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ON ITERATIVE APPROXIMATION OF COMMON FIXED
POINTS OF ASYMPTOTICALLY NONEXPANSIVE
MAPPINGS WITH APPLICATIONS

JoNnG Kyu KiMm, X1A0LONG QIN, AND WON HEE LiMm

ABSTRACT. In this paper, the problem of iterative approximation of com-
mon fixed points of asymptotically nonexpansive is investigated in the
framework of Banach spaces. Weak convergence theorems are estab-
lished. A necessary and sufficient condition for strong convergence is
also discussed. As an application of main results, a variational inequality
is investigated.

1. Introduction

Recently, iterative algorithms for computing common fixed points of nonlin-
ear mappings has been considered by many authors ([1]-[6]).

From the method of generating iterative sequences, we can divide iterative
algorithms into explicit algorithms and implicit algorithms. Recently, both
explicit Mann-type iterative algorithms and implicit Mann-type iterative algo-
rithms have been extensively studied for approximating common fixed points
of nonlinear mappings ([7]-[16]).

In this paper, we consider the problem of approximating common fixed
points of asymptotically nonexpansive mappings based on a general implicit
iterative algorithm which includes an explicit iterative process as a special
case. As an application of main results, a variational inequality is investigated
in a uniformly convex and g-uniformly smooth Banach space.

2. Preliminaries

Let E be a real Banach space and E* the dual space of E. Let J;, where
g > 1, denote the generalized duality mapping from E into 2F" give by

Jo(x) ={f* € B+ {w, f*) = l|?, If*| = ="}, Ve E,
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where (-, ) denotes the generalized duality pairing. In particular, Js is called
the normalized duality mapping which is usually denoted by J. It is well known
(see, for example, [17]) that J,(z) = ||z||972J (z) if = # 0.

Let Ug = {z € E : ||z|| = 1}. A Banach space E is said to be strictly convex
if for all z,y € F which are linearly independent, ||z + y|| < ||=| + |ly||. This
condition is equivalent to the following:

T+Y
lall = llgl =1, and =y — [“5¥] <1.

E is said to be uniformly convez if for any two sequences {z,} and {y,} in E
such that ||z,|| = ||lyn|l = 1 and lim, oo ||y, + ynll = 2, then lim, o ||z —
yn|| = 0 holds. It is known that a uniformly convex Banach space is reflexive
and strictly convex.

A Banach space E is said to be smooth if the limit

t —
e+ iyl o
t—0 t
exists for all z,y € Ug. It is said to be uniformly smooth if the limit is attained
uniformly for all z,y € Ug.

The modulus of smoothness of F is the function pg : [0, 00) — [0, 00) defined
by

1
pi(r) =sup {S (e +yll + o —yl) = Ls Jall <1, Iyl <7} vr=o.

The Banach space E is uniformly smooth if and only if lim,_, p%m = 0.

A Banach space F is said to be g-uniformly smooth if there exists a constant
¢ > 0 such that pg(7) < ¢7?. It is shown in [17] that there is no Banach space
which is g-uniformly smooth with ¢ > 2. Hilbert spaces, LP (or IP) spaces and
Sobolev space W2, where p > 2, are 2-uniformly smooth. Typical examples
of both uniformly convex and uniformly smooth Banach spaces are LP, where
p > 1. More precisely, L? is min{p, 2}-uniformly smooth for every p > 1.

E is said to satisfy Opial’s condition (see [18]) if, for each sequence {z,} in
FE, x, — x, where — denotes weak convergence, implies that

liminf ||, — || < liminf ||z, —y||, Yy € E(y # z).
n—oo n—r oo

Let C be a nonempty subset of £ and T : C' — C be a mapping. In this
paper, the symbol F(T') stands for the fixed point set of T. T is said to be
nonezrpansive if

[Tz =Tyl < [lz —yll, Vvx,yeC.
T is said to be asymptotically nonexpansive if there exists a sequence {k,} C
[1,00) with &k, — 1 as n — oo such that

IT"x — T y|| < knllz —y||, Va,yeC, Vn>1.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [19] as a generalization of the class of nonexpansive mappings. They
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proved that if C' is a nonempty, closed, convex, and bounded subset of a real
uniformly convex Banach space, then every asymptotically nonexpansive self
mapping has a fixed point (see [19]).

