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Abstract

The geometrical and electrical errors of array sensors can severely degrade the performance of array sensor system.
Various calibration techniques are developed to alleviate this problem. In this paper, two different calibration methods with
respect to location, gain and phase of array sensors are presented. One method applies the first-order Taylor series
expansion to approximate the true steering vector from the nominal values of array sensors. Then a set of equations is
formed by using the null characteristics of the MUSIC spectrum to estimate errors of location, gain and phase of array
sensors. Another method estimates these errors based on the data covariance matrix of pilot sources. From the
simulations, it is demonstrated that two calibration algorithms calibrated an array system successfully. In addition to that,
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Fistas and Manikas’s algorithm is more robust against noise than Ng and Lie’s one when SNR is from 10dB to 50dB.
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1. Introduction

Array signal processing techniques are based on
the a priori knowledge of the geometrical and

electrical sensor characteristics with assumption that
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Array Calibration. Geometrical and electrical errors, Maximum likelihood estimation,

they are accurate. In practical systems, however, this
assumption is no longer satisfied. This is because
geometrical (sensor location) and electrical (gain and
the

manufacturing process of sensor array. In other

phase) errors/uncertainties are inherent in

words, array signal processing techniques in practice
have been limited due to the fact that calibration

errors relate  to  gemetrical and  electrical

characteristics of array. These errors cause the

[1~2]

severe degradation of their performance™ “. Hence,
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various approaches have been studied and presented,

so as to identify these errors and rectify the
knowledge of the actual sensor characteristics, this
process is called array calibration. These calibration
techniques are either applicable in only array sensor

[3~9]

location errors or only array sensor gain/phase

1
errors[

018 1 practice, however, it is more likely to
have both electrical and geometrical errors in array
sensors. Therefore, global array calibration methods'"
47161 \which calibrate an array system with respect to
errors in location, phase and gain by using emitting
sources with known direction-of-arrival (DOA’s) are
developed. The main idea of the array calibration

s to apply the

technique designed by Ng and Lie
first-order Taylor series expansion to approximate
the true array steering vector from the nominal
values of array sensors. Then a set of linear
equations is formed, using the null property of the
MUSIC (Multiple Signal

from which the difference between the actual steering

Classification) —spectrum,
vector and the nominal steering vector. On the other
hand, Fistas and Manikas'™
calibration method based on the

matrix of a pilot source. The purpose of this paper is

present a new array

data covariance

to demonstrate which algorithm is more robust in
noise environment.

In SectionIl, the mathematical signal modelling and
the array calibration technique of each methods are
presented. Then, in Section III, the performance of
different
compared by the computer-based simulation results.
In this
compared with respect to root-mean-square-errors
(RMSE) of location, gain and phase with different
value of signal-to—noise ratio (SNR). Finally, in

two methods are demonstrated and

two calibration techniques are

section,

Section IV, the conclusion of this paper is made.

II. Mathematical Model and Array
Calibration Method

2—1. Fistas and Manikas’ s method
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Consider an array of N sensors that operate in the
presence of one pilot source of unity power at
azimuth angle of # and elevation angle of ¢ as
shown in Fig. 1. In the ideal case, the array data

covariance matrix R, can be expressed as follows:

R,.=8S + S"+R (1)

195}
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where S is the source position vector (SPV) or

array manifold vector and R,, 1S the noise
covariance matrix. R,, can be equal to o%ly, with
that the

un-correlated from sensor to sensor, where ¢° is the

assumption noise is isotropic and
power of noise and I is the identity matrix with size
of Nx N.

In the practical application, however, the data
covariance matrix associated with geometrical and

electrical errors can be expressed as:

RXX

(S+8S) « (S+S)1+ 5%,

=(I+A) +8«8Te (I+A)+ 0%

~—

2)

In this calibration method, it is needed to define a
new matrix O in terms of the nominal values for the
phase of the array(v) and SPV corresponding to the

pilot source(a ):
O=diag(y®a) (3)

Then the following matrix can be established by

pre— and post-processing the data covariance matrix

source direction

|

>

g g
Array _L—
Qo

o

a8 . A ujPHA el AtfA ol 2K
Fig. 1. Relative geometry between an emitting source

and an array of sensors.
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R, by the defined matrix O above:
0"+ R +» O=diag(U) « diag(U)" + o7 (4)

A

ST

where U= (I1+A) « diag(y)=T"+

and I'= diag(;y-ﬁ- i)7
U= dz'ag(f[g)7 and
A= diag(a).

