for the following coupled telegraph system

Ut — Uy + Crug + a11 (8, )u 4+ a12(t, z)v = f1(t, x,u, v, A, 1),
Vit — Vg + CoU + a1 (L, )u + ags(t, x)v = fo(t, z,u,v, A\, 1),
u(t + 2w, z) = u(t,x + 2w) = u(t,x), (¢, ),
v(t+2m, ) =v(t,x +27) =v(t,z), (),

(1)

where ¢; > 0 is constant, \, p are parameters, aii, ass € C(R? R,), ajo,
as1 € C(R%L,R.), f; € C(R?* x R4, R,), and a5, f; are 27m-periodic in ¢ and z.
In particular, the method of upper and lower solutions will need the maximum
principle of the coupled linear telegraph system, which was built in [15].

The paper is organized as follows: In Section 2, we make some preliminaries;
Section 3 is devoted to proving the main results.

2. Preliminaries

Let T2 be the torus defined as T2 = (R/27Z) x (R/27Z). Doubly 27-periodic
functions will be identified to be functions defined on T2. We use the notations

LP(T?), O(T?), C(T?), D(T?)=C>(T?),...

to denote the spaces of doubly periodic functions with the indicated degree of
regularity. The space D’ (T?) denotes the space of distributions on T2.

Here and in the next, by a doubly periodic solution of (1) we mean that a
(u,v) € LY(T?) x LY(T?) satisfies (1) in the distribution sense, i.e.,

Jr, Wt = Puw — 1ot + anig) + ara [+, v0 = [12 fro,

fT2 v((btt - ¢zz - 02¢t + a22¢) + a21 f‘r2 U(b = fT2 f2¢7
V(p,¢) € D'(T?) x D'(T?).

For convenience, we rewritten this system as
Ut — Uge + crug + ar1 (6 2)u + ara(t, x)v = f1(t, z, u, v, A, 1),

{ Vit — Uz + CoUt + a1 (£, 2)u + aga(t, 2)v = folt, z,u,v, A\, 1), in D'(T?).
First, we consider the linear equation

(2) Ut — Uy + Ciug — Aju = h;(t,z), in D/("I'Q)7

where ¢; >0, \; € R, h;(t,r) € L}(T?) (i=1,2).
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Let £, be the differential operator
Ly, = Ut — Uz + CiUy — Ai,

acting on functions on T2. Following the discuss in [7, 13], we know that if
Ai <0, £, has the resolvent Ry,

RM : Ll(TQ) — C(TQ), hz = U;,

where u; is the unique solution of (2), and the restriction of Ry, on LP(T?)(1 <
p < o00) or C(T?) is compact. In particular, Ry, : C(T?) — C(T?) is a
completely continuous operator.

For \; = —c?/4, the Green function G;(t, ) of the differential operator £},
is explicitly expressed, see Lemma 5.2 in [13]. From the definition of G;(t, ),
we have

G; =essinf Gi(t,x) = e 3m/2 /(1 — gmo™)2,
Gi:=esssup Gi(t,z) = (1 +e ™) /2(1 — e “7)%

Let X denote the Banach space C(T?). Then X is an ordered Banach space
with cone

Ko={uve X |u(t,z) >0,V () €T2}'

2
Now, we consider the equation (2) when —J\; is replaced by a;;(t,2) < %’ In
[7], the author has proved the following unique existence and positive estimate
result.

Lemma 2.1. Let h;(t,z) € L*(T?), X be the Banach space C(T?). Then the
equation (2) has a unique solution u; = Pih;, P; : LY(T?) — X is a linear
bounded operator with the following properties,

(i) P;: C(T?) — C(T?) is a completely continuous operator;

(i) If hi > 0, a.e (t,x) € T2, P;h; has the positive estimate
®) Gullhlle < (Ph) < =2 ]

S ST Gillaal T

To prove our main results, we need the following the fixed-point theorem
of cone expansion/compression type, and fixed point index theory, the upper-
lower solutions method. We refer to, for example, Guo and Lakshmikantham
[3] for proofs and further results.