In order to prove our main results, we still need the following lemmas.

Lemma 2.1. ([20]) Let C be a nonempty, closed, and convex subset of a uni-

formly convex Banach space E. Let T : C — C be an asymptotically non-

expansive mapping. Then I — T is demiclosed at zero, that is, x, — x and
n— Txy, — 0 imply that x = Tx.

Lemma 2.2. ([21]) Let {a,}, {bn} and {c,} be nonnegative sequences satisfy-
ing the following condition:

i1 < (1L 4by)an +cny, Y > ng,

where ng is some nonnegative integer, > - b, < 0o and Y .o | ¢, < 0. Then
the limit lim,,_, o a,, exists.

Lemma 2.3. ([15]) Let E be a uniformly convex Banach space, r > 0 a positive
number and By(0) a closed ball of E with the center at zero. Then there exits
a continuous, strictly increasing and convex function g : [0,00) — [0,00) with
g(0) = 0 such that

m m
||Z (asxs)] Z aslzs|®) — cicjg(l|lzi — x50), Vi, i€ {1,2,...,7},
s=1 s=1

where x1, T2, ..., Ty, € B.(0) and oy, as, ... € (0,1) such that Y ;" o; =
1.

3. Main results

Let C be a nonempty, closed and convex subset of a Banach space E. Let
T : C — C be an asymptotically nonexpansive mapping with the sequence
{kn}. For every u € C and t,, € (0, 1), define a mapping T, : C — C by

Tox=tyu+ (1—1t,)T"x, VYaxeCl, ¥n>1.

If (1 —t,)k, < 1, for every n > 1, then T,, is a contraction. Hence, by the
Banach contraction principal, there exists a unique fixed point of T},, for every
n > 1.

Let zg be chosen and r > 1 a positive integer. Let {a,}, {Bn1}, {Bn.2}s - -
{Burts {1t {n2}, oy {¥n,r} be real sequences in (0,1) such that

T r
an + Z Bn;m + Z Tn,m = 1.
m=1 m=1

Let Sy, Ty, : C — C be asymptotically nonexpansive mappings, for every
me{1,2,...,r}.
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Find z1 by solving the following equation

T T
T1 = 1xo + Z B1,mSmxo + Z Y1,mImT1.

m=1 m=1

Find z2 by solving the following equation

T T
2 2
Ty = Qa1 + E Ba,m Sy x1 + E Yo,m Iy, xa.

m=1 m=1

Find x,, by solving the following equation

r r
§ n E n
Tn = QpTp—1+ ﬂn,msmxnfl + ’Yn,mexn

m=1 m=1

In view of the above, we have the following implicit iterative algorithm

20 €C, x,=0a,Tp_1+ Z Br.m S Tn—1 + Z YnmTomZn, Vn>1. (3.1)

m=1 m=1

If S,,, = I, where I is the identity mapping, for every m € {1,2,...,r}, then
(3.1) is reduced the following.

20 €C, x, = (an+ Z Br,m)Tn—1 + Z Ynom Iy, Vn > 1. (3.2)

m=1 m=1

If T,,, = I, where I stands for the identity mapping, for every m € {1,2,...,r},
then (3.1) is reduced the following.

(679 Zr =1 Bnm
r0€C, T,= ——=———Xp_ 1+ ———— S"x,_1, Vn>1. (3.3
=Y i L= Y (3.3)

Now, we neeed the following proposition for our main results.