Note that ~ denotes the nominal values for the
gain of the array. Assume that the first sensor of the
array is taken as reference and its characteristics are
known. It implies that the element U(1,1) of the
matrix U will be equal to the gain of the reference
sensor, say «;, which is known. Therefore the matrix
U can be expressed as follows:

L V1 . B

U=diag([ ]) =diag(U) =]

N
u H] 5)
where u is the corresponding vector to the rest

N—1 elements of the matrix U. By using Eqn (4),

Eqn (5) can be rewritten as:

['fnLaQ

1
it

Wl.uiH]

ue u'+o’

O"+R_ +0= (6)

°u
From Eqn (5) and (6), the matrix U and the noise
power o2 can be calculated.
If there are two different pilot sources, then two

matrices U; and U, can be expressed as follows:

Ui=h e & (7a)
with Flzdiag(h—i—_:/_) 7;4’1: diag(eijr h) and
Vo=Fpe 2 4 (7b)

with Ty, = diag(1y+3), A= diag(e " %)

Since the electrical uncertainties are independent of
the direction of pilot sources, matrix ¥ is common for
both matrices U, and U,. The following equation can
be obtained by using Eqn (7a) and (7b):

£ (Uy "+ U)) =—diag (" + (k) )

Note that <« (-)

argument. Eqn (8) can be reexpressed as:

denotes the angle of the

r e (- ky) = diag( £ (U 1+ U,)) (9)

For simplicity, can be expressed as

i~k

k,—k,= [K,, K, K;,]*. By using the location error in

X, v and z coordinates, Eqn (9) becomes:

K11i+K212~i+ K:;lé: diag( va (U;l . Ul)) (10)

With the assumption that the array is planar (e,

z=12=0), Eqn (10) can be simplified to:

K z+Kyy=diag(2 (U, "« U,)) (11)

A set of N equations with 2N unknowns (z,y)
exists in Eqn (11). For a unique solution, therefore,
another set of N equations is needed. By using
another pilot source, matrix U, can be generated as

follows:

E_ k_: [Km K22K32]T

Kz + Kpy=diag( £ (U; '+ U))) (12)

A new set of N equations is defined in Eqn (12).

Therefore, a unique solution for (z,y) can be
calculated by using Eqn (11) and (12):

e N (s eU)) (13)

K11K22 - K12K21
](12 . 1
+md@ag(i(0; . le))
- 1 . B K -
p=— g diag(£ (U1 U,)) — Ki ey (13b)

Note that at least two out of three pilot sources
are placed at different azimuth angles so that Eqn
(11) and (12) are independent. Now the geometrical
errors are estimated. Next, it is needed to estimate
electrical errors, which are the gain and phase of
array elements. Note that one of the three matrices

U,, U, and U, can be used to estimated the electrical

errors. Consider that matrices with @ and 4, are
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complex matrices with unit power. From this factor,

the real matrix I7 can be estimated. It implies that:

l"1=abs(Ul)ﬁlJri:diag(abs(Ul))

ﬁi:diag(abs(Ul))—ﬁ (14)

Thus, the estimated gain error, 7, is calculated by
using Eqn (14). To estimate phase errors, then, it is
needed to calculate the matrix A, based on the

estimated location errors:

(15)

2—2. Ng and Lie’ s method

Consider an un-calibrated array system of L
sensors which operates in the presence of M pilot
sources at azimuth angle of 6; and elevation angle of
¢; for j=1,2,---,M. The spatial spectrum of the
MUSIC estimator is defined as:

PMUSIC(Q) = (0(97 ®, 9, T)HEnEqI,{a(e, ¢7ga7‘))71 (16)

where, a(6,¢,g,7) is the steering vector of a pilot
source, g is the gain/phase vector, r is the array
geometry vector and £, is a noise eigen—vectors
obtained through eigen-decomposition of the data
covariance matrix. It is obvious that projection of the
signal position vector onto the noise subspace should
be equal to zero under the asymptotic condition. This
means that, from Eqn (16), for a particular signal
source direction 6;, a set of linear equations can be

obtained as:

Ela(0,¢,9.1)=0 for j=1,2,--, M 17)

Using the first-order Taylor series expansion, the
true steering vector in any look direction for an

un—calibrated array can be approximated as follows:

a(ej, ¢ja 9, 7") = ao( 977 ¢j7ga 7"0)

+ dzag( Qg (6‘7'7 ¢jv 9; TO)) ° Aj (18)

HEMA S /X, 05, Y 2

7(17
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where ao(eﬂ ¢;9:7,) is the nominal steering vector

and diag(ao(9j7 ¢]‘7g’r0)) * 4

; is the error term,

where A; is the complex vector defined as:

A= Aj(é?j, 59 r) = diag [g}eﬁkw" @) (19a)
This can be rewritten as follows:
~ . ilrk(0, ¢;) +4)]
A= Aj(ej, b5 95 r) = diag|gle’ o (19b)

J

"77/)L]T~
(18) into Eqn (17) give the

where ¢= [¢,, ¢,

Substituting Eqn
following expression:

E;sziag(a[)(eﬁ b5 95 7)) A, (20)

