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Geometrically Nonlinear Analysis of Hinged Cylindrical Laminated
Composite Shells

Han, Sung—Cheon]

1Department of Civil and Railroad Engineering, Daewon University College

Abstract: In the present study, an Element-Based Lagrangian Formulation for the nonlinear analysis of shell structures is
presented. The strains, stresses and constitutive equations based on the natural co-ordinate have been used throughout
the Element-Based Lagrangian Formulation of the present shell element which offers an advantage of easy implementation
compared with the traditional Lagrangian Formulation. The Element-Based Lagrangian Formulation of a 9-node resultant-
stress shell element is presented for the anisotropic composite material. The element is free of both membrane and
shear locking behavior by using the assumed natural strain method such that the element performs very well in thin
shell problems. The arc-length control method is used to trace complex equilibrium paths in thin shell applications.
Numerical examples for laminated composite curved shells presented herein clearly show the validity of the present
approach and the accuracy of the developed shell element.
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1. Introduction

Composite structures offer an attractive alternative to
more conventional forms of construction due to its high
strength to weight ratio and resistance to corrosion.
Recently, there has been a major emphasis made on
the use of FRP composite materials as a means of
developing new high performance alternative materials
for infrastructure applications such as seismic column
wrapping and lightweight deck development.

The modeling of shell structures represents a challenging
task since the early developments of the finite element
method. In fact, papers on the subject (focusing on
computational aspects) can be traced back to the original

work of Ahmad et al. (1970). This work represented the
onset of the so-called degenerated approach, with a
three-dimensional continuum being modeled by means
of a reference surface. Following this concept, isoparametric
finite elements were formulated using independent rotational
and displacements degrees of freedom. Further, normal
stresses in the direction of the shell thickness were not
included in the formulation. The original concept was
then extended to the non-linear range in the works of
Hughes and Liu (1981) and Liu et al. (1986), among
many others.

In large deformation analysis, the linearized non-linear
equation has to be derived in order to solve the non-linear
equations of the structural system via Lagrangian formulations.
Kanok-Nukulchai and Wong (1988) introduced a new
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Lagrangian formulation referred to as the Element-
Based Lagrangian Formulation (ELF) since the parental
element serves as a deformation reference in ELF. It
means that all equations governing a deformed body
can be expressed with respect to natural coordinate
systems and so it appears in a simpler form than those
of the traditional Lagrangian approaches. Lee and
Kanok-Nukulchai (1998) presented a 9-node shell element
using an Element-Based Lagrangian Formulation concept
for large deformation analysis of shell structures. The
Element-Based Lagrangian Formulation makes implementation
simpler and easier than the traditional Lagrangian
formulations, especially when the assumed natural strain
method is involved. The shell element is based on the
resultant-stress  theories with the transverse shear
deformation. By using the assumed strain methods, the
shell element is free of the membrane and shear locking
in the thin shell limit. All the results have very good
agreement with references.

However, the development of laminated shell elements
for large deformation analysis has been less attempted,
than those of single layered isotropic shell elements. In
order to develop a laminated shell element for large
deformation analysis, a very similar development procedure
to that of the single layered shell elements is needed.
However, the equivalent constitutive equation should be
utilized for the computationally efficient composite
element. The resultant shell element concept used an
equivalent constitutive equation model which obtains
the constitutive law of the equivalent medium in terms
of the properties of the individual layers. Recently, Han
et al. (2004, 2006, 2008(a), 2008(b), 2011) and Park et
al. (2010) presented linear and nonlinear analysis of
laminated composite plates and shells.

The objective of this paper is to present the
formulation of a geometrically nonlinear 9-node shell
element based on the resultant-stress formulation and its
application to geometrical nonlinear analysis of laminate
composite shell structures. The ELF concept is adopted
to present the initial configuration and deformed configurations
of the present finite element. The assumed natural
strain method has been used to remove the locking
problems by the ELF form. The formulation of the
resultant shell element is based on Mindlin-Reissner
theory, assuming small strains and large rotations. The
geometric stiffness is analytically integrated through the
thickness. In comparison with volume integration, which
is generally used in the degenerated shell elements, the
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computational time is significantly reduced for geometrically
nonlinear analysis of laminated composite structures.