Lemma 2.2. Let E be a Banach space, and let K C E be a cone in E, Assume
01, Qo are open subsets of E with 0 € Q1,Qy C Qo, and let T : KN (Q2\ Q) —
K be a completely continuous operator such that either

D) |Tu|| < |ull, v € KN and [|[Tu|l > |lull, v € K N ONs;

(ii) |Tul|l > Jull, v € KNI and ||Tul|| < |u||, v € K NOQs.
Then T has a fized point in K N (g \ Q7).
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Lemma 2.3. Let E be a Banach space with norm || -||, and let K be a cone in
E. Forr >0, define K, = {u € K : ||ul| <r}. Assume that T : K, — K is a
compact map such that Tu # u, for u € 0K, = {u € K : |ju|| = r}.

(i) If |lul| < ||Tu|| for all w € OK.,., then (T, K, K) = 1.

(ii) If |lu|| > [|[Tu|| for all u € OK,., then i(T, K,, K) = 0.

Lemma 2.4. Let E be a Banach space, K a cone in E and ) bounded open
mX. Let 0 € Q and T : KNQ — K be condensing. Suppose that Tx # Az for
allz e KNOQ and all X > 1. Then

(T, KNQK)=1.

NI

Lemma 2.5 ([15]). Assume a;;(t,z) € C(T%),0 < ay(t,x) < 5 for (t,x) €
T2, and [7, ai(t, x)dtde > 0; arz(t, @), a01(t,x) € C(T3 R_). In addition,
llai2llL1G1 < Gillan]|zr, ||a21l|L1Ge < Gallass||rr. Then the linear telegraph
system

Ut — Uga + Crue + a1 (8, 2)u + arz(t, 2)v = g1(t, @),

Vit — Vzg + CoUt + a21(, 2)u + age(t, x)v = go(t, x), in D' (T?)

u(t + 2w, x) = u(t,x + 27) = u(t, x),

v(t+2m,x) = v(t,x + 2m) = v(t, ),

(4)

where g;(t,x) € LY(T?), has at least one solution in C(T?)xC(T?) and satisfies
the maximum principle.

Remark 2.6. If ||a12] 11 G1 < 3Gillain |1, [Jas1 |2 G2 < 3Gallass|| 1, then the
system (4) also satisfies the maximum principle.

Now, we consider the system
Upt — Uz + C1Ug + a11(t, T)u + ar2(t, v)v = fi(t, z,u,v),
Vit — Uy + CaU¢ + a1 <t7 J})U + a22<ta Z‘)U = f2(t7 x,U, U)7
u(t +2m,x) = u(t,r + 27) = u(t,z), (t,x) € R?
v(t+2mx) =v(t,x +2m) =v(t,z), ()€ R?

()

where a;;, f; satisfy assumptions (H1) and (Hs).

Definition 2.7. Let o = (a1,a2) € C(T%R) x C(T2 R), we call (a1, az) a
lower solution of the problem (5) for all (t,z) € T2 if

Qg — Qgg + 1oy + a1 (t, x)on + ara(t, ¥)ae < fi(t, @, a1, az),

Qo — Qogg + Cotay + az1(t, x)on + aza(t, ¥)an < fo(t, x, a1, as),

in D, (T?) x D(T?)

ar(t+2m,x) = ai(t,r +27) = a1 (t,2), (¢, 7) € R?,

as(t+2m, 1) = as(t,x + 27) = as(t,x), (t,z) € R2.
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Definition 2.8. Let 3 = (81,32) € C(T2,R) x C(T%R), we call (81,02) a
upper solution of the problem (5) for all (¢,z) € T2 if

Bret — Brze + c1B1e + a1 (t, x)B1 + ara(t, x)B2 > f1(t, =z, b1, PB2),
Batt — Pz + c2P2¢ 4 a1 (t, 2)B1 + aza(t, x)B2 > folt, z, b1, B2),
in D', (T?) x D'(T?)

