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Noise Loading Analysis using Volterra Kernels to Characterize Fiber Nonlinearities
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We derive analytical expressions for the output spectral density and the noise power Pβ  in noise loading analysis using Volterra 
kernels to characterize fiber nonlinearities. The bandwidth of the input noise source has little effect on Pβ , but the power of the 
input noise source and the dispersion parameter value of the fiber have a significant effect on Pβ . The Volterra method predicts  
  = 30 dB/decade, which agrees very accurately over a wide range of fiber parameters compared with the numerical results 
by the split-step Fourier method. Therefore the Volterra method could be useful to predict the performance of a dense WDM 
system when we plan to upgrade fiber or increase signal power.
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FIG. 1. Test set-up for the noise loading analysis in a fiber optic 
communication system

I. INTRODUCTION

One of the major concerns in multi-channel communication 
systems is the system impairment due to cross-talk between 
channels.  Cross-talk is often induced by system nonlinearities 
because nonlinearities can generate new spectral components 
which may fall into the neighboring channels. In a dense 
wavelength division multiplexing(DWDM) system where 
channels are spaced very closely, the broadening effects on 
the spectrum due to various nonlinear effects like self-phase 
modulation(SPM), cross-phase modulation(CPM), and four-wave 
mixing(FWM) are in practice indistinguishable. In such a 
system, noise loading analysis could be useful in assessing 
the effects of broadened spectrum due to fiber nonlinearities 
on system performance.

In the noise loading analysis, a sharp notch filter is used to 
remove a part of the noise spectrum before input to the 
system. At the output of the system, a bandpass filter(BPF) 
tuned to the notch filter will indicate the spectral shape due 
to nonlinearities within the filter bandwidth. Therefore, the 
output of the BPF is the quantity of interest in the noise 
loading analysis. Some papers have discussed the noise loading 
analysis when the nonlinearities are modeled as memoryless 
[1-3]. Maqusi applied the Volterra series representation of 
nonlinearities in the noise loading analysis to model memory 
in nonlinear systems [4]. (Unfortunately, ‘noise loading’ has 

been used for a different meaning in optical communication 
systems. In the references [5, 6], noise loading means adding 
noise at the receiver in a controlled way to estimate bit-error 
rate(BER) margin.)  Lee applied the Volterra kernel method 
in the noise loading analysis for the first time to assess fiber 
nonlinearities in optical communication systems assuming the 
fiber is lossless [7]. 

In this paper, we derived   from the Volterra kernel 
method in the noise loading analysis including the fiber loss, 
and the applicable range of the method is specified by com-
paring with the split-step Fourier(SSF) method as a reference.

II. NOISE LOADING ANALYSIS USING 
VOLTERRA KERNEL

The test setup for the noise loading analysis is quite simple 
as depicted in Fig. 1. The test consists of a broadband noise 
source followed by a notch filter. The bandwidth (BO) rejected 
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FIG. 2. Spectral growth within the notch filter bandwidth when 
β 2 = 3 [ps2/km] and α  = 0.

FIG. 3. Modeling of single-mode fibers with Volterra kernels.

by the notch filter is designed to be much narrower than the 
bandwidth of the flat source. At the output of the fiber under 
test, an optical BPF, the bandwidth and center frequency of 
which is tuned to the notch filter, is inserted. Ideally, the 
output of the BPF corresponds to intermodulation noise due 
to fiber nonlinearities that falls into the bandwidth defined by 
the notch filter. 

 For example, Fig. 2 shows the growth with distance of 
the spectral densities which fall within the bandwidth of the 
output BPF. The split-step Fourier method is used to simulate 
the configuration depicted in Fig. 1. The fiber is modeled to 
have the second order propagation constant β 2 = 3 [ps2/km], 
the fiber nonlinear coefficient  γ  = 2.6×10-3 [mW-1km-1], while 
the fiber loss is ignored (α  = 0) to emphasize the effect of 
fiber nonlinearities.

While the simulation setup for the noise loading analysis is 
relatively simple, it may not be easy to deal with the simulation 
results because major quantities of concern have a stochastic 
nature. Therefore it is of interest to have an analytical 
expression for the noise loading analysis.

When fiber nonlinearities are weak, we may treat the solution 
of the nonlinear Schrödinger equation as a perturbation of the 
linear solution [8] or equivalently we may express the output 
of the fiber with Volterra series transfer functions [9, 10]. If 
we take only the first higher order Volterra series, the output 
of a single-mode fiber may be modeled as below.

The linear transfer function (the first order Volterra kernel),  
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Schrödinger equation by assuming dispersion alone, and the 
third-order Volterra kernel(transfer function), H3, may be 
expressed as below [9].
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From Fig. 3, the output auto-correlation function, Ryy(τ ), is 
obtained as below. x(t) and y(t) denote the input process to 
the fiber and the output process of the fiber, respectively.
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where * denotes the complex conjugate and E{‧} is the 
ensemble average operator. The output spectral density function, 
Syy(f ), which is the Fourier transform of Ryy(τ ), is then
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The spectral density functions for the third-order non-
linearity are derived in the literature [11], and the results are 
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where Sxx(f ) is the input spectral density function after the 
notch filter in Fig. 1.

In the noise loading analysis, the average output power 
(Pβ ) of the BPF at the end of the fiber under test might be 
the most important quantity because Pβ  is the noise power 
due to fiber nonlinearities. In the evaluation of Pβ , the input 
spectral density Sxx(f ) has a sharply notched-out spectral 
shape. If the notch filter is placed at the center frequency of 
the input noise source, then Sxx(f )=0 from -Bo/2 to +Bo/2. 
Therefore, from Eq.(3) to (6), we observe that the second 
term of Eq.(6) is the only term that can contribute to Pβ .
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FIG. 4. Comparison of the calculated Pβ  when D = 4 ps/[nm ‧
km] (solid line: Volterra method, dashed line: SSF method).

FIG. 5.   as a function of Pch when |D| = 4 ps/[nm ‧ km].

If we denote the second term of Eq. (6) as Sβ (f , z), Pβ  can 
be evaluated by integrating Sβ (f , z) from -Bo/2 to +Bo/2. 
That is
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We can observe that Sβ (f , z) is an even function of β 2 
because |H3|2 is an even function of β 2. Therefore the 
Volterra kernel approach predicts that Sβ (f , z) and Pβ  depend 
only on the magnitude of the dispersion parameter.

III. COMPARISON WITH SPLIT-STEP 
FOURIER METHOD

To compare analytical results by the Volterra kernel method 
(Eq. (7)) with numerical results by the split-step Fourier 
method, the fiber is assumed to be 50km long and to have α 
=0.2dB/km, γ  = 2.6×10-3 [mW-1km-1], D = ±4 [ps/nm ‧ km], 
which is the novel optical characteristics of, such as, 
NZ_DSF(Non-Zero Dispersion Shifted Fiber). While the notch 
filter bandwidth BO is fixed at 25GHz, the noise source 
bandwidth in the evaluation of Pβ  is increased from 150 GHz 
to 550 GHz. If we assume that the broadband noise source 
models multiple channels in a WDM system with 50 GHz 
channel spacing, then the noise source bandwidth from 150 
GHz to 550 GHz corresponds to channel numbers from Nch = 
3 to Nch = 11. The optical power of the noise source is now 
determined by the product of channel number Nch and the 
optical power per channel, Pch[mW]. 

Because the split-step Fourier method gives a little different 
value at every simulation due to its stochastic nature, we 
simulate 20 times for each simulation parameter set in all the 
cases in this paper and show the mean values with the value 
ranges. From Fig. 4, we can also observe that Pβ  is a strong 
function of the signal power while relatively insensitive to 
the noise source bandwidth when Nch > 4 (Bsig > 200 GHz). 

Figure 4 also shows that the Volterra kernel method(solid 
line) using up to the third order kernel overestimates the 
noise power output, Pβ , compared to the SSF method(dashed 
line). This is because the Volterra method simplifies the interplay 
between dispersion and nonlinearities of the fiber as depicted 
in Fig. 3. While the third order kernel (Eq.(1)) models the 
interplay in the Volterra method regardless of fiber para-
meters, the SSF method calculates the interplay within a very 
short segment of the fiber successively so that the phase shift 
due to each segment of the fiber nonlinearity is below a 

certain small number, say 0.01rad. 
Even though the Volterra kernel method using up to the 

third order kernel overestimates Pβ  compared to the SSF method, 
variations of Pβ  due to the different simulation parameters 
are quite consistent. Therefore the Volterra kernel method 
could be used to predict a relative value. The relative value 
of Pβ  can be defined as below.

[ ] ( ) ( ) ],[reference][new dBmPdBmPdBP βββ −=Δ (8)

where Pβ(reference)[dBm] is a reference value and Pβ(new)[dBm] 
is a new value obtained by a different set of simulation 
parameters.

If we take Pβ  when Pch =1[mW] as a reference, we can 
obtain Fig. 5 which shows    as a function of Pch. 
  by the Volterra kernel method is quite predictable. 
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FIG. 6. Pβ  by SSF method when the transmission distance is 
varied (blue line: D = 16 ps/[nm ‧ km], red line: D = +4 ps/[nm
‧ km], green line: D = -4 ps/[nm ‧ km]).

FIG. 7. Pβ  when the dispersion parameter is varied. (: Volterra 
method, I: SSF method).

If Pch is increased twice compared to the reference value at a 
given transmission distance, the magnitude of the input 
spectral density Sxx(f ) will also be increased twice within BO. 
Therefore from Eq.(7), if Pch is increased ten times,   is 
predicted to increase 10log10(103)=30[dB] regardless of the 
dispersion parameter, which agrees excellently with results 
shown in Fig 5. When |D| = 4ps/(nm ‧ km),  s by the 
two methods, Volterra kernel method and SSF method, agree 
very closely (slope ≅ 30[dB]/decade) regardless of the 
dispersion region, normal(D < 0) or anomalous(D > 0). Since 
the channel number(Nch) or equivalently the noise source 
bandwidth, affects very little on  , we only show 
  when Nch=11 in Fig. 5. 

Figure 6 shows   by the SSF method when Nch = 
10 while the transmission distance is varied. When Pch is 
increased 10 times from 1mW to 10mW, |D| = 4ps/(nm ‧ km) 
result in   = 10log10(103)=30[dB] regardless of the 
transmission distance, which is predicted by the Volterra 
method. However, when D = 16ps/(nm ‧ km), the SSF method 
shows that   is reduced to around 25 dB. 

Figure 7 shows   when D is varied. While   
by the Volterra kernel method is 30[dB] regardless of the 
dispersion parameter because the input power is increased ten 
times,   by the split-step Fourier method is reduced 
to around 24[dB] when D is increased to 16ps/(nm ‧ km), 
which agrees with results of Fig. 6. This is because the 
Volterra kernel method oversimplifies the interplay between 
dispersion and nonlinearities of the fiber by Eq.(1), the third 
order kernel. From Figs. 6 and 7, the Volterra kernel method 
may not be used to predict   when the fiber is a 
conventional standard single-mode fiber (D = 16~18ps/(nm ‧
km)). 

IV. CONCLUSIONS

We used the Volterra kernels for the first time to derive 
analytical expressions for the output noise spectral density 
Sβ (f, z) and the output noise power Pβ  in the noise loading 
analysis. The derived analytical expression is compared to the 
numerical SSF method. The Volterra kernel method using up 
to the third order kernel overestimates Pβ  in the noise loading 
analysis compared to the SSF method. Including higher order 
kernels could give us more accurate results. However, the 
Volterra kernel method with up to the third order kernel 
requires only moderate computational resources, while the 
method predicts   very accurately over wide range of 
fiber parameters. 

The bandwidth of the input noise source has little effect on 
Pβ , but the power of the input noise source and the 
dispersion parameter value affect significantly on Pβ . The 
Volterra kernel method predicts   = 30dB/decade (or 
9dB/octave) when we vary the power of the input noise 
source. Simulation results by the SSF method agree well 
except when the fiber is a conventional standard single-mode 
fiber. In addition, unlike the SSF method, the Volterra kernel 
method does not have statistical variations in the noise 
loading analysis.
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