2. Geometry and Kinematics of the Shell
Element

Generally the Lagrangian formulations for geometric
nonlinear case can be classified into two approaches:
namely, (1) Total Lagrangian Formulation (TLF), where
all the static and kinematic variables are referred back
to the initial undeformed configuration (2B,)), (2)
Updated Lagrangian Formulation (ULF), where all are
referred to the current deformed configuration (23,).

Wong (1984) has proposed a new variation of Lagrangian
formulation known as Element-based Lagrangian Formulation
(ELF), where all the static and kinematic variables are
referred to a nonphysical “Element-based” configuration
(B) as shown in Fig. 1. Unlike the two traditional
Lagrangian formulations, a standard parental element
serving as the reference of deformation is to be
mapped directly into each element of the initial and
deformed configurations in the Element-based Lagrangian
Formulation. Therefore, all balance equations governing
the deformed configuration can be expressed over the
parental element domain in terms of the element natural
co-ordinates. It should be noted that these three approaches
for a problem should theoretically yield the same result.

Lagrangian mapping

() \

Deformed configuration (By)

7

Initial configuration (By)
X;.6

X3 &  Lagrangian mappin%(

N\,
Actual deformation N

[TLF] .
[ULF] || Finite element
X2 Finite element mapping

mapping

ELF deformation

]
0 X JdA o Lagrangian and
(0] £ finite element
X; — .
3 P mapping
(-Dease) P o Linearization

ELF configuration

Fig. 1 The Element-Based Lagrangian Formulation method
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X

1

Fig. 2 Geometry of 9-node shell element with six degrees
of freedom

The geometry of 9-node shell element shown in Fig.
2 has six degrees of freedom per node. The initial
geometry of the nine-node Lagrangian element shown
in Fig. 3 is defined by the following relations. The

initial configuration of the shell element having
constant thickness A can be written as
X(&,6,.8,) = X(£,,6,)+D(&.5,.¢5)
(D
where
X (&,&,) = Z, N (&,,6,)X¢
D(§1>§2,§3) = Nﬂ(gl’é:z)Dn
« _h'E, A
D (s;) = > D 2)

where X are position vectors at midsurface which
have three Cartesian components, D are nine unit
normal vectors and D is a unit normal vector at
node a.

NS
Initial configuration Deformed configuration

&2

Natural coordinates
Fig. 3 Initial and deformed geometries of a shell element

introduced for the
definition of deformed geometry of the element.

The following relations are

X(E6nd) - ZN“(M»[&H%&“}:m@H

3)

In Eq. 3), x,X,d,X,.d" and d“ in the deformed

geometry correspond to X,X,D,X“,D“ and D“ in

Egs. (1)-(2). Hence, the displacement field u in the
shell element can be defined as

WE.5.8) = SNE.L)| T+ 2 e |=urs T

a=1 2
“4)
where, at the node @ the translational displacement
vector w* = x* - X, and the fibre displacement
vector ¢ =d° - D°.

The translation displacement field can be expressed
by shape functions in terms of nodal translational as
shown in the first part of the right-hand side of Eq. (4).

The three successive rotations @i » @ and &5 have
been introduced to express finite rotational displacement
instead of the Euler angle which usually guarantees the
independence of two rotations in the Lagrangian formulation
since six degrees of freedom are adopted in the present
study. If we introduce another set of Cartesian co-ordinates
at the nodal points with the assumption that the unit
normal vectors are firmly fixed into it and they move
with the body, rotations which are undergone by the unit
normal vector during deformation could be expressed
elegantly via this co-ordinate set.

matrices for these

Basically, the transformation

rotations are

10 0
T,(@)=| 0 cosf
0 sing

—siné,

cos6,

[ cosd, 0 sind, |
To@)=| 0 1 0
| —sin@, 0 cosd), |

[cos@, —sind, 0]
Tps(6)=|sin6;  cosé 0
0 0 1 (5)
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However, it is important to note that three successive
rotations used in this study lost their vectorial characteristics
which remained in the cases when the rotations were
infinitesimal. After undergoing three rotations successively,
the transformation matrix between the initial shell
normal and the deformed normal can be written as the
result of a sequence of finite rotations &, , &, and