Bi(t +2m x) = Bi(t,x +27) = Bi(t,x), (t,z) € R?,

Ba(t + 2w, ) = Bo(t,x + 27) = Ba(t,x), (t,x) € R2.

Remark 2.9. In the next, the inequalities related to upper and lower solutions
are in the distribution sense, see [15].

Lemma 2.10 ([15]). Let (a1 (¢, x), aa(t, z)) and (51(t, ©), B2(t, x)) be lower and
upper solutions of (8), respectively, such that

(Bl) 0< (al (t’ x)7 O‘?(t’ .T)) < (61 (t7 (I}), 62(t7 :I,‘)), V(t, x) € T2§

(Ba) fi(t,z,u,v) for fived (t,x) € T2, is quasi-monotone nondecreasing with
respect to u and v. Then the problem (5) has at least one solution (u,v) € D?
such that

(al(t’x)v ag(t,l’)) < (ua ’U) < (ﬁl(ta Z),ﬂg(t, CE)), (ta (ﬂ) € T2'

3. Main result
For convenience, we now state our main result as following.

Theorem A. Assume the following conditions hold:

(Hy) ai; € C(T%),0 < ay(t,z) < % Jor (t,x) € T2, and [+, ay(t, x)dtdx >
0, aiz,a01 € C(T2,R,), au(t,x) —|—a12(t,x) > 0, agl(t,x) + agg(t,m) > 0,
V(t,x) € T2, [larz|lp1Gr < 3Gallan |y, a2l Gz < 3Gallags| 1

(Hz) The functions f; : T2 x [0, 4+00)* — [0, 4+00) are continuous and non-
decreasing in the last four variables. In other words,

fi(t7x7u17U17A1a,ul) < fi(t,x,UQ,’Ug,)\g,,Ug) fO’f‘i = 172

whenever (uy,v1, A1, 1) < (ug,va, A2, 2), where the inequality is understood

inside every component,
(H3) Given \,u >0, for all M > 0, there exist h;(t,x) € L*(T?) such that

0 < filt,m,u,v,\, 1) < hi(t,x) for all (t,u,v) € T2 x [0, M]*;
(Hy) There exists a function h(t,x) € L'(T?) such that

hll 1 <
Il < 5
and
lim filt,z,u, v, A 1) + fa(t,z,u,v, A, 1) _ lh(t 2)
|(’U.,’U,)\,p.)|*)0 u—+v + >\ + /‘l’ 2 )
2 * ren e )
for each (t,x) € T#, where M* = max{ﬁl\alll\lLl 7 @Ha;z\lLl 3
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(Hs)
lim fi(t,z,u,v,0,0) + fo(t, z,u,v,0,0) — e
u——+o00 U
uniformly for v >0 and (t,z) € T2,
lim fi(t, x,u,v,0,0) + falt, z,u,v,0,0) — oo

V—>+00 v
uniformly for u >0 and (t,x) € T2,

lim (fl(t7x70305/\7ﬂ)+f2(taz70707>‘7.u)) = +00
[(Asp) | =00
uniformly for (t,z) € T>.
Then there exist a constant X > 0 and a non-increasing continuous function

I':[0,\] = [0,+00) so that, for all X\ € [0, ], the system (1) has:
(i) at least one positive solution for 0 < p < T'(A);
(ii) no positive solutions for u > T'(N\);
(iii) at least two positive solutions for 0 < p < T'(X).

Let E denote the Banach space C(T?2) x C(T?) with the norm |[|(u,v)| =
lulloo + [[V]loos |ulloc = Mmax(s zyeT2 [u(t,x)|. The cone K is defined as K =
K1 x K5, where

Ki={uecO(T?) :u>d|ule}t, Ky={veO(T?) :v>8|v]x}

and 6, = Elenlur 5, Ga'leaallys
1 2
By Pi(i = 1,2) : L'(T?) — C(T?), we denote the solution operators as

follows, respectively

U — Ugy + 1y + ar1 (t, 2)u = ha(t, z),
Vit — Vg + CoUt + a22(t, x)v = ha(t, x).
Define mapping T': K — E by
T(U, U) = (Ql (U, U)7 Q2 (U, U))7
where
Ql(u’ U) = Pl(—alg’U + fl (t7 Z,u,v, )‘7 H))7
QQ(U, U) = P2(7a21u + fZ(ta z,u,v, )‘7 N’))
First, we will show the existence of a positive solution for small parameters.