= _E;ZH%(‘Q; ¢j7 g; 7"0)

From Eqgn (20), it can be seen that if the number
of known sources is N, and if the first element of
the array sensor is chosen to be the reference
element with its complex gain completely known, the

following equations are obtained:

QA =P (21a)

where @ is a(Wx(L—M)+1)x L dimensional

matrix, which is given by

diag|a, (Gj, b5 95 7)) (21b)

and P is a (~VNx(L—M)+1)dimensional vector,
which is defined as

EH

nl

P=| B | 46,0,0.m) (21c)

Ef
0
Therefore the solution vector is calculated by the

following equation:

A=—Q'P (22)
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1" denotes pseudo-inverse operation and
7AN+1]‘

Any one of the A; can be used to estimate the

where |
A = [Aw JANNRES

gain error of array sensor:
lgl= 1A/l (23)

Then array geometry and phase can be estimated

by using the following equation:

[r i ]=—jlog(A) K, (24)
K
where Ka—[ ]
111...1

II. Simulation Results

In order to compare the performance of two
calibration methods the same simulation setups are
made. In this simulation 8-element array sensor is
employed. The followings are assumed for the

simulation:

@ True location - the first sensor is located at the
origin of the Cartesian coordinates, ie, (0, 0, 0). The
other sensors are placed with the distance of a unit
of half-wavelength along the x-axis.

@ Nominal location sensors are placed away
from the true location with some location errors.

@ Three pilot sources are placed at azimuth angles
of 30, 40 and 120.

@ The number of snapshot received at array
sensors is 100.

@ The value of SNR is from 10dB to 50dB.

Each performance of two calibration techniques is
shown in section 3-1 and 3-2. Note that Table 1-6
are generated representatively when SNR is 30dB in
which both calibration methods start having almost
zero error. In section 3-3, two calibration methods
are compared with respect to the RMSE of gain,
phase and location when SNR is from 10dB to 50dB.

3—1. Fistas and Manikas’ s method
The

estimated location of array sensors. It is easy to see

Fig. 2 shows the actual, nominal and

that the estimated location is almost the same as the
actual location. It implies that this calibration method
works properly.

In order to analyze the calibration method
concretely, the location errors of un-—calibrated and
calibrated array system are presented in Table 1.
Table 2 and Table 3 show the phase errors and gain
errors of calibrated array sensors respectively. In
comparison of the errors before and after applying
the array calibration method, it is obvious that both
geometrical and electrical errors are reduced after

applying the array calibration methods. For example,

Geometry of array sensors

actual location
nominal location
estimated location
v i

O
el
x

Z-ax(s

X-axis

a3 20 "W=EA sl x| (O), A HIEMA 2|
(), ol st s MM 2[%] (X)
Fig. 2. The nominal (O), actual ((J) and the estimated
(X) array sensor geometry.
1. =7 YRR =B XAt H|1W
Table 1. Comparison of initial location errors and final
location errors.
. . Final location errors
Initial location errors
(x107%)
X-axis y-axis X—axis y-axis
element 2 | 0.1542 -0.0330 0.0162 0.0041
element 3 | 0.0563 0.0620 0.0333 0.1051
element 4 | 0.1250 0.1700 0.0720 0.2731
element 5 |  0.0800 0.0930 0.0755 0.5097
element 6 | 0.0870 0.0240 0.0429 0.2694
element 7 | 0.0550 0.0880 0.0022 0.0160
element 8 |  0.5020 0.1940 0.0029 0.0229
mean 0.1514 0.0949 0.1321 0.1715
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Table 2. Comparison of initial phase errors and final Table 4. Comparison of initial location errors and final
phase errors. location errors.
. . Final gain errors . . Final location errors
Initial gain errors (10-9) Initial location errors (10-%)

X h < :
element 2 0.0331 0.1478 X-axis y-axis X-axis y-axis
element 3 0.0375 0.0422 element 2 0.1542 0.0330 0.01070 0.01722
element 4 0.0312 0.0785 element 3 0.0563 0.0620 0.03002 0.01532
element 5 0.0045 0.0632 element 4| 0.1250 01700 | 003617 | 0.00132
element 6 0.0441 0.0375 element 5| 00800 | 00930 | 002542 | 001227
e}eme“t ; 883;2 88;5 clement 6| 00870 | 00240 | 001389 | 000791
elemen 5 A

ean 00271 0.0708 element 7 0.0550 0.0880 0.01392 0.00101
: : element 8 | 05020 0.1940 001934 | 000198
x 3. X7| o|E2Aet £ Z 0|E2X} H| mean 0.1513 0.0949 0.02135 0.00814
Table 3. gr(:(r)r::anson of initial gain errors and final gain E 5 x7| SAlOAtel E S|AIOA u| T
' Table 5. Comparison of initial phase errors and final
Final phase errors hase errors.
Initial phase errors P P