0, as follows;
Tp =T (6)7 5y (0))15(6})
cos 6, cos) ~cos6, sin ) sinf,
=| cosfsind, +sinf sind, costh  cosh costh ~smn 6 smfh smf, -sinf) cos)
s1n6 s1n, - cos 6 sin b, cos ,  s1n 6] cosb, +cosd] s sinf,  cos cosd,
(6)

Consequently, using the transformation matrix of Eq.
(6), the displacement field in Eq. (4) can be expressed as

Gh
2

9
u(§1,§2,§3)=ZN“(§1,§2)|:1_10+ (Tlg'l3x3)ﬁa:|
(™)
where I, is a unit matrix.
In addition, with some mathematical manipulation,
the incremental form of the displacement field for the
present shell element may be written in terms of the

nodal incremental vector AU as

Au(£.6,.6)= X N* (6. 6) [ L 6V |aur
(8)
where
a ha a a
V=R,
AU ={ A5y, A, AT, A6, AG5 , AG )
in which
0 D: -D:
®'=|-D;5 0 D/
5. -b o |
cos@,cosd, sin€, 0
T, =| —cos@,sinf, cost;, 0
sind, 0 1 (10-1, 2)

4 J Korean Soc. Adv. Comp. Struc.

3. Natural Strain Tensor

In the Element-based Lagrangian formulation, an
Element-based strain tensor will be defined with respect
to the convected curvilinear coordinates (&,,<&,,&;) as

~ 1
Eaﬂ:?(gaﬂ _Gaﬂ) (11)

in which &8ss and G, are the covariant

components of the metric tensors to be obtained from

Jx oX
i 8. =1, G, = 1
the basis vector e, and ' =T,

which are tangents to the curvilinear coordinate lines in
B, and B, respectively, i.e.,

g =g g ox, Ox,

af —Sa’ /)’:__

aga agﬁ ’

G, =G, G, =21 X,
9s, 0%, (12)

Two major different definitions of strain, the so-called
Lagrangian strain and the Eulerian strain, which depend
on the reference system measuring the deformation, have
been extensively used in the formulation of large deformation
analysis. However, since the formulation used in this
study refers to the natural reference system, following
the element-based Lagrangian formulation (Kanok-Nukulchai
and Wong, 1988), the natural strain tensor corresponding
to the Green strain tensor may be defined as

~ 1| 0x, 0x, 00X, 0X,
af ? -

08, 08, 08¢, 0&, (13)
It should be noted that the Green strain tensor and
the natural strain have the following tensor transformation

relationship.
~ 0X, 0X,
E,; = —— 1
85(1 8§d
_ 1|9X, 0u, Ou, 90X, Ouy duy
210¢, 9¢, 0, 9, 9¢, IE,
(14)

By substituting Eq. (1) and Eq. (4) in Eq. (14), and
using a shifter transformation between the local and
global displacement, the following strain-displacement
relation can be obtained
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5 _1|91X+6D) o +&z) | Oln, +&g,) X, +&D)

- T

I 'S 3

Jr

aév aé_i

0 (g + &2y ) 0 (i + &2 )

9¢, 3

(15)

The incremental membrane, bending and transverse

shear strains with Eq. (9) can be separated into linear

and nonlinear parts such as:

AE™ = AYE™ + AME™
AE" =A"E" + AME"
AES :ALEN‘X'FANLES

where
oo 0
0¢, 0¢,
ALE"=| 0 ox, 0
0, 06,
1(8_)?11] 1(%1
1208 08,) 2094, 94
| eD, o
0&, 04,
AYEY = €&, 0
(5845
120 0¢, 8¢,
ox, 0
04, 04,
0 X, o
0¢, 05,

a¥ o) 1far, o) ||ee
2006 05, ) 2\ 0¢, 04 |LAe

ALES —

(16)
0
A,
0 [{A#, p =B, AU
) A,
A7)
0 0
ob, @
0g, 0¢,
L[@Lj
2004, 0¢,
e
0
Air,
0 [{A% =£B,AU
AEI — 53%p
(18)
Ay
ox, AL,
Oc A% =B,AU
Ae,
Ae,
Ae;
19)

In Eq. (18), 1~3,, is the bending strain matrix which

cooperates the coupling

strain and displacement, which i

term between the

bending
s different from the

formulation by Lee and Kanok-Nukulchai (1998). The

additional terms in the two first columns of ﬁb reflect
the contributions of warping problem shown in the
numerical examples 1.

The present strain-displacement B matrix may be
derived from the assumed displacement field using the
above definition.

A'E, B, 0

L= - - Au
A Eb = §3Bbl §3Bb2

L R D A6 6x1
A Es 8x1 le BsZ )

8x6

(20)

In order to remove the locking behaviour, the assumed
natural strains described in the following section have

been derived and a new B.s matrix has been

implemented instead of using the standard B matrix.

4. Transverse Shear and Membrane Locking

In order to avoid locking problems, the assumed
natural strain method in the 8-node shell element by
Kim et al. (2003) is used to the 9-node composite
shell element. Thus the transverse shear and membrane
strain ~ fields are

interpolated with the following

sampling points in Fig 4.

&

: 'é}

fzk

a

O
1
I
1
: -
. ¢
l a
I
[ L]
I
I

(b) Membrane shear strain

Fig. 4 Sampling points for assumed strains of éll’él3,
€25C3 and €12 (@: /3, C:1.0)
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The interpolation function for assumed natural strain
is shown in the following Table 1.

For assumed membrane strains ¢€,, ,€,, and
assumed transverse shear strain €,5,€,; the following

sampling points are used as shown in Figure 4:

é13 ’éll >>
(1/~3,1),:(1/~/3,0), :(1/~/3,-1),
(1731, (= 1/+3,0), :(-1/3,-1),

€358 >>

(1,1/~/3),:(0,1//3), . (-1,1/~/3),..
(A,=1/3),:(0,-1/3), . (=1,-1//3),

2n

On the other hand, the standard 2 x 2
Gauss-Legendre numerical integration points are used
as sampling points of the assumed membrane shear

strain ©12. Using these three kinds of sampling points,
we can establish assumed strains as
L=H'E) ,&,=H*E} ,612:ﬁ3Ef;k
(22)
refer to the strains at

S1=3(i—1)+j

in which EZ, EX, EY
the sampling points, denotes the
position of the sampling point for €, ,€,,,&;,€y;
and 62=2(i-1)+j denotes the position of the
sampling point for €,, as shown in Figure 4.

The remaining terms of Eq. (21), the assumed strain
C »ézz, have the same interpolation scheme as

€158, respectively.
The incremental assumed natural membrane strains
with Eq. (22) can be written as

Table 1. Interpolation function for assumed natural strain fields

9¢, 9¢,

J— ol
~ 0X
Alam =112 2 Al ,
= Hafz 652}{ "2}}
avenoqe|[L2% o 12K, o fam|]”
" 208 08, 206, o5, | |am,

Eq. (23) can be expressed as following form

Ate" = (B, ) AW

— a1
ALéﬁ—H'{{Q{L—Q—}{AZ}} ,

(o))

(23)

(24)

The incremental assumed natural transverse shear
strains with Eq. (22) can be written as

— Y
ALéi'3:I:II 11532 E%H&f} ,
270 206 || 08
_ _ 461
arg, —iefltp 2 125108
2 708 20 || Ae,
(25)
Eq. (25) can be expressed as following form
Lz _ | (D > Au B
A _|:(le)/\3 (B ) j| AO (BS)ASAU (26)

Eq. (24) and Eq. (26) can be expressed in the
following form:

+R(E) Qi (&)

1 > YR (E)Q, (&)

P (5,)=%(1+\/§r§1) Ql(é):%é(é“)

) > YR(£)Q, ()

P.(6)=5(1~3¢) Q,(&)-1-&

: > YR (E)P(E)

: Q.(&)=54(&)

* P( &z) and Q( E.u) can be obtained by changing variables.
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5. Constitutive Equation

In order

constitutive equation, we

obtain a

natural

co-ordinate

based
introduce here an explicit

transformation scheme between natural co-ordinates and

the global co-ordinate system.

$=J,ITDT'E = CE

(28)

where JO is the determinant of the Jacobian matrix,

D is the constitutive matrix for orthotropic materials

with the material angle 0 is given by

D=TCT,"

where C

(29)

is the constitutive matrix for orthotropic

materials and T, is the transformation matrix between

local and material axis.