Lemma 3.1 ([14]). Fiz A\, > 0. The operator T : E — E is well defined,
T(K) C K, and T 1is completely continuous.

Lemma 3.2. Assume (Hy), (Hs), (H4) hold. Then there exist Ry > 0 and (g
such that, for all (u,v) € Kgr, and all (A, n) with 0 < XA+ p < o, we have

1T (w, 0) | < {I(u, )]
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Proof. From condition (Hy), we choose o € (0,1) such that
M*||h(t,x)||r <1—o0.
In addition, there exists R > 0 such that, forall 0 <u+v+ A+ p < R and
(t,x) € T2, we have
1
fl(t,ZC,U,U, )‘7“) + fl(tvxvuvvavu) < §h(t,.’b)(u+’0 +)‘+/J’)
Thus, it follows from condition (Hy), (Hy), for all (u,v) € Kq_g)r, A+ p €
(0,0R) and (t,x) € T2, we have
Ql(uv U)(ta x) + QZ(U7 U)(ta .13)

= Pl(ia’lQ,U + fl(tvxvua v, A?M)) + P2(*CL21U + fQ(t,l’,U,’U, )‘7H))
_ G
Gillan

Gy

Gallaga|| L

H — a12v + fl(t,l‘,’u,,v,)\,ﬂ)”[ﬂ

|| —a21u + fQ(f,fE,’th,)\,/l)”Ll

Gillaia|| s G llaz ||
Gillail z Gallazzl/z
+ Ml”fl(ta x,u,v, )‘a :U’) + fQ(t’ x,u,v, )‘a /L)”Ll

IN

[0]lo + l[floo

IN

1 1.
5 (lulloo +N1vlloo) + S M [A(E @)l 1 (Juelloo + [10lloo + A+ 1)
<(l-0)R
by (H1) and Lemma 2.1. Now taking Ry = (1 — )R and (o = o Ry, for all
(u,v) € Kp,, 0 < A+ p < (o, by the above inequality, we have
1T (u, 0) || = |Q1(w, v)[lo0 + |Q2(w, ) [loc < Ro = [|(u,v)]- 0
Lemma 3.3. Assume (Hy)-(Hs), (Hs) hold. There exists Ry > 0 such that,
for all (u,v) € Kg, and (t,z) € T2, we have
1T (u, 0) || > [[(u, v).
Proof. Inspired by some ideas of Lemma 3.2 in [9]. Now we show the proof.
For otherwise, there would exist an increasing sequence R, — +o0o, and a
sequence {(uy, v,)} in K so that the real sequence { R,, } defined by || (un, vy)|| =
R,, would satisfy
1T (u, o) || < [ (u, v)
We consider two cases:
Case I : % — 0 as n — +o0o. Consequently, % — 1 as n — 4o0.
By conditions (H;)-(Hs), (Hs), we have
T(unv Un) = Ql(una Un) + QQ(una Un)
- Pl(_a12v'n, + f1<t7 Ty Unp, Un, )‘a M))
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+ Po(—a21vn + fo(t, @, up, Un, A, 1))
> Gi|| — ar2vn + fi(t, @, un, vy, A, )| 22

+ Ga|| — ag1un + fo(t, z, Un, vn, A, )| L1
> G| f1(t, @, wn, vns Ay 1) + f2(t, @, up, vn, A, 1) || 21
> Gullf1(t, 2, 0]unllso; 8l[vnllse, 0,0)