Proposition 3.1. Let C' be a nonempty, closed and convex subset of a uni-
formly convex Banach space E. Let S,,, T, : C — C be asymptotically
nonexpansive mappings with the sequence {s, .} and {t, m}, for every m €
{1,2,...,r}, where r > 1. Assume that F = N, _1F(Sp) Nro1 F (L) is
nonempty. Let t,, = max{t, m, : 1 <m <r} and s, = max{s,m:1 <m <r}.
Assume that Y " (k, — 1) < oo, where k, = max{s,,t, : 1 < m < r}.
Let {z,}7% be a sequence generated by (3.1), where {can}, {Bn1}, {Bn2}, .-
{Brrts {1} {2}, -, {nr} are real number sequences in (0,1) such that
an+ >0 Bum + Dor_y Ynom = 1. Assume that the control sequences {a,},
{ﬁn,l}; {ﬂn,2}7 L] {6n,r}7 {'Yn,l}; {’Yn,Z}a LS {’Yn,r} are satis.ﬁEd

(a) liminf, o anBnm > 0, andliminf,, oo apynm >0, Vm € {1,2,...,r};

(b) Sy Yt < 1.
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Then

lim ||z, — Syl = lm ||z, — Tna,|| =0, Vme{l,2,...,7}.
n— oo n—00

Proof. By the condition (b), we see that the sequence {x,} generated by iter-
ative process (3.1) is well defined. For p € .7, we see that

T T
[2n = pll < o llen—1 = pll + Z Br,mllSm@n—1 — pll + Z Y| T3 @n — pll

m=1 m=1

(an + Zﬁnm Mzn—1 = pll + Z%mk [#n — pl|-

m=1

In view of liminf, o0 @nfBnm > 0 and oy + >0 1 Bom + Dovig Yoom = 1,
we see that there exists some positive integer ny and a real number a, where
€ (0,1), such that

r
Z Yn,m S a, n Z ni.

Since Zoo ( — 1) < o0, there exists some positive integer ny such that
k, <1+ 12 , for all n > ny. It follows that

.
Z 'Yn,mkn <b<1l, Vn2>na,

m=1
where b = a(1 + 122) and n3 = max{n,n,}. It follows that
1- Zm 1 In, mkn

(1 + Oy + Zmzl ﬁn,mkn + ZTm:1 ’Vn,mkn
1- Z:n:l 'Yn,mkn
kn,—1

< (4 = s -l

IN

[ = pl| [€n—1 = pl|

Yy —p (34)

IN

It follows from Lemma 2.2 that lim,_, ||2» — p|| exists. This implies that the
sequence {z, } is bounded.
On the other hand, we find from Lemma 2.3 that

T T
2 = plI* <anllzn-1 —pl* + Z Br,ml| S @n—1 —pl* + Z Y| Tr —pl?

m=1 m=1

- anﬁn mg(Hxnfl - Sn xnfln)

m=1 m=1

— anBn,mg(|Tn-1 — Shxn_1l), Yme{l,2,...,N}
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This implies that
O‘nﬁn mg(Hxnfl - S -'L‘nfln)

<(ankn + Zﬁnm ) zn— 1—pu2+z%mk 2n — pI|?

m=1

ol =+ (b = Dl = P
<k + 3 Buanbn)([2a-1 — pl* ~ 2 — pl*)

T (b= llzn —pl2, Yme (12,0}
Since lim, o |5 — p|| exists, from the condition (a) we have that
Jimg([len-1 = Span-1) =0,
for every m € {1,2,...,r}. It follows that
lim ||zp—1 — Shzn_1]| =0, VYme{l,2,...,r}. (3.5)

n—oo

From the Lemma 2.3, we obthain that

T T
zn —p||2 <an|an-1 _pH2 + Z Brm S an—1 _pH2 + Z Y, T —p||2

m=1 m=1

— QnYn, md([|[Tn—1 — Tnzn”)

an + Z ﬁnm ”xn 1 _p||2 + Z Tn, mkn Hxn p”

m=1
- a,ﬁn,mg(Hxn,l —Trz,|), Vme{1,2,...,r}.
This implies that
Qnn, mg(”xn—l - T”;an)

m=1

— knllTn _pH2 + (kn = 1)z, _pH2
S(ankn + Z Bn,mkn)(Hxnfl —p||2 - Hxn _pHQ)

+ (kp — Dlzn — pll?, ¥me{1,2,...,N}.
Since lim,,—, o ||Zn — p|| exists, from the condition (a) we have that

im_g([lzn—1 = Tpzn|)) = 0,

n—oo

for every m € {1,2,...,r}. It follows that
li_>m lzn—1—Trxs|| =0, Yme{l,2,...,r} (3.6)

n
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Notice that

™ T
[#n = Zpa| = Z BrmllSp@n—1 — Tn-1| + Z Y| T — Tn-al].

m=1 m=1
From the (3.5) and (3.6), we find that
nl;rréo |Xn—1 —2zn] = 0. (3.7
Notice that
lxn — Trzn| < llzn — Tt + [|Tn-1 — Trnan|, Yme{1,2,...,7}.