The transformation matrix T in Eq. (28) is given as

VATV AR £1V £ TR £1V £ 11 220020
XXy XnXn XnXn 200200
T= VALY AL 4%V AN A1V £X) 2232
InZin XnXn XaXn XnXntXoXn
XX XnXn XnXs XoXnt XsXn
L XXz XaXs XX XuXst XX
270025 27020 |
222X 50 220X
222X 55 2X0:X 55

ZZ]Z}Z + ZZZZ}I
X22X33 v X3k

Z]|Z32+ ZlZZ}l
Xi2Xs33 t Xi3Xsa

AnZss ¥ Xosksi ZaZss* ZuZal  (30)
where
Z.. = ag}
v0X, 31
The shell element displays resultant membrane forces
(N), moments(M) and transverse shear forces(Q)

acting on a laminate which are obtained by integration
through the thickness. In this
impose state on

of stresses laminate

study, we the plane the natural
constitutive equation of Eq. (28) before forming the
equivalent constitutive equation. The compact incremental
constitutive relations of the composite laminate are as

follows:

~

AN [A] [B] O [[A*E™

AM {=|[B] [D] 0 [JA*E®

AQ 0 0 [G]||AtE® (32)
where

()= [Cads = X[ oty =3 (2 -8).
[B]N :J.E.Bcnbdéﬂ :;J:: E-flénbdgﬂ :%;Cknb ((83{)2 _( %H)z)v
D], =[& Cude, =3[ &Gt =3 G (&) (2] ).

~ N Lo~ N 3
[G],, = [kCudt, =k [" Cuae, =k > € (& -E")
k=1 "k =
(33)

Here k is the layer number, N is the total number
of layers of the shell, C.,=C,(@i,j=1273),
C,=C,(i,j=4.5) and k, is the transverse shear
correction factor. Reissner’s value of 5/6 is used as the
transverse shear correction factor in the finite element

formulation.

6. Incremental Equation of Equilibrium

The generalized Hook’s law at large strain does not
represent an approximate material behavior description
because stress-strain relation is non-linear. From the
practical point of view, Hook’s law is only applicable
to small strain, which constitutive tensor is constant
coefficient. Using small strain assumption, the following

incremental equilibrium equation is obtained.

[5(A“E) CA*Edv+[S(AME)av ="*5W,, - [5(A'E) sdv

(34)
where € is the constitutive matrix for orthotropic
materials with the material angle @, superscript t which
is generally used as the current configuration is ignored
in the above Eq. (34) and superscript ¢+ At is the
AW is the

ext

adjust incremented configuration,
t+ .

The total tangent stiffness comprises the material

external virtual work in

stiffness and the geometric stiffness. The linear part of
the Green strain tensor is used to derive the material
stiffness matrix and non-linear part of the Green strain
tensor is used to derive the geometric stiffness matrix.

Vol. 3, No. 2, 2012 7



Han, Sung-Cheon

6.1 Linear Element Stiffness Matrix

If the strain-displacement Eq. (16) is substituted into
Eq. (34), the linear element material stiffness matrix
([X 1) is obtained.

[S(AEY C AL Eay = sau’ (jfsT(:f;dV)Au = 5au"[K, ]Au

(35)

The element stiffness matrix may be written in a
matrix form using the equivalent constitutive equations.
Finally the element stiffness matrix has 6x6 size on the
reference-surface of shell element. The torsional stiffness
term was formed as described in Kanok- Nukulchai
(1988) and added to the stiffness term.

6.2 Geometric Stiffness Matrix

In order to obtain an accurate geometric stiffness
matrix, the stresses should be evaluated accurately. The
accuracy of the computation of stresses for formulation
of geometric stiffness matrix is maintained by obtaining
the same interpolated strains in the computation of
linear stiffness matrix. The stresses are computed at the
integration points based on these strains. Substituting
(35), the

following geometric stiffness matrix([K < 1) is obtained.

the non-linear part of strain into Eq.

[6(aME) CAMEav +[s(AYE)dV = sAu" [K;]Au
(36)

The geometric stiffness matrix in the natural coordinate
is analytically integrated through the thickness. By the
transformation the natural to the global frame, the
element geometric stiffness matrix is obtained on the
global frame with 6x6 sub-matrix.

Then the
equilibrium equation can be written is

final assembled incremental non-linear

(K. )+ Ko Daw=Fr )
where F and F are the external and internal forces
respectively.

The equilibrium equation must be satisfied throughout
the complete history of loading and the non-linear
processing will be stopped only when the out of balance
forces are negligible within a certain convergence limit.
If it is necessary to extend the stability analysis beyond
the limit point, i.e. in the so-called post-buckling range,
appropriate solution procedures must be applied. One

8 J Korean Soc. Adv. Comp. Struc.

approach is to use the arc-length control method in

conjunction with the Newton- Raphson method to
extend the stability analysis beyond the limit point, by

Crisfield (1981).

7. Numerical Examples

Two numerical examples are solved to validate the
performance of the shell element in geometrically nonlinear
applications. The anisotropic composite materials are
used for wvalidation. Since the present study shows
complex load-deflection curve, it is necessary to use
the arc-length control method (Crisfield, 1981) in order
to trace the full path of load-deflection. The automatic
arc-length procedure (Chaisomphob et al, 1988 and Ma
et al. 1989) is used for tracing equilibrium paths of
geometrically nonlinear shells.

The nonlinear analysis of laminated composite shell
is carried out with a 3.175mm, 6.35mm and a 12.7mm
thickness. The curved shell is hinged at the straight
edges and free at the curved edges. The quarter model
is used for cross ply laminated composite shells.

The material modulus

E, =3.3kN/mn?’,

properties  are
E,=E, =L1IkN/mm’

young’s

shear modulus

G,, =G,, =0.6kN /mm*, G,, =0.44kN/mm’, and Poisson’s

ratio Vi, = Vi3 = V,3 = 0.25 Lay up used is 90°/0°/90°,
The geometry of shell is shown in Fig. 5.

The Figure 6 shows the load-displacements curves
for 12.7mm thickness. It is shown that the structure
exhibits a limit point. Beyond the limit point, the
response of the curved shell will be unstable with
possibility of a snap-through behavior. The Figure 7
shows the load-displacements 6.35mm
thickness. The 6 and 7,

obtained with the present formulation are in complete

curves for

results shown in Figures

agreement with those reported in the reference.

a=02rad

Fig. 5 Geometry of hinged shell
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Next, we investigate the behavior of the hinged
3.175mm. The
thickness is considered in the analysis that leads to a
thin curved shell with ratio R /%Z =800 . Numerical
results concerning the central deflection at the point

cylindrical shell for the thickness

load are shown in Figure 8. We see that the very
thinner curved shell shows complex equilibrium paths
with snap-through and snap-back behavior.

Hinged shell{30/090) : h=12.7mm 1

——— Prasnst stugy

() Aminiegs and Ready (2007

T attag

Ed

Load

Center Deflection

Fig. 6 Displacements of hinged cylindrical shell under point
load (symmetric cross-ply (90/0/90), thickness=12.7mm)

100

[ I
1| Hinged shell {30:0/%0) : h=6.35 mm
075 Prasent s tudy
| ) arcinkags and Reddy [2007) /
050
. ;’!J’E;béa //J
a0 i g"’)/o\t

REd T T T T T T

Load

0 5 10 15 0 13 30 35

Center deflection

Fig. 7 Displacements of hinged cylindrical shell under point
load (symmetric cross-ply (90/0/90), thickness=6.35mm)

0z T

b [ Hinged shell (300/%) : h=3175mm

015 /

010

008

000

Load

o

[ 3 10 15 0 25 30 35

003

N=Z(Vin!

Rl : .

Center deflection

Fig. 8 Displacements of hinged cylindrical shell under point
load (symmetric cross-ply (90/0/90), thickness=3.175mm)

8. Conclusions

In this paper we have developed an Element-Based
Lagrangian Formulation for the nonlinear analysis of
shell structures. In order to demonstrate the capability
of the proposed shell element based on the Element-
Based Lagrangian Formulation, non-linear problems are
above. The
Formulation makes implementation simpler and easier

discussed Element-Based  Lagrangian
than the traditional Lagrangian formulations, especially
when the assumed natural strain method is involved.
Numerical examples for laminated composite curved
shells presented herein clearly show the validity of the
present approach and the accuracy of the developed
shell element. Especially, a thin laminated composite
shell may be the benchmark test for the large
deformation analysis of a laminated composite shell

element.
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