+ fa(t, 2, 0||un|oo, 6]|vnloc, 0, 0) || 1

( z)

||Un||oo

R n

. {Gmanm G|}
6 = min — , — ,

= G.0M, R,,

where

G Go
G, = min{G1, Ga},
Jn(t,LE) = fl(tazydnun”om5an||0070a0) + f2(tax75||un”ooa5an||007070)

and
Sy LGk
6llvnlloo
Therefore, we would have
l[vnlloo
1>G.0M, ,
> R,

which is impossible.
Case 11 : H“”H‘” — a > 0asn — +oo. Similarly, in this case we would have

T(un,vn) = Q1(tn,vpn) + Q2(tn,vy)
= Pi(—a12vn + f1(t, 2, Un, Un, A, 1))
+ Py(—ag1v, + folt, 2, Un, Un, A, 1))
> Gi|| — a12vn + fi(t, @, Un, vn, A, )| L1
+ Go|| — ag1un + fo(t, @, wp, vy, A, )| 21
= Gullf1(t, T tns v, Ay 1) + S (b, @, up, v, A )| 20
> G|l fi(t, 2, 6]|un oo, 6][vnlse, 0, 0)
+ fo(t, @, 6||un|lso, 8l|vnllec, 0, 0)|| L2
> Gl b

||UnH<>o

= G.6M,
Ry,

—R,.
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From Case I, we also can have

] oo

|
1>G.0M, ,
2 R,
which is impossible. ([l

Taking into account Lemma 3.2 and Lemma 3.3, the following is a direct
consequence of Lemma 2.2.

Lemma 3.4. There exists (y > 0 so that, for all X and p with 0 < X+ u < (o,
the operator T has a fized point (u,v) € K satisfying Ry < ||(u,v)|| < R.

Next, we will give a priori bounds and non-existence of solutions.

Lemma 3.5. Assume that the system (1)x,,, has a non-negative solution and
that

(0,0) < (A1, 1) < (A2 pa2)-
Then the system (1)x,,, has a non-negative solution.

Proof. Let the pair (ug,v2) be a non-negative solution of the system (1)x,,.
Since f1 and fo are non-decreasing functions in the last two variables, we have
that (ug,v2) is an upper solution of the system (1)y,,,. By the condition (H;)
and Lemma 2.5, it is to know that (0,0) is a lower solution of the system
(1)a, 1~ The conclusion results from Lemma 2.10. O

Lemma 3.6. Assume (H1)-(Hs), (Hs) hold. Then there exists a positive con-
stant C' > 0 such that, for all positive solution (u,v) of the system (1), we
have

[(u, v)[| < C,
where C' may be chosen independent of A and p.

Proof. The proof is analogous to that of Lemma 3.2 in [10]. O

Remark 3.7. Having the similar discussion as Remark 1 in [9], we also know
that there exists & > 0 such that, for all (A, u) € (0,+00) X (0,+00) with
[(A, p)| > &, the system (1) has no positive solutions.

Define a set S by
S = {X > 0: the system (1) has a positive solution for some p > 0}.

From Lemma 3.4 and Remark 3.7, it implies that S is non-empty and
bounded. Thus
0<A=supS < +oc.
Using the upper-lower solutions method, it is easy to see that for all A € (0, ),
there exists > 0 such that the system (1)), has a positive solution. We now

define the function I' : [0, A] — [0, +00) by
['(M\) = sup{u : the system (1) has a positive solution}.
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By Lemma 3.5, the function I' is continuous and non-increasing. Moreover,
I'(0) > 0 as is easily verified. We claim that T'()\) is attained. In fact, it suffices
to use Lemma 3.6 and the compactness of the operator 7. Finally, it follows
from the definition of the function that the system (1) has at least one positive
solution for 0 < u <T'(A), and furthermore that it has no positive solutions for
> T'(N\), which proves parts (i) and (ii) of Theorem 1.1, respectively.

Finally, we will establish existence of two positive solutions of the system
(1), which corresponds to proving part (iii) of Theorem 1.1.

Fix A € [0, A], and let (u*,v*) is the solution (1) at (A, T'(\)) which is obtained
using Lemma 3.5. Next we will establish another solution of the system (1) ,
for 0 < p <T'(AN).