(<10~ ™) Final phase errors
element 2 0.018 0.0250 Initial phase errors
clement 3 00074 0.0000 (<101
element 4 00094 00066 element 2 00331 00063
clement 6 0.002% 0.0250 element 4 0.0312 0.0020
clement 7 00021 0.3587 clement 5 0.0045 0.0018
clement 8 00111 0.3587 element 6 0.0441 0.0065

element 8 0.0075 0.0033
mean 0.0271 0.0059
the average location errors of un-calibrated array E 6 =7 0|=EQAe} HE 0|EQA I
sensors are 0.1514 and 0.0949 in x-axis and y-axis Table 6. Comparison of initial gain errors and final gain
respectively, whereas the average location errors of Brors.
calibrated array sensors are 0.0001321 and 0.0001715 Initial gain errors Final gain errors
in x—axis and y-axis respectively. The location errors (x10"%)
- . . . element 2 0.0185 0.0422
are significantly reduced by the calibration algorithm. cloment 3 0.0074 01292
element 4 0.0094 0.1819
3-2. Ng and Lie’ s method e}ementg 8’%‘;2 8‘8‘3132
elemen A 5
Table 4, Table 5 and Table 6 show the location element 7 0.0021 0.0197
errors, phase errors and gain errors of calibrated element 8 0.0111 0.0035
mean 0.0076 0.0673

array sensors respectively. As Fistas and Manikas's
method, geometrical and electrical errors are reduced
after applying the calibration method designed by Ng
and Lie. For example, the average phase errors of
un—calibrated array sensors are 0.0271, whereas the
average phase errors of calibrated array sensors are
0.00059. The errors are reduced by around 8 %.

(160)

3—3. Comparison of two calibration methods
For the next simulation, different values of SNR
from 10dB to 50dB are applied to two calibration
methods. The rest of the simulation parameters are
kept. Then, the RMSE of location, gain and phase are

calculated and plotted to compare the performance of
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Comparions of two calibration method with respect to location errors
035 T T T

—B— Fistas and Manikas
—&— Mg and Lie

_______________________________________________

03

025

=
&)

o
a
o

=]
o
=

RMSE - lacation (half-wavelength)

=1
=)
@

10 30

SNR (dB)

8 3 F UK EHY|=9 X o MEZ HAL
i
Fig. 3. Comparison of two calibration with respect to

the RMSE of location.

x 107 Comparions of two calibration method with respect to phase ermors
T

"""" boemsmsseshesssososdeoooooooodl B Fistas and Manikas's method
H : H i| —2— Ng and Lie’s method

LA A S S L L

45

RMSE - phase (radian)
= ™ w
N o W

i

-
a
4
I

SN -
30 35

SNR (dB)
a8 4. F JHX| EXNT|=o 24t A ME2 AL b
i
Fig. 4. Comparison of two calibration with respect to

the RMSE of phase.

x10” Comparions of two calibration method with respect to gain errors

—+&— Fistas and Manikas
—{—Ng and Lie

RMSE - gain (dB)

-_-'H—\_
— ol
25 30 35 50
SNR (dB)
8 5 F 7KK EHY|=9 0|5 W@ MEZ HAL
i
Fig. 5. Comparison of two calibration with respect to

the RMSE of gain.

(161)

two calibration techniques. The Fig. 3-5 display the
RMSE of location, phase and gain with different
values of SNR respectively. It is obvious that the
performance of two calibration methods decreases as
the wvalue of SNR decreases. Then
confirmed that both calibration techniques have

almost zero error when SNR is more than 30dB.

it can be

With comparison of two methods, Fistas and
Manikas's method
value of SNR is

Manikas’s method is more robust than Ng and Lie's

has less error even though the

low. It implies that Fistas and

method in the noise environment.

IV. Conclusion

The geometrical and electrical errors are inherent
in manufacturing process of array sensors. Two
different array calibration methods in this paper
estimate errors and calibrate array sensors with
respect to location, gain and phase simultaneously.
Through the computer-based simulation, it has been
shown that the array calibration technique designed
by Fistas and Manikas is more robust against noise
than the one designed by Ng and Lie in the noise
environment. There are constant numbers in the last
row of the matrix ¢ and P in Ng and Lie's method.
These numbers are fixed on whatever noise is
applied. This might be a reason why Ng and Lie's
method is less robust than Fistas and Manikas's
method in the noise environment.

Moreover, both calibration algorithms would be
improved by using an adaptive antenna array/an
adaptive array processing with the use of feedback to
optimize the performance of array system. There are
various optimization criteria such as maximizing the
SNR at the array output and minimizing the RMSE
between the actual array output and the estimated
array output. However, it is needed to analyse
trade—offs between improved noise robustness of the
calibrated array and processing complexity of the

calibration algorithm.
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