This implies from (3.6), and (3.7) that

lim ||x, — Thx,| =0, VYme{1,2,...,r} (3.8)

n—oQ

On the other hand, we have
[z = Smnll Sll2n — 2p-1ll + [|2n-1 — Sp@n-1]|
+|S) xn—1 — Sy an|, Vme{l,2,...,7}.

Since S, is Lipschitz for every m € {1,2,...,r}, from (3.5) and (3.7) we know
that
le lxn — Shan|| =0, Vme{1,2,...,7}. (3.9)

Notice that
1z = Smnll < 2 = Tpaill + 1zt — Syl el
ISy wnr = S || + 1S5 2 — Smanl|
< A+ M)llzn = zpsall + |zns1 = Sp engal
+ M||Syzn — znl,
where M = sup,,~1{ky}. It follows from (3.7) and (3.9) that
nh_)rgo lzn, — Sman|| =0, Vme{1,2,...,7}. (3.10)
On the other hand, we have
lzn = Tnaall < llon = Enaall + 1znss — T 2|
HI T 2ns — T + | T ey — Tzl
< A+ M)llzn = 2l + |2ns1 = T 2|
+ M||Tzn — nl|.
It follows from (3.7) and (3.8) that
nh_}rr;OHxn— m&nl =0, VYme{l,2,...,r} (3.11)
This completes the proof. O

Now, we give the following weak convergence theorems with Opial’s condi-
tion.
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Theorem 3.2. Let C be a nonempty, closed, and convexr subset of a uni-
formly convexr Banach space E which has Opial’s condition. Let Sy, T, :
C — C be asymptotically nonexpansive mapping with the sequence {Snm}
and {tnm}, for every m € {1,2,...,r}, where r > 1. Assume that F =
N1 F(Sm) N1 —1 F(T),) is nonempty. Let t, = max{t,m,m : 1 < m < r}
and s, = max{s,m : 1 < m < r}. Assume that > . (k, — 1) < oo, where
kn = max{s,,t, : 1 < m < r}. Let {x,} be a sequence generated by (3.1),
where {an}, {Bn1}, {Bnz2}, -5 {Bas}s {1}, {2} s {0} are real
number sequences in (0,1) such that a, + Y1 1 Brm + 2 omeq Ynom = 1. As-
sume that restrictions (a) and (b) as in Proposition 3.1 are satisfied. Then
{zn} converges weakly to some point in F.

Proof. Since {x,} is bounded, we find that there exists a subsequence {x,,} C
{zn} such that {x,,} converges weakly to a point z € C. It follows from
Lemma 2.1 and Proposition 3.1 that € .%. Assume that there exists another
subsequence {z,,} C {z,} such that {z,,} converges weakly to a point & € C.
It follows from Lemma 2.1 that & € #. If & # &, then

lim |z, — Z|| = liminf ||z,, — Z|| < liminf ||z,, — |
n—oo 1— 00 11— 00
= liminf ||z,, — 2| < liminf [|z,, — ||
= lim ||z, — Z|.
n—oo

This is a contradiction. Hence T = &. Hence every subsequence converges to
same point Z. This completes the proof. (I

If » = 1, then Theorem 3.2 is reduced to the following.