Lemma 3.8. For each 0 < p < T'(\), there exists g > 0 so that, for all
0 <e<e and all (t,z) € T2, (ur,v?) is the upper solution of (1) at (A, p),
where u} =u* +¢€, v =v* +e.

Proof. Since f; is increasing, we have that for each 0 < g < I'(\) we may find
a positive constant I = I(u) so that, for all (¢,x) € T2, we have
fl(t7x7u*’v*7A’r(A)) - f']/(t’x, u*7/U*7>\,‘LL) Z I > 0'

By the uniform continuity of f;, there exists 0 < €g so that, for all (t,z) € T2
and all 0 < € < ¢y, we have

|fi(tvxvuzvv:7 )‘vﬂ) - fi(t7x7U*7U*7)‘7/~L)| <

From the conditions, we also have a11 (¢, x) + a12(t,2) > 0. On the contrary,
if a11(t,x) + a12(t,z) < 0, namely, ai1(t,z) < —aq2(t,x), then |an1|r <
@121, which is contradict with the condition [|ai2|/1G1 < 2Gilla1|/r1. Let
ul =u* +e€ v =v" +¢ from (H1), (H2), then

Uy — Uk + Cruly + ann (b x)ul + ara(t, 2)v) — fi(t,z,u” + e, 0" + €, A\, )
=ujy — Uy, + cruy + ann(t, 2)u” + ar2(t, )0 + ar1(t, x)e + ara(t, z)e
filt,z,u™ + e, v + e, A\ p)
= filt,x,u", 0", N\ T(N) — filt,z,u™ + 6,0 + €, A, )
+ a1 (t, x)e + ara(t, x)e
> fi(t, w0, N T(N) — fi(t,x, u™, v™ A, 1)
+ fi(t,z, w0 A pw) — fi(t,z,ut 4+ €, 0" +¢€)

DO |~

I
>I— -
> 5> 0
for all (t,x) € T2. The inequality for v¥ can be shown similarly. Hence (u?, v})
is an upper solution of (1) at (A, p) for all 0 < € < €. O

Proof of (ili) Theorem 1.1. Define the set
D={(y,v) e E:—e<u<ul,—e<v<u}
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Then D is bounded open set in E and 0 € D. The map T satisfies KND — K
and is condensing, since it is completely continuous. Now let (u,v) € K N
OD, then there exists (to,z9) € T2 such that either u(tg,z0) = u}(to,z0)
or v(tg,x0) = vi(to,zo). We assume u(to, o) = u}(to, o) without loss of
generality, then by Lemma 3.8,

Q1(u,v)(to, z0) : =

"U

1(—@121} + fl (t07 Zo, U, V, )‘7 /”'))
(*0121}: + fl(t()v Zo, U:, U:, Av M))
(to, wo) = u(to, zo) < Oulto, zo)

for all @ > 1. Thus T'(u,v) # 6(u,v) for all (u,v) € KNOD and § > 1, Lemma
2.4 now implies that

IN
=3

<

(T, KND,K)=1.

On the other hand, a slight change in the proof of Lemma 3.6 shows the
existence of an r > 0 sufficiently large, say » > R, where R; is as in Lemma
3.4, so that

1T (w, 0) || > [, v)]
for every ||(u,v)|| = r and (u,v) € K.
Let R = max{C + 1,r, ||(u},v})||}, where C is as in Lemma 3.6. Set

Kr ={(u,v) € K :|(u,v)| < R}.

Then Lemma 3.6 implies that T'(u,v) # (u,v) for (u,v) € Kg. Consequently,
part (i) of Lemma 2.3 implies (T, Kr, K) = 0.
Now by the additivity property of the fixed point index we obtain
(T, KNQ,K)+i(T, Kg\KNQ,K) =i(T, K, K) = 0.

Since (T, K N Q, K) = 1, we conclude (T, K K N, K) = —1. Therefore, T
has another fixed point in Krp K N2, which was to be shown. O
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