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ON ASYMPTOTICALLY DEMICONTRACTIVE MAPPINGS

IN ARBITRARY BANACH SPACES

Arif Rafiq and Byung Soo Lee*

Abstract. In this paper, the necessary and sufficient conditions for the

strong convergence of a modified Mann iteration process to a fixed point

of an asymptotically demicontractive mapping in real Banach spaces are
considered. Presented results improve and extend the results of Igbokwe

[3], Liu [4], Moore and Nnoli [6] and Osilike [7].

1. Introduction

Let K be a nonempty subset of a real normed space E and E∗ be its dual
space. We denote by J the normalized duality mapping from E into 2E

∗
defined

by

J(x) = {f∗ ∈ E∗ : 〈x, f∗〉 = ‖x‖2 = ‖f∗‖2},
where 〈·, ·〉 denotes the generalized duality pairing. If E is strictly convex,
then J is single-valued. In the sequel, we shall denote the single-valued duality
mapping by j.

Let T be a self-mapping of K.

Definition 1. T is called a k-strictly asymptotically pseudo-contractive map-
ping, with a sequence {kn} ⊆ [1,∞), lim

n→∞
kn = 1 if for all x, y ∈ K there

exist j(x− y) ∈ J(x− y) and a constant k ∈ [0, 1) such that

〈(I − Tn)x− (I − Tn)y, j(x− y)〉

≥ 1

2
(1− k) ‖(I − Tn)x− (I − Tn)y‖2 − 1

2
(k2n − 1) ‖x− y‖2 ,

(1.1)

for all n ∈ N.

Definition 2. T is called an asymptotically demicontractive mapping with a
sequence {kn} ⊆ [0,∞), lim

n→∞
kn = 1, if F (T ) = {x ∈ K : Tx = x} 6= ∅ and for

Received March 30, 2012; Accepted August 22, 2012.

2000 Mathematics Subject Classification. 47H10, 47H04, 47H07.
Key words and phrases. Modified Mann iteration method, uniformly L-Lipschitzian map-

ping, asymptotically demicontractive mapping, asymptotically pseudocontractive mapping.

* Corresponding author.

c©2012 The Youngnam Mathematical Society

569



570 ARIF RAFIQ AND BYUNG SOO LEE

all x ∈ K and x∗ ∈ F (T ), there exist k ∈ [0, 1) and j(x − x∗) ∈ J(x − x∗)
such that

〈x− Tnx, j(x− x∗)〉 ≥ 1

2
(1− k) ‖x− Tnx‖2 − 1

2
(k2n − 1) ‖x− x∗‖2 (1.2)

for all n ∈ N.

Definition 3. T is said to be uniformly L-Lipschitzian, if there exists a con-
stant L > 0, such that

‖Tnx− Tny‖ ≤ L ‖x− y‖ , (1.3)

for all x, y ∈ K and n ∈ N.

A class of k-strictly asymptotically pseudo-contractive mappings and a class
of asymptotically demicontractive mapping are introduced by Liu [4]. It is
easy to see that a k-strictly asymptotically pseudo-contrative mapping with a
non-empty fixed point set F (T ) is asymptotically demicontractive.

In Hilbert spaces, it is shown in [7] that (1.1) and (1.2) are equivalent to the
following inequalities:

‖Tnx− Tny‖ ≤ k2n ‖x− y‖
2

+ k ‖(I − Tn)x− (I − Tn)y‖2 ,

and

‖Tnx− Tny‖2 ≤ k2n ‖x− y‖
2

+ ‖x− Tnx‖2 ,

respectively.
By using the modified Mann iteration method [5] introduced by Schu [8], Liu

[4] proved a convergence theorem for the iterative approximation of fixed points
of k-strictly asymptotically pseudo-contractive mappings and asymptotically
demicontractive mappings in Hilbert spaces.

Osilike in [5], extended the results of Liu [4] about the iterative approxima-
tion of fixed points of k-strictly asymptotically demicontractive mappings from
Hilbert spaces to much more general real q-uniformly smooth Banach spaces,
1 < q < ∞ and specifically proved the following results.

Theorem 1.1. Let q > 1 and let E be a real q-uniformly smooth Banach
space. Let K be a closed convex and bounded subset of E and T : K → K a
completely continuous uniformly L-Lipschitzian asymptotically demicontractive

mapping with a sequence kn ⊆ [1,∞) satisfying
∞∑

n=1
(k2n − 1) < ∞. Let {αn}

and {βn} be real sequences satisfying the conditions
(i) 0 ≤ αn, βn ≤ 1, n ≥ 1;
(ii) 0 < ε ≤ cqα

q−1
n (1 + Lβn)q ≤ 1

2q(1− k)(1 + L)−(q−2) − ε, for all n ≥ 1
and for some ε > 0; and

(iii)
∞∑

n=1
βn <∞.
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Then the sequence {xn} generated from an arbitrary x1 ∈ K by

yn = (1− βn)xn + βnT
nxn,

xn+1 = (1− αn)xn + αnT
nyn, n ≥ 1

converges strongly to a fixed point of T .

Remark 1. For Hilbert spaces, q = 2, cq = 1 and, with βn = 0 ∀n, Theorem 1
and Theorem 2 of Liu [4] follow from Theorem 1.1.

Recently Chidume and Măruşter [2] made a comprehensive and very useful
survey on the main convergence properties of the modified Mann iteration
method for the demicontractive mappings.

The purpose of this paper is to prove necessary and sufficient conditions
for the strong convergence of the modified Mann iteration method to a fixed
point of an asymptotically demicontractive mapping in real Banach spaces.
Our results extend and improve the results of Igbokwe [3], Liu [4], Moore and
Nnoli [6] and Osilike [7].

2. Preliminaries

In the sequel, we shall make use of the following lemmas.

Lemma 2.1. ([1]) Let E be a real normed linear space. Then for all x, y ∈ E
and for j(x− y) ∈ J(x− y) the following inequality holds:

‖x + y‖2 6 ‖x‖2 + 2 〈y, j(x + y)〉 .

Lemma 2.2. ([9]) Let {σn} and {βn} be sequences of nonnegative real numbers
satisfying the following inequality

βn+1 6 (1 + σn)βn, n > 0.

If
∑

n>0 σn < ∞ then limn→∞ βn exists and if there exists a subsequence of

{βn} converging to 0, then limn→∞ βn = 0.

The following result is the special case of Lemma 2.1 proved by Igbokwe [3].

Lemma 2.3. ([3]) Let E be a normed linear space and K a non-empty convex
subset of E. Let T : K → K be an uniformly L-Lipschitzian mapping and let
{αn} be a sequence in [0, 1]. For arbitrary x1 ∈ K, generate the sequence {xn}
by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1.

Then

‖xn − Txn‖ ≤ ‖xn − Tnxn‖+ L(1 + L)(1 + L+ L2)
∥∥xn−1 − Tn−1xn−1

∥∥ .
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3. Main results

We now prove our main results.

Lemma 3.1. Let E be an arbitrary Banach space and K a non-empty convex
subset of E. Let T : K → K be an uniformly L-Lipschitzian asymptotically
demicontractive mapping with a sequence {kn} ⊆ [1,∞), such that lim

n→∞
kn = 1.

For arbitrary x1 ∈ K, generate the sequence {xn} by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1, (3.1)

where {αn} is a real sequence in [0, 1] satisfying
(i)
∑∞

n=1 αn =∞, (ii) lim
n→∞

αn = 0. Then

(a) the sequence {xn} is bounded,
(b) lim infn→∞ ‖xn+1 − Tnxn+1‖ = 0,
(c) lim infn→∞ ‖xn − Tnxn‖ = 0,
(d) lim infn→∞ ‖xn − Txn‖ = 0.

Proof. Since T is asymptotically demicontractive, then

〈x− Tnx, j(x− x∗)〉 ≥ 1

2
(1− k) ‖x− Tnx‖2 − 1

2
(k2n − 1) ‖x− x∗‖2

and hence

‖x− Tnx‖ 6
√

(2 ‖x− Tnx‖+ (k2n − 1) ‖x− x∗‖) ‖x− x∗‖
1− k

.

Therefore, by the triangle inequality,

‖x− x∗‖ 6 ‖Tnx− x∗‖+

√
(2 ‖x− Tnx‖+ (k2n − 1) ‖x− x∗‖) ‖x− x∗‖

1− k
.

Now we shall prove that

lim inf
n→∞

‖xn+1 − Tnxn+1‖ = 0. (3.2)

If xn = Txn for all n > m for some m ∈ N, then (3.2) trivially holds, as we
have for all n > m

‖xn+1 − Tnxn+1‖ = ‖xn+1 − TnTxn+1‖ =
∥∥xn+1 − Tn+1xn+1

∥∥ = 0.

Suppose now that there exists the smallest positive integer n0 such that xn0
6=

Txn0
. Put

a0 :=

‖Tn0xn0
−x∗‖+

√(
2 ‖xn0

− Tn0xn0
‖+ (k2n0

− 1) ‖xn0
− x∗‖

)
‖xn0

− x∗‖
1− k

+1.

Then clearly
‖xn0

− x∗‖ 6 a0. (3.3)

To prove that lim infn→∞ ‖xn+1 − Tnxn+1‖ = 0, we shall assume, to the
contrary, that
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lim infn→∞ ‖xn+1 − Tnxn+1‖ = 2δ > 0. Then there exists n′0 ∈ N such
that ‖xn+1 − Tnxn+1‖ > δ for all n > n′0. Also, by lim

n→∞
kn = 1 and (ii), we

may suppose that

αn ≤ min

{
1

2(1 + L)
,

(1− k)δ2

16(1 + L)2a20

}
, k2n − 1 ≤ (1− k)δ2

16a20
for all n > n′0.

(3.4)
We now show that the sequence {xn} is bounded. By induction we shall

show that

‖xn − x∗‖ 6 a0 for all n > n′0. (3.5)

It is clear that (3.5) holds for n = n0. Assume that it is true for some n >
N := max{n0, n′0}, that is, ‖xn − x∗‖ 6 a0 for some n > N . Then

‖xn − Tnxn‖ ≤ ‖xn − x∗‖+ ‖Tnxn − x∗‖
≤ (1 + L) ‖xn − x∗‖
≤ (1 + L)a0

and by the recursion formula (3.1),

‖xn+1 − x∗‖ = ‖(1− αn)xn + αnT
nxn − x∗‖

= ‖xn − x∗ − αn(xn − Tnxn)‖
6 ‖xn − x∗‖+ αn ‖xn − Tnxn‖
6 a0 + (1 + L)a0αn

6 2a0.

(3.6)

On the other hand, by Lemma 2.1,

‖xn+1 − x∗‖2 = ‖(1− αn)xn + αnT
nxn − x∗‖2

= ‖xn − x∗ − αn(xn − Tnxn)‖2

6 ‖xn − x∗‖2 − 2αn 〈xn − Tnxn, j(xn+1 − x∗)〉

= ‖xn − x∗‖2 − 2αn 〈xn+1 − Tnxn+1, j(xn+1 − x∗)〉
+ 2αn 〈Tnxn − Tnxn+1, j(xn+1 − x∗)〉
+ 2αn 〈xn+1 − xn, j(xn+1 − x∗)〉 .

(3.7)

Hence by (1.2) with x = xn+1,

‖xn+1 − x∗‖2 6 ‖xn − x∗‖2 − (1− k)αn ‖xn+1 − Tnxn+1‖2

+
(
k2n − 1

)
αn ‖xn+1 − x∗‖2

+ 2(1 + L)αn ‖xn+1 − xn‖ ‖xn+1 − x∗‖ .
(3.8)

Since
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‖xn+1 − xn‖ = ‖(1− αn)xn + αnT
nxn − xn‖

= αn ‖xn − Tnxn‖
≤ (1 + L)a0αn,

from (3.8), we get

‖xn+1 − x∗‖2 6 ‖xn − x∗‖2 − (1− k)αn ‖xn+1 − Tnxn+1‖2

+
(
k2n − 1

)
αn ‖xn+1 − x∗‖2

+2(1 + L)2a0α
2
n ‖xn+1 − x∗‖ .

Then, by (3.6) and (3.4),

‖xn+1 − x∗‖2 6 ‖xn − x∗‖2 − (1− k)δ2αn

+4a20
[(
k2n − 1

)
+ (1 + L)2αn

]
αn

6 ‖xn − x∗‖2 − (1− k)δ2αn +
1

2
(1− k)δ2αn

and hence

‖xn+1 − x∗‖2 6 ‖xn − x∗‖2 −
1

2
(1− k)δ2αn. (3.9)

Thus ‖xn+1 − x∗‖ ≤ ‖xn − x∗‖ ≤ a0 and so we proved (3.5). Therefore, we
proved (a).

From (3.9), we have that for every r > N ,

1

2
(1− k)δ2

r∑
n=N

αn 6
r∑

n=N

(‖xn − x∗‖2 − ‖xn+1 − x∗‖2)

6 ‖xN − x∗‖2 .
Hence we have

∑∞
n=1 αn < ∞, a contradiction with the condition (i). There-

fore, our assumption δ > 0 is wrong. Thus

lim inf
n→∞

‖xn+1 − Tnxn+1‖ = 0.

Therefore, we proved (b).
Now according to Lemma 2.1, substituting x = u+v and y = −v, we obtain

‖u+ v‖2 ≥ ‖u‖2 + 2 〈v, j(u)〉 , (3.10)

which is mainly due to Igbokwe [3].
By (3.1) we have

‖xn+1 − Tnxn+1‖2 = ‖(1− αn)xn + αnT
nxn − Tnxn+1‖2

= ‖xn − Tnxn − αn (xn − Tnxn)− (Tnxn+1 − Tnxn)‖2 .
Then by (3.10) we get

‖xn+1 − Tnxn+1‖2 ≥ ‖xn − Tnxn‖2

−2 〈αn (xn − Tnxn) + (Tnxn+1 − Tnxn) , j(xn − Tnxn)〉 .



ON ASYMPTOTICALLY DEMICONTRACTIVE MAPPINGS 575

Thus

‖xn − Tnxn‖2 ≤ ‖xn+1 − Tnxn+1‖2

+ 2 〈αn (xn − Tnxn) + (Tnxn+1 − Tnxn) , j(xn − Tnxn)〉

≤ ‖xn+1 − Tnxn+1‖2

+ 2 ‖αn (xn − Tnxn) + (Tnxn+1 − Tnxn)‖ ‖xn − Tnxn‖ ,
(3.11)

Furthermore,
‖αn (xn − Tnxn) + (Tnxn+1 − Tnxn)‖
≤ αn ‖xn − Tnxn‖+ ‖Tnxn+1 − Tnxn‖
≤ (1 + L)a0αn + L ‖xn+1 − xn‖
≤ (1 + L)a0αn + L(1 + L)a0αn

= (1 + L)
2
a0αn.

Therefore, from (3.11), we get

‖xn − Tnxn‖2 ≤ ‖xn+1 − Tnxn+1‖2 + 2 (1 + L)
3
a20αn. (3.12)

From (3.12), (ii) and (b),

lim
n→∞

inf ‖xn − Tnxn‖ = 0. (3.13)

Thus we proved (c).
At last, from (3.13) and Lemma 2.3, we obtain (d). �

Theorem 3.2. Let E be an arbitrary Banach space and K a non-empty convex
subset of E. Let T : K → K be uniformly L-Lipschitzian asymptotically demi-
contractive mapping with a sequence {kn} ⊆ [1,∞), such that lim

n→∞
kn = 1. For

arbitrary x1 ∈ K, let a sequence {xn} be generated as follows:

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1,

where {αn} is a real sequence in [0, 1] satisfying (i)
∑∞

n=1 αn =∞, (ii) lim
n→∞

αn =

0. If T is completely continuous, then {xn} converges strongly to some fixed
point of T in K.

Proof. From Lemma 3.1, lim
n→∞

inf ‖xn − Txn‖ = 0. Therefore, there exists a

subsequence {xnj
} of {xn} such that lim

j→∞

∥∥xnj
− Txnj

∥∥ = 0. Since {xnj
} is

bounded and T is completely continuous, {Txnj} has a subsequence {Txnjk
}

which converges strongly. Hence {xnjk
} converges strongly. Let lim

k→∞
xnjk

= p.

Then lim
k→∞

Txnjk
= Tp. Thus we have lim

k→∞

∥∥∥xnjk
− Txnