J. Korean Math. Soc. 49 (2012), No. 1, pp. 31-47
http://dx.doi.org/10.4134/JKMS.2012.49.1.031

HOMOLOGICAL PROPERTIES OF
MODULES OVER DING-CHEN RINGS

GANG YANG

ABSTRACT. The so-called Ding-Chen ring is an n-FC ring which is both
left and right coherent, and has both left and right self FP-injective di-
mensions at most n for some non-negative integer n. In this paper, we
investigate the classes of the so-called Ding projective, Ding injective and
Gorenstein flat modules and show that some homological properties of
modules over Gorenstein rings can be generalized to the modules over
Ding-Chen rings. We first consider Gorenstein flat and Ding injective
dimensions of modules together with Ding injective precovers. We then
discuss balance of functors Hom and tensor.

1. Introduction and preliminaries

Non-commutative Gorenstein rings were defined and studied by Iwanaga
in [21] and [22]. Later Enochs and Jenda defined and studied the so-called
Gorenstein projective, Gorenstein injective and Gorenstein flat modules and
developed Gorenstein homological algebra [14] on modules over such rings.
Those modules over general associative rings have also been studied by Holm
in [18] and [19]. The point of this paper is to describe how the homological
theory on modules over a Gorenstein ring generalizes to a homological theory
on modules over a so-called Ding-Chen ring.

In [26], Stenstrém introduced the notion of an FP-injective module and stud-
ied FP-injective modules over coherent rings. An R-module E is called F'P-
injective if Ext}a(A, E) = 0 for all finitely presented R-modules A. More gen-
erally, the FP-injective dimension of an R-module B is defined to be the least
integer n > 0 such that Exts"! (A, B) = 0 for all finitely presented R-modules
A. The FP-injective dimension of B is denoted FP-idg(B) and equals oo if
no such n above exists. FC rings, as the coherent version of quasi-Frobenius
rings where Noetherian is replaced by coherent and self injective is replaced by
self FP-injective, were introduced by Damiano in [3]. Just as Gorenstein rings
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are natural generalizations of quasi-Frobenius rings, Ding and Chen extended
FC rings to n-FC rings [4, 6] which are seen to have many properties similar
to those of n-Gorenstein rings. Just as a ring is called Gorenstein when it is
n-Gorenstein for some non-negative integer n (a ring R is called n-Gorenstein
if it is a left and right Noetherian ring with self injective dimension at most
n on both sides for some non-negative integer n), Gillespie first called a ring
Ding-Chen when it is n-FC for some n [17].

Definition 1.1. A ring R is called an n-FC ring if it is both left and right
coherent and FP-id(gR) and FP-id(Rp) are both less than or equal to n. A
0-FC ring is just called FC. A ring R is called Ding-Chen if it is an n-FC ring
for some non-negative integer n.

Recall from [14] that an R-module M is Gorenstein projective if there exists
an exact sequence --- — P| — Py — P% — P! — ... of projective
R-modules with M = Ker(P’ — P!) such that Hom(—, P) leaves the se-
quence exact whenever P is a projective R-module. An R-module N is called
Gorenstein injective if there exists an exact sequence --- — I} — [y —
I° — ' — ... of injective R-modules with N = Ker(I°® — I') such that
Hom(I, —) leaves the sequence exact whenever I is an injective R-module. As
special cases of the Gorenstein projective and Gorenstein injective modules,
the Ding projective and Ding injective modules were introduced and studied
by Ding, Mao and co-authors in [24] and [7] as strongly Gorenstein flat and
Gorenstein FP-injective modules respectively. These two classes of modules
over coherent rings possess many nice properties analogous to those of Goren-
stein projective and Gorenstein injective modules over Noetherian rings. For
example, when R is an n-Gorenstein ring, Hovey [20] showed that the category
of R-modules has two Quillen equivalent model structures, i.e., the Gorenstein
projective model structure and the Gorenstein injective model structure. Sim-
ilar results were shown by Gillespie in [17] when R is an n-FC ring.

Definition 1.2 ([7]). An R-module M is called Ding projective if there exists
an exact sequence of projective R-modules

P P, PO Pl

with M = Ker(P° — P') and which remains exact after applying Hom(—, F)
for any flat R-module F'.

Definition 1.3 ([24]). An R-module N is called Ding injective if there exists
an exact sequence of injective R-modules

I I 0 It

with N = Ker(I° — I') and which remains exact after applying Hom(E, —)
for any FP-injective R-module E.
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Note that every Ding injective (respectively, Ding projective) R-module N
is Gorenstein injective (respectively, Gorenstein projective), and if R is Goren-
stein, then every Gorenstein injective R-module is Ding injective (respectively,
Gorenstein projective) [17].

Definition 1.4 ([16]). An R-module M is called Gorenstein flat if there exists
an exact sequence of flat R-modules

)2 F, jal F!

with M = Ker(F° — F!) and which remains exact after applying I ®p — for
any injective right R-module 1.

In [24], Mao and Ding showed that if a left R-module M is Gorenstein
flat, then M = Homgz(M,Q/Z) is a Ding injective right R-module, and the
converse holds when R is a right coherent ring. By [7, Proposition 2.3] (also
[17, Proposition 3.12]), if R is a right coherent ring, then any Ding projective
left R-module M is Gorenstein flat. We refer the reader to [6, Theorem 5] for
characterizations of Gorenstein flat modules over Ding-Chen rings.

Given a class H of R-modules, we will denote the class of R-modules X
satisfying Ext(H, X) = 0 (respectively, Ext'(X, H) = 0) for every H € H by
H*L (respectively, “H). Following [14], a pair of classes of R-modules (A, B)
is said to be a cotorsion pair if A* = B and *B = A. A cotorsion pair
(A, B) is said to be complete if for any R-module X there are exact sequences
0—>XjB—>A—>Oand0—>§—>g—>X—>OrespectivelywithB,§EB
and A, A € A.

Let C be a class of R-modules and X an R-module. Following [9], we say
that a homomorphism f : C — X is a C-precover if C' € C and the abelian
group homomorphism Homg(C’, f) : Homg(C’,C) — Hompg(C’, X) is surjec-
tive for each C’ € C. A C-precover f : C — X is called a C-cover if every
endomorphism g : C — C such that fg = f is an isomorphism. Dually we
have the definitions of a C-(pre)envelope. C-covers (C-envelopes) may not exist
in general, but if they exist, they are unique up to isomorphism.

Throughout we assume all rings have an identity and all modules are unitary.
Unless stated otherwise, an R-module will be understood to be a left R-module.
We denote the flat dimension of an R-module M by fdr(M). The character
module Homy(M,Q/Z) of the module M is denoted by M.

2. Ding injectivity and Gorenstein flatness of modules

In this section, we first study the existence of Ding injective precovers of
certain modules and then the duality properties between Ding injective and
Gorenstein flat modules.

Recall that a short exact sequence, 0 - A — B — C — 0, of R-modules is
called pure exact if 0 > M ®r A — M r B — M ®g C — 0 is exact for every
right R-module M. A submodule A of an R-module B is said to be a pure
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submodule if 0 - A — B — C' — 0 is pure exact. A module X is called pure
ingective if the sequence 0 — Homp(C, X) — Homp(B, X) — Hompg(A, X) —
0 is exact for every pure exact sequence 0 - A — B — C — 0.

The following result was proved in [24, Theorem 4.1] under an extra assump-
tion that R is a perfect ring.

Theorem 2.1. Let R be a Ding-Chen ring. Then every pure injective left
R-module N has a Ding injective precover.

Proof. Since every right module over a Ding-Chen ring R has a Gorenstein flat
preenvelope by [24, Theorem 5.3], so has NT. Let f : NT — G be a Gorenstein
flat preenvelope of NT. Then, by [24, Lemma 2.8], [6, Proposition 12] and [11,
Corollary 3.2, f* : GT — N7 is a Ding injective precover of NTT. On the
other hand, N is a direct summand of N**+ by [27, Proposition 2.3.5] since
N is pure injective, and then it is easy to see that 7fT : Gt — N is a Ding
injective precover of N, where m : NT* — N is the canonical projection. This
completes the proof. (I

According to [24, Lemma 2.8], if R is left coherent, then a right R-module
M is Gorenstein flat if and only if M ™ is Ding injective. Moreover, if R is a
Ding-Chen ring, then N7 is a Gorenstein flat right R-module whenever N is a
Ding injective left R-module (see [6, Proposition 12]).

Proposition 2.2. Let R be a Ding-Chen ring and N be a pure injective left
R-module. If NT is a Gorenstein flat right R-module, then N is Ding injective.

Proof. By [24, Lemma 2.8], N7 is Ding injective. Since N is a pure injective
left R-module, N is a direct summand of N by [27, Proposition 2.3.5]. Thus
it follows from [24, Proposition 2.6] that N is Ding injective. O

Note that Xu proved in [27] that for a commutative ring R, a simple R-
module is flat if and only if it is injective. Furthermore, Ding and Chen proved
in [5] that if R is a commutative coherent ring, then the flat dimension and the
injective dimension of any simple R-module are identical. In the following, we
focus on Gorenstein flat and Ding injective dimensions of some special modules
over Ding-Chen rings.

Definition 2.3. Given a left R-module M. Let 1.Didg(M) (Didg(M) for
short) denote inf{n| there exists an exact sequence 0 - M — Ey — E; —
-+ = E, — 0 with E; Ding injective for any 0 < ¢ < n} and call 1.Didg(M)
the Ding injective dimension of M. If no such n exists, set L.Didgr(M) = co.

In a dual way, the Ding projective dimension, Dpdz (M), of an R-module
M can be defined.

Definition 2.4. Given a right R-module N. The Gorenstein flat dimension of
N, denoted by r.Gfdg(N) (Gfdr(N) for short), is defined as inf{n| there exists
an exact sequence 0 —» G,, — --- = Gy = Gog — N — 0 with G; Gorenstein
flat for any 0 < ¢ < n}. If no such n exists, set r.Gfdgr(M) = occ.
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The Gorenstein flat dimension refines the classical flat dimension (see [14]
and [18]).

Lemma 2.5. Let R be a Ding-Chen ring and n a fized non-negative integer.
Then the following statements are equivalent for a left R-module M:

(1) LDidr(M) < n.

(2) Ethé(J, M) =0 for any FP-injective R-module J and any i > n+ 1.

Proof. The proof is dual to that of [7, Lemma 3.4]. O

Lemma 2.6. Let R be a Ding-Chen ring and n a fixred non-negative integer.
Then the following statements are equivalent for a right R-module N:

(1) r.Gfdg(N) < n.

(2) Tor(N,J) = 0 for any FP-injective left R-module J and any i > n+1.

Proof. (2) = (1) By [6, Theorem 7], we get that r.Gfdg(M) < co. Then the
result follows from [2, Theorem 2.8] since any injective module is FP-injective.

(1)= (2) Let 0 > K, » F,,-1 —» -+ = 1 - Fy - M — 0 be an exact
sequence of right R-modules, where each F; is flat. Then, by [2, Lemma 2.9], we
get that K, is Gorenstein flat. Hence if J is any FP-injective left R-module,
then TorZ, (M, J) = Torf(K,,J) = 0 for any i > 1 by [6, Theorem 5], as
desired. O

Lemma 2.7 ([25, Lemma 3.1]). Let R be any ring and I be an ideal of R such
that R/ is a semi-simple ring. Then for any left R-module X and a positive
integer n, Bxt (X, R/I) = 0 if and only if Tor®(R/I,X) = 0.

The following result generalizes [25, Theorem 3.2] which gives a characteri-
zation of Gorenstein flat dimension of related modules over Gorenstein rings.

Theorem 2.8. Let R be a Ding-Chen ring and I be an ideal of R such that
R/I is a semi-simple ring. Then r.Gfdgr(R/I) = 1.Didr(R/I).

Proof. Use Lemmas 2.5, 2.6 and 2.7. O

Remark 2.9. It was proved by Enochs and Jenda that every R-module has
finite Gorenstein injective (respectively, Gorenstein flat) dimension whenever
R is Gorenstein [14, Theorem 12.3.1]. It was also proved by Ding and Chen
that every R-module has finite Gorenstein flat dimension whenever R is Ding-
Chen [6, Theorem 7]. In [24], Mao and Ding showed that if R is Ding-Chen
and left perfect, then every R-module has finite Ding injective dimension [24,
Lemma 3.1]. But it is still not known whether or not every R-module has finite
Ding injective dimension when R is just a Ding-Chen ring.

Corollary 2.10. Let R be a Ding-Chen ring and I be an ideal of R such that
R/I is a semi-simple ring. Then 1.Didgr(R/I) < co.

Proof. Tt follows from Theorem 2.8 and Remark 2.9. (]
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Recall that R is called a semi-local ring if R/J(R) is a semi-simple ring,
where J(R) denotes the Jacobson radical of R. By Theorem 2.8, we immedi-
ately have the following result.

Corollary 2.11. Let R be a Ding-Chen ring. If R is a semi-local ring, then
r.Gfdg(R/J(R)) = 1.Didr(R/J(R)).

Corollary 2.12. Let R be a Ding-Chen ring. If R is a commutative ring,
then for any simple R-module T, Gfdr(T) = Didg(T). In particular, T is
Gorenstein flat if and only if it is Ding injective.

Proof. Let T be a simple R-module. Then there exists a maximal ideal 9t of

R such that T2 R/9M. So T is a simple ring and hence the assertion follows
from Theorem 2.8. O

Corollary 2.13. Let R be a commutative Ding-Chen ring. Then any simple
R-module has finite Ding injective dimension.

Proof. Tt follows from Remark 2.9 and Corollary 2.12. O

The following result generalizes [25, Theorem 3.5] which is proved for Goren-
stein rings.

Theorem 2.14. Let R be a Ding-Chen ring and R — S be a homomorphism
of rings. If sE is an injective cogenerator for the category of left S-modules,

then r.Gfdg(S) = 1.Didg(E).

Proof. 1t is trivial that S can be regarded as a bimodule gSg, and gFE can be
regarded as a left R-module.

Let J be any FP-injective left R-module. Then for any n > 1, we get that
Ext?(J, E) = Homg(Tor’(S,.J), E) since

Ext:(J, Homg(S, E)) = Homg(Tor?(S, J), E).

Because gFE is an injective cogenerator for the category of left S-modules,
Ext%(J, E) = 0 if and only if Tor®*(S,.J) = 0. Thus the result follows easily
from Lemmas 2.5 and 2.6. U

Finally, we give an application of Theorem 2.14.

Corollary 2.15. Let R be a Ding-Chen ring and R — S be a homomorphism
of rings. Then r.Gfdg(S) = 1.Didg(S™).

Proof. It follows easily from Theorem 2.14 since S is an injective cogenerator
for the category of left S-modules. O
3. Balanced functors

In this section, we investigate the balanced functors due to Enochs and Jenda
[12, 13, 14]. We recall that if X', Y, B and £ are classes of objects of an abelian



HOMOLOGICAL PROPERTIES OF MODULES OVER DING-CHEN RINGS 37

category A, then we say Hom(—, —) is right balanced on X x Y by B x &£ if for
any objects X € X and Y € Y there exist complexes

o+ =By —+B] -+ By—>X—=0

and
0—-Y E"-E'" 5 E*— ...

such that B; € B, E* € € for i > 0 and such that Hom(—, E) makes the first
complex exact whenever E € £ and such that Hom(B, —) makes the second
complex exact whenever B € 5.

The definition above is easily modified to give the definition of a left or a
right balanced functor —® — (see [12, 13, 14] for more details). We will let DP,
DI, GF denote the classes of Ding projective, Ding injective, and Gorenstein
flat modules, respectively. The category of left (respectively, right) R-modules
is denoted by rM (respectively, Mg).

We begin with the following result.

Proposition 3.1 ([17, Theorem 4.2]). Let R be an n-FC ring and M an R-
module. Then the following are equivalent:

(1) de(M) < 0.

(2) [dR(M) < n.

(3) FP-idgr(M) < cc.

(4) FP-idp(M) < n.

By the above, we see that for a Ding-Chen ring R, the class of all modules
with finite flat dimension and the class of all modules with finite FP-injective
dimension are the same, and we use W to denote this class throughout this
section. Ding and Mao proved that (X)W, W) forms a complete cotorsion pair
when R is a Ding-Chen ring [8, Theorem 3.8]. Also, (W, W) forms a complete
cotorsion pair when R is a Ding-Chen ring [23, Theorem 3.4]. Moreover, Gille-
spie proved that an R-module M is Ding projective if and only if M € *W, an
R-module N is Ding injective if and only if N € W+ [17, Corollaries 4.5 and
4.6).

Lemma 3.2. Let R be a Ding-Chen ring. Then the following statements hold:
(1) For any R-module X, there exists an exact sequence 0 — K — D —
X — 0 such that D — X is a Ding projective precover of X, and K € W.
(2) For any R-module Y, there exists an exact sequence 0 — Y — C —
N — 0 such that Y — C is a Ding injective preenvelope of Y, and N € W.

Proof. Easy. O

Definition 3.3. Let A be a class of R-modules. A complex A =--- — Ay —
Ay — Ag — X — 0 is called a proper left A-resolution of X if each A; € A
and if A4g — X, 4,11 — Ker(A; — A;_1) for i > 0 are all A-precovers (equiv-
alently, whenever A € A, the sequence Hompg(A, A) = --- — Hompg(A4, A3) —
Homp(A, A1) — Hompg (A4, Ag) - Homp(A, X) — 01is exact), where A_; = X.
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In a dual way, a proper right A-resolution A’ =0 = Y — A° —» A! —
A% — ... of Y can be defined.

From Lemma 3.2 above we get that if R is Ding-Chen, then every R-module
X admits a proper left Ding projective resolution and a proper right Ding
injective resolution.

Lemma 3.4. Assume that R is a Ding-Chen ring, X is an R-module, and let
D=---— Dy = Dy — X — 0 be a proper left Ding projective resolution of
X. Then Hompg (D, C) is exact for all Ding injective R-modules C'.

Proof. We split the proper left Ding projective resolution D (which is clearly
seen exact since projective R-modules are Ding projective) into short exact
sequences. Hence it suffices to show exactness of Hompg(T,C) for all Ding
injective R-modules C' and all short exact sequences

T=0—-L—-D—X—0,

where D — X is a Ding projective precover of X (recall that Ding projective
precovers are always surjective). By Lemma 3.2, there is a special short exact
sequence,

T =0 L —"-D -TsX 0,
where 7 : D’ — X is a Ding projective precover and fdg(L’) < cc.

It is easy to see that the complexes T and T’/ are homotopically equivalent,
and thus so are the complexes Homp (T, C) and Hompg(T’,C) for every (Ding
injective) R-module C. Hence it suffices to show the exactness of Hompg(T', C)
whenever C' is Ding injective.

Now let C be any Ding injective R-module. We need to prove the exactness

of

Homp (D', C) Homn(,0), Homp(L',C) —— 0.

To show this, let f: L’ — C be any homomorphism. We wish to find g : D’ —
C such that g. = f. Now pick an exact sequence

0 C I—%>C 0,

where [ is injective, and Cis Ding injective. Since C is Ding injective and
fdr(L') < oo, we get Exth(L',C) = 0 by [17, Corollary 4.5, and thus a lifting
w: L' — I with ap = f:

Next, injectivity of I gives i : D' — I with iz = . Now g = apu : D' — C'is
the desired map. O

With a similar proof we get:
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Lemma 3.5. Assume that R is a Ding-Chen ring, Y is an R-module, and let
C=0—=Y = C%—= C"— --- be a proper right Ding injective resolution of
Y. Then Hompg(D, C) is exact for all Ding projective R-modules D.

It was proved by Enochs and Jenda [14, Theorem 12.1.4] that the func-
tor Homp(—, —) is right balanced on gpM x rpM by GorProj x GorZInj when
R is Gorenstein, where GorProj denotes the class of Gorenstein projective
R-modules, and GorZnj the class of Gorenstein injective R-modules. Later,
Holm generalized the result as [19, Theorem 3.6] which implies that over any
associative ring R, the functor Hompg(—, —) is right balanced on ¥V x W by
GorProj x GorInj, where V denotes the class of R-modules with finite Goren-
stein projective dimension, and W the class of R-modules with finite Gorenstein
injective dimension.

Though we don’t know whether or not every R-module has finite Ding in-
jective (or projective) dimension when R is a Ding-Chen ring (see [7, Theorem
3.6] and [24, Lemma 3.1] for partial answer), the two lemmas above give the
following result.

Theorem 3.6. Let R be a Ding-Chen ring. Then Hompg(—, —) is right balanced
on M x gpM by DP x DI.

Remark 3.7. By Theorem 3.6 together with [14, Theorem 8.2.14], if R is Ding-
Chen, then we can compute right derived functors of Homg(X,Y) using either
a proper left Ding projective resolution of X or a proper right Ding injective
resolution of Y. We will denote these derived functors by Dext%(X ,Y). Then
it is easy to check the following properties of Dextzé:
(1) Dext%(—,—) = Hompg(—, —).
(2) If the exact sequence 0 — M’ — M — M" — 0 of R-modules is
Hompg (D, —) exact for all Ding projective R-modules D, then by part
(2) of [14, Theorem 8.2.3] there is a long exact sequence

-+ — Dext'y (M, —) — Dext’hy(M’, —) — Dextif ' (M",—) = --- .
(3) If the exact sequence 0 — N’ — N — N” — 0 of R-modules is

Hompg(—,C) exact for all Ding injective R-modules C, then by part
(1) of [14, Theorem 8.2.5] there is a long exact sequence

.-+ — Dexth(—, N) — Dext’(—, N”) — Dext'e ' (=, N') — - .
(4) There are natural transformations
Dexta(—, =) — Exth(—, —)
which are also natural in the long exact sequences as in (2) and (3)
above.

Proposition 3.8. Assume that R is a Ding-Chen ring, X is an R-module, and
let m be a non-negative integer. Then the following statements are equivalent:

(1) 1L.Dpdg(X) < m.
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(2) For any exact sequence 0 — K, = Ppog — -+ = Py = X — 0 with
each P; projective, K,, is Ding projective.

3) Ext"T(X,F) =0 for all flat R-modules F, and all i > 1.

4) ExtT(X,L) =0 for all L € W, and all i > 1.

5) Dext3t(X,Y) = 0 for all R-modules Y, and all i > 1.

6) Dext" ™ (X,Y) =0 for all R-modules Y .

Proof. (1)<(2)<(3) follows from [7, Lemma 3.4] and (4)=(3) is trivial.

(3)=(4) If L € W, then there is an exact sequence 0 — F,, — F,_; —

- — Fy > L — 0 with Fy, Fy,..., F, flat. Breaking this exact sequence
into short exact ones, and applying Hompg(X, —), we get Extg+i(X7L) =
ExtZ (X, F,) = 0 for all i > 1, as desired.

(2)=(5) Let --- - D1 — Dy — X — 0 be a proper left Ding projective
resolution of X and H,, = Ker(D,,—1 — Dy,—2). Then by [7, Proposition 2.10]
and [1, Lemma 3.12], H,, is Ding projective. So 0 — H,, = Dy — -+ —
Dy — Dy — X — 0 be a proper left Ding projective resolution of X and thus
Dext?™(X,Y) = 0 for all R-modules Y, and all i > 1.

(5)=(6) It is trivial.

(6)=(1) Let --- = D; — Dy — X — 0 be a proper left Ding projec-
tive resolution of X and K = Ker(D,, — D;,—1). Then (6) implies that
Homp(D,,Y) — Hompg(K,Y) — 0 is exact for all R-modules Y. So by set-
ting ¥ = K, we see that 0 - K — D,, — H,, — 0 is split exact, where
H,, = Ker(D,,—1 — D,,—2), and so K and H,, are Ding projective by [7,
Proposition 2.10], as desired. (]

A~~~

With a dual proof we get the following.

Proposition 3.9. Assume that R is a Ding-Chen ring, Y is an R-module, and
let m be a non-negative integer. Then the following statements are equivalent:
(1) 1L.Didg(Y) < m.
(2) For any exact sequence 0 — Y — IO — ... — [™=1 — K™ — 0 with
each I' injective, K™ is Ding injective.
) ExtgH(E, Y) =0 for all FP-injective R-modules E, and all i > 1.
4) Ext (L, Y) =0 for all L € W, and all i > 1.
) Dext ™ (X,Y) =0 for all R-modules X, and all i > 1.
6) Dextn ™ (X,Y) =0 for all R-modules X.

Definition 3.10. Let R be a Ding-Chen ring. Then the global Ding projective
dimension of the category of left R-modules, denoted gl 1.Dpd(R), is defined
by

gl 1.Dpd(R) = sup{l.Dpdi(M) | M is any R-module}.
Dually, the global Ding injective dimension of the category of left R-modules,
denoted gl 1.Did(R), is defined by

gl 1L.Did(R) = sup{l.Didg(M) | M is any R-module}.
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Now we get the following result.

Theorem 3.11. Assume that R is a Ding-Chen ring. Then the following
statements are equivalent for some non-negative integer m.

(1) gl LDpd(R) < m.

(2) ¢l 1LDid(R) < m.

(3) Dext?™(X,Y) =0 for all R-modules X, Y, and all i > 1.

(4) DextFtH(X,Y) =0 for all R-modules X and Y.

Proof. This easily follows from Propositions 3.8 and 3.9 above. O

Corollary 3.12. Assume that R is a Ding-Chen ring. Then any submodule of
a Ding projective R-module is Ding projective if and only if any quotient of a
Ding injective R-module is Ding injective.

Proof. This is an immediate consequence of Theorem 3.11 by setting m =
1. O

Lemma 3.13. Assume that R is a Ding-Chen ring, X is an R-module, and
letD=---— D1 = Dy = X — 0 be a proper left Ding projective resolution
of X. Then G ®g D is exact for all Gorenstein flat right R-modules G.

Proof. We note that -+ - G®r D1 - G®r Dy — GRr X — 0 is exact if and
only if 0 = (G@r X)" = (G®r Do)t — (G@r D1)™ — - -+ is exact. But the
latter is equivalent to the sequence 0 — Hompg(X,G") — Hompg(Dy, GT) —
Hompg(D1,GT) — -+ which is exact by [24, Lemma 2.8] and Lemma 3.4. O

This gives the following result.

Theorem 3.14. Let R be an Ding-Chen ring. Then — ®@pr — is left balanced
on Mpgr x gpM by DP x DP.

Remark 3.15. By Theorem 3.14 together with [14, Theorem 8.2.14], if R is
Ding-Chen, then we can compute left derived functors of X @z Y using a
proper left Ding projective resolution of X or Y. We will denote these derived
functors by Dtor (X,Y). Then it is easy to check the following properties of
Dtorz :
(1) Dtorf(—,—) = — @r —.
(2) Dtor(D,—) =0 for all i > 1 and all Ding projective right R-modules
D.
(3) Dtorf(—, D) = 0 for all i > 1 and all Ding projective left R-modules
D.
(4) If the exact sequence 0 — M’ — M — M"” — 0 of right R-modules is
Hompg (D, —) exact for all Ding projective right R-modules D, then by
part (1) of [14, Theorem 8.2.3] there is a long exact sequence

- — DtorfL,(M", —) — Dtorf(M’, —) — Dtor/'(M,—) — - -~ .
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(5) If the exact sequence 0 = N’ — N — N” — 0 of left R-modules is
Hompg (D, —) exact for all Ding projective left R-modules D, then there
is a long exact sequence

.-+ — Dtorf; (=, N") — Dtor'(—, N') — Dtor; (=, N) — - -
(6) There are natural transformations
Torf(—, —) — Dtor(—, —)

which are also natural in the long exact sequences as in (4) and (5)
above.

Naturally, we want to know what relationships there are between the new
functor Dext (respectively, Dtor) and the classical one Ext (respectively, Tor),
and we have the following result.

Proposition 3.16. Let R be a Ding-Chen ring and L an R-module. If fdg (L)
< 00, then the following conclusions hold: '

(1) The natural transformation Dexty(L,—) — Extyk(L,—) is a natural
isomorphism for all 1 > 0. ' _

(2) The natural transformation Dexty(—, L) — ExtRk(—, L) is a natural
isomorphism for all i > 0.

(3) The natural transformation Torl(—, L) —s Dtor?(—, L) is a natural
isomorphism for all i > 0.

Proof. (1) The assumption guarantees that Ext’(L,C') = 0 for all i > 1 and all
Ding injective R-modules C by [17, Corollary 4.5] and [23, Theorem 3.4]. Now
let N — C be a Ding injective preenvelope of N and K = C/N. Then we have
a commutative diagram

Dextly (L, C') — Dext’p (L, K) — Dext’y ' (L, N) — 0

| | |

Exth(L,C) —— Ext(L, K) Extiy (L, N) —=0.

If i = 0, then Dext%(—, —) = Ext%(—, —) = Homg(—, —) and so the first two
maps are isomorphisms. Hence Dextk(L, N) — Exth(L,N) is an isomor-
phism. The result now follows by induction on 7.

(2) The proof is similar to that of (1).

(3) We consider the exact sequence 0 — H — D — N — 0 of right R-
modules, where D — N is a Ding projective precover of N. If fdg(L) < oo, then
FP-idg(L) < oo by Proposition 3.1, and so we have a commutative diagram

0 — Torf (N, L) Tor?(H, L) — Tor®(D, L) — Tor®(N, L)

l i | |

0 — Dtor/", (N, L) — Dtor/*(H, L) — Dtor;*(D, L) — Dtor;(N, L)
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by [6, Theorem 5] and [7, Proposition 2.3]. But Toré%(—, -) = Dtoré?‘(—, —) =
— ®pg — and the result follows as in (1). O

Corollary 3.17. Assume that R is a Ding-Chen ring, X is an R-module, and
let m be a non-negative integer. Then the following statements are equivalent.
(1) LDpdgz(X) < m.
(2) Dext3t (X, F) = 0 for all flat R-modules F, and all i > 1.
(3) DextF (X, L) =0 for all L €W, and all i > 1.

Proof. Use Propositions 3.8 and 3.16. O

Corollary 3.18. Assume that R is a Ding-Chen ring, Y is an R-module, and
let m be a non-negative integer. Then the following statements are equivalent:
(1) LDidr(Y) < m.
(2) DextFY(E,Y) = 0 for all FP-injective R-modules E, and all i > 1.
(3) Dext3t(L,Y) =0 for all L € W, and all i > 1.

Proof. Use Propositions 3.9 and 3.16. O
We also have the following result.

Proposition 3.19. Let R be a Ding-Chen ring and N an R-module. Then
(1) If M is an R-module, then Dexty(M, N) — Exth(M, N) is an injec-
tion.
(2) If M is a right R-module, then Torf(M,N) — Dtorf(M,N) is a
surjection.

Proof. (1) Let N — C be a Ding injective preenvelope of N and K = C/N.
Then we have the following diagram

Homp(M,C) — Homp(M, K) — Dext p(M, N) — DextR(M,C) =0

|

Hompg (M, C) — Homp (M, K) — Exth(M, N)

with exact rows. It is easy to see that Dexty(M, N) — Extkr(M, N) is an
injection.
(2) The proof is similar to that of (1). O

If we consider the elements of Ext}%(M , N) as classes of short exact sequences
0— N — L — M — 0 of R-modules, then we get the following result.

Corollary 3.20. Let R be a Ding-Chen ring. Then the following are equivalent
for an exact sequence 0 - N — L — M — 0 of R-modules.

(1) The sequence 0 - N — L — M — 0 corresponds to an element of
Dext (M, N) C Extp(M, N).

(2) The sequence Hompg(L,C) — Hompg(N,C) — 0 is exact for all Ding
injective R-modules C.
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(3) The sequence Homp(D, L) — Hompg(D, M) — 0 is exact for all Ding
projective R-modules D.

Proof. (1)=(2) If 0 - N — L — M — 0 corresponds to an element of
Dext}{(M ,N), then there is a commutative diagram

0 N L M 0
0 N C K 0

with exact rows such that N — C is a Ding injective preenvelope. But if
N — (' is a map with C’ Ding injective, then N — C’ can be extended to C.
But then N — C’ can be extended to L and so the result follows.

(2)=(1) Exactness of the sequence Homg(L,C) — Hompg(N,C) — 0 for all
Ding injective R-modules C' implies that we have the following diagram

0 N L M 0
0 N C K 0

with exact rows, where N — C is a Ding injective preenvelope of N. This
shows that the sequence 0 - N — L — M — 0 corresponds to an element of
Dext (M, N).

(1)(3) It follows by a dual argument. O

We recall from [27, Definition 3.1.1] that an R-module K is called cotorsion
if Extp(F, K) = 0 for all flat R-modules F. Recall from [10] that an R-module
L is called Gorenstein cotorsion if Exty(G, L) = 0 for all Gorenstein flat R-
modules G. Clearly, any Gorenstein cotorsion module is cotorsion.

Lemma 3.21. If R is Ding-Chen, then an R-module M is Gorenstein cotorsion
if and only if it is cotorsion and has finite flat dimension.

Proof. (=) Since R is Ding-Chen, (*W,W) forms a complete cotorsion pair
by [8, Theorem 3.8], where W denotes the class of all modules with finite flat
dimension. Also we know that -W is just the class of all Ding projective mod-
ules by [17, Corollary 4.6]. Now by [17, Proposition 3.11] and [17, Proposition
3.12] it follows that any Gorenstein cotorsion module has finite flat dimension.

(<) Let M be a cotorsion module with finite flat dimension. By [17, Lemma
4.8], there exists an exact sequence 0 - M — C — F — 0 such that C is
Gorenstein cotorsion and F' Gorenstein flat. By the last paragraph, we see
that C has finite flat dimension. Therefore F' has finite flat dimension, which
implies F* = Homy(F, Q/Z) has finite injective dimension. On the other hand,
F7* is Ding injective by [24, Lemma 2.8]. Thus we get that F'™ is injective by
[24, Lemma 2.3], and so F' is flat by [14, Theorem 3.2.9]. Now we see that
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the sequence 0 - M — C — F — 0 is split and so M is a summand of C.
Therefore M is Gorenstein cotorsion. ([

It was shown in [15] that every module X has a Gorenstein flat cover over
right coherent rings. The existence of Gorenstein flat covers was also proved
for modules over more general rings (see [28]). Thus we see that if R is right
coherent, then every R-module X admits a proper left Gorenstein flat resolu-
tion.

Lemma 3.22. Assume that R is a Ding-Chen ring, M is an R-module, and
letG=---—= G1 — Gy — M — 0 be a proper left Gorenstein flat resolution
of M. Then H ®r G is ezxact for all Gorenstein flat right R-modules H.

Proof. From arguments above, there exists an exact sequence
S=0-L—-G—->M=0

such that G — M is a Gorenstein flat cover of M, and so by Wakamutsu’s
lemma, we get that L is Gorenstein cotorsion. Thus L is cotorsion and fdg(L) <
oo by Lemma 3.21. Hence it suffices to show the exactness of H ® S whenever
H is a Gorenstein flat right R-module.

Now let H be a Gorenstein flat right R-module. Note that the sequence

0 >H®RL—->H®rG—H®rM —0
is exact if and only if the sequence
0> (Hr M)t - (HorG)" - (HRrL)T =0
is exact. But the latter is equivalent to the sequence
0 — Homp(M, H') — Hompg(G,H") — Homp(L, H) — 0.
Since H' is Ding injective, then the result follows by using the same way as in

Lemma 3.4. 0

It was proved by Enochs and Jenda [14, Theorem 12.2.2] that the functor
— ®pr — is left balanced on Mgr x gM by GF x GF when R is Gorenstein.
Recently, this result was generalized by Holm [19, Theorem 4.8]. Here, we also
have its another generalization as follows.

Theorem 3.23. Let R be a Ding-Chen ring. Then — Qg — is left balanced on
MRXRM byg]:xg]-'

It is known that every module over Ding-Chen rings has a Gorenstein flat
preenvelope [24, Theorem 5.3]. Thus we see that if R is Ding-Chen, then every
R-module M admits a proper right Gorenstein flat resolution.

Lemma 3.24. Let R be a Ding-Chen ring, X and Y be R-modules. Then

() fH=0 — X — HY — H' — .- is a proper right Gorenstein flat
resolution of X, then B ®g H is exact for all Ding injective right R-modules
B.
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2)IfC=0—Y — C° — C' — ... is a proper right Ding injective
resolution of Y, then G ®pg C 1is exact for all Gorenstein flat right R-modules
G.

Proof. (1) We note that 0 — B ®r X — B®g H® — B®g H' — --- is
exact if and only if --- — (B®gr HY)* — (B®r H°)" — (B®r X)T — 0is
exact. But the latter is equivalent to the sequence --- — Homp(H!, Bt) —
Hompg(HY, BT) — Hompg(X, BT) — 0 which is exact by [6, Proposition 12].
(2) The proof is similar to that of (1). O

This gives the following result.

Theorem 3.25. Let R be a Ding-Chen ring. Then — @pr — is right balanced
on Mpgr X gpM by GF x DI.
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