Corollary 3.3. Let C be a nonempty, closed and convez subset of a uniformly
conver Banach space E which has Opial’s condition. Let S, T : C — C be
an asymptotically nonerpansive mappings with the sequences {s,} and {t,}.
Assume that F = F(S)(F(T) is nonempty. Assume that 'y, (k,—1) < oo,
where k, = max{sp,t, : 1 <m <r}. Let {x,} be a sequence generated by the
following

29 €C, xp=0anTu_1+ S "xn_1+ T "x,, Yn>1,

where {an}, {Bn} and {vn} are real number sequences in (0, 1) such that o, +
Bn + vn = 1. Assume that the following restrictions imposed on the control
sequences {an}, {Bn} and {yn} are satisfied

(a) liminf, o0 B > 0 and liminf,,_ o ayyn > 0;
(b) Yntn < 1.
Then {x,} converges weakly to some point in F.

If S,, = I, then Theorem 3.2 is reduced to the following.

Corollary 3.4. Let C be a nonempty, closed, and convex subset of a uni-
formly convex Banach space E which has Opial’s condition. Let T, : C — C
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be an asymptotically nonexpansive mapping with the sequence {t, .}, for every
m € {1,2,...,r}, where r > 1. Assume that F = NI, _F(T,,) is nonempty.
Assume that > 7 (t, — 1) < oo, where t, = max{ty,, : 1 < m < r}
Let {z,} be a sequence generated by (3.2), where {aun}, {Bn1}, {Bn2}, .-
{Brrts {1}, {2t -, {nr} are real number sequences in (0,1) such that
an + >0 Bam + Yomey Yaom = 1. Assume that restrictions (a) and (b) in
Proposition 3.1 are satisfied. Then {x,} converges weakly to some point in F.

If T}, = I, then Theorem 3.2 is reduced to the following.

Corollary 3.5. Let C be a nonempty, closed and convex subset of a uni-
formly convexr Banach space E which has Opial’s condition. Let Sy, : C' — C
be an asymptotically nonexpansive mapping with the sequence {sy.m}, for ev-
ery m € {1,2,...,r}, where r > 1 with % = NI _,F(Sp) is nonempty.
Assume that Y7 (s, — 1) < oo, where s, = max{spm : 1 < m < r}.
Let {x,} be a sequence generated by (3.3), where {aun}, {Bn1}, {Bnz2},- -
{Brrts {mals {mzt -, {nr} are real number sequences in (0,1) such that
An+ Yo 1 Brm + Dom—1 Ynym = 1. Assume that the condition (a) in Propo-
sition 3.1 are satisfied. Then {x,} converges weakly to some point in .

Next, we give a necessary and sufficient condition for the strong convergence

of (3.1).
Theorem 3.6. Let C be a nonempty, closed and convex subset of a uniformly
conver Banach space E. Let Sy,, Ty, : C — C be asymptotically nonexpansive
mappings with the sequences {spm} and {t, m}, for every m € {1,2,...,r},
where v > 1. Assume that F = N _1F(Spm)\Nr—1F(Ty) is nonempty.
Let t, = max{tpm : 1 < m < r} and s, = max{spm : 1 < m < r}.
Assume that Y " (k, — 1) < oo, where k, = max{s,,t, : 1 < m < r}.
Let {z,} be a sequence generated by (3.1), where {an}, {Bn1}, {Bn2}, -,
{Brrts {1}, {2t - {7} are real number sequences in (0,1) such that
an + >0 Bam + Yom1 Ynom = 1. Assume that the conditions (a) and (b)
in Proposition 3.1 are satisfied. Then {x,} converges strongly to some point in
F if and only if

lim inf dist(x,,, %) = 0.

n—oo

Proof. The necessity of the proof is obvious. We only show the sufficiency
of the proof. Assume that liminf, o dist(z,, #) = 0. In view of (3.4), we
know from Lemma 2.2 that lim,,_,, dist(z,, F#) exists. From the hypothesis,
it follows that lim,,—, o dist(z,,.Z) = 0.
Next, we show that the sequence {x,} is Cauchy. For positive integers
m,n, where m > n, we see from (3.4) that ||z, — p|| < " |lz,,_1 — p||, where
k

hy, = #}1 This in turn implies that

|2m —pll < Bllzn —pl,
where B = eXn=1/n_ Tt follows that
[2n — Zmll < |2n — Pl + |20 — Il < (1 + B)||zn — pl|-
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Taking the infimum over all p € Z, we find that {z,} is a Cauchy sequence in
C. Assume that {z,} converges strongly to some ¢ € C. Since T,, and S,, are
Lipschitz for each m € {1,2,..., N}, we know that % is closed. This in turn
implies that ¢ € .%. This completes the proof. (I

If S,, = I, then Theorem 3.6 is reduced to the following.

Corollary 3.7. Let C be a nonempty, closed and convex subset of a uniformly
conver Banach space E. Let T, : C — C be an asymptotically nonexpansive
mapping with the sequence {t, m}, for every m € {1,2,...,r}, where r > 1.
Assume that F = N, _ F(T,,) is nonempty. Assume that >~ (t, —1) < oo,
where t, = max{t, m : 1 <m <r}. Let {x,} be a sequence generated by (3.2),
where {an}, {Bn1}, {Bnzts s {Bnrts {1}, {2} -y {nr} are real num-
ber sequences in (0,1) such that c, + Y 1 Brm + Dowiey Ynm = 1. Assume
that the conditions (a) and (b) in Proposition 3.1 are satisfied. Then {x,} con-
verges strongly to some point in & if and only if liminf, . dist(x,, F) = 0.

If T,,, = I, then Theorem 3.6 is reduced to the following.

Corollary 3.8. Let C be a nonempty, closed and convex subset of a uniformly
convex Banach space E. Let Sy, : C'— C be an asymptotically nonexpansive
mapping with the sequence {Spm}, for every m € {1,2,...,r}, where r >
1 is some positive integer. Assume that > - (sn, — 1) < oo, where s, =
max{spm : 1 < m < r}. Let {x,} be a sequence generated by (3.2), where
{ant, {Bua}ts {Bnz2}y-os {Bnr}s {vna}, {2}, {nr} are real number
sequences in (0,1) such that a + >0 1 Bam + Do —1 Ynom = 1. Assume that
the condition (a) in Proposition 3.1 are satisfied. Then {x,} converges strongly
to some point in Z if and only if liminf,_,  dist(z,,.7) = 0.

4. Applications

Finally, we consider the problem of approximation solutions of variational
inequalities as an application of main results.

Let C be a nonempty, closed and convex subset of a smooth Banach space
E and A: C — FE an operator. Find an z € C' such that

(Az,J(y —x)) >0, VyeC. (4.1)

In what follows, the symbol VI(C, A) stands for the solution set of the above
inequality (4.1).
A is said to be accretive if

(Az — Ay, J(x —y)) >0, Vz,y e C.

A is said to be a-inverse-strongly accretive if there exists a positive constant
a such that

<A.’E - Ay7 J(.’IJ - y)> 2 O[”A{E - AyH27 vay eC.
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Let K be a nonempty subset of C' and let @ : C' — K be a mapping. @ is

said to be sunny if
Qr = Q(Qz +t(zr — Qx))

whenever Qz + t(x — Qx) € C for x € C and t > 0. @ is said to be retraction
if Q2 = Q. @ is said to be a sunny nonexpansive retraction if @ is sunny
nonexpansive and a retraction onto K. A subset K of C is said to be a sunny
nonexpansive retract of C' if there exists a sunny nonexpansive retraction from
C onto K.

The following results describe a characterization of sunny nonexpansive re-
tractions on a smooth Banach space; see [22] and [23] for more details.

Let C be a nonempty subset of a smooth Banach space E. Let Q¢ be a sunny
nonexpansive retraction from F onto C. Then the following are equivalent:

(a) Q¢ is sunny and nonexpansive;
(b) (& — Qz,J(Qzx —y)), Vz € C,y € K.
The following lemma can be found in [17] and [24].

Lemma 4.1. Let E be a q-uniformly smooth Banach space with q-uniformly
smoothness constant Cy > 0. Then the following holds

e +yl* < lzl* + afy, Jgz) + Cqllyll?, Va,y € E.
Now, we are in a position to give the main results of this section.

Theorem 4.2. Let E be a uniformly conver and q-uniformly smooth Banach
space with q-uniformly smoothness constant C; > 0 and C' be a nonempty,
closed and conver subset of E. Let Q¢ be a sunny nonexpansive retraction
from E onto C. Let A, : C — E be a ap,-inverse-strongly accretive opera-
tor and By, : C — E a by, -inverse-strongly accretive operator, for every m €
{1,2,...,r}, wherer > 1. Assume that # =N _VI(C, An) (N1 VI(C, By,)
is nonempty. Let {x,} be a sequence generated by the following: xo € C,

Ty =0pTp_1+ Z ,8n77nQC(xn_1 — ILLmAm:L'n_l)
. m=1 (42)
+ 3 ImQc(@n = VmBran), Vo> 1,

m=1

where {an}7 {ﬁn,l}7 {ﬁn,2}7 Tty {Bn,r}y {’Yn,}}; {7’n,2}7 ety {’Vn,'r} are real
number sequences in (0,1) such that o, + >0 1 Bom + 2 omey Ynm = 1 and

1
U1, 12y .y iy V1, Va,..., V. are real numbers such that pi, < (‘Ig—m)" and
q

1

U < (%) i, for every m € {1,2,...,r}. Assume that the condition (a) in
q

Proposition 3.1 are satisfied. If E has Opial’s condition, then {x,} converges

weakly to some point in F.

Proof. From Lemma 2.7 of Aoyama, liduka and Takahashi [24], we find, for
every m € {1,2,---,r}, that VI(C, A,,) = F(Qc(I — AA)) and VI(C, A,,) =
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F(Qc(I — AB)) for all A > 0. Notice that Q¢ (I — umAn) and Qc(I — vy By)
are nonexpansive. Indeed, we find from Lemma 4.1 that

1Qc( — pmAm)r — QeI — pmAm)yl|?

<@ —=y) = pm(Amz — Apy)|*

<z =yll? = qum(Ame — Amy, Jy(z = y)) + Copg, | Amz — Amy|®
<z =yl = qampiml| Am® — Apyl|* + Copd, [| Amx — Apyl|?

= |lz = yll” = (qampm — Copf )| Amz — Amyl|?

= ||z —y||?, Vz,yeC.

This proves that Q¢ (I — umA) is nonexpansive, so is Qc(I — umB). Since
nonexpansive mappings are asymptotically nonexpansive mappings with the
sequence {1}, we can easily conclude from Theorem 3.2 the desired conclusion.
This completes the proof. O

Theorem 4.3. Let E be a uniformly conver and q-uniformly smooth Banach
space with g-uniformly smoothness constant Cq > 0 and C a nonempty, closed
and convexr subset of E. Let Q¢ be a sunny nonexpansive retraction from E
onto C. Let A,, : C — FE be an a,-inverse-strongly accretive operator and By, :
C — E a by,-inverse-strongly accretive operator, for every m € {1,2,...,r},
wherer > 1. Assume that F =N _VI(C, Aw) (N}, VI(C, By,) is nonempty
and Cyq < Ag, where A = min{am fim, bmVm 1 1 < m < r}. Let {z,} be a se-
quence generated by the following: xy € C,

Tp =0pTp_1 + Z ﬁn,mQC’(xnfl - ,umAmxnfl)

m=1

+ Z ’yn,mQC(l'n - VmBmxn)7 Vn Z 17

m=1
where {an}, {Bni}, {Bnz2}, s {Bnrks {vnals {2}, {vnr} are real
number sequences in (0,1) such that an + > _ | Bom + D omeq Ynm = 1 and
1
U1, 12y e.y ey V1, V2,..., V. are real numbers such that i, < (‘@—’:)q and
1
U < (‘%—’")% for every m € {1,2,--- ,r}. Assume that the condition (a) in
q
Proposition 3.1 are satisfied. Then {x,} converges strongly to some point in
Z if and only if liminf,,_, o, dist(z,, F) = 0.

Proof. Notice that Qc(I — pmAm), and Qc(I — v, B,,) are nonexpansive.
We can immediately conclude from Theorem 3.6 the desired conclusion. This
completes the proof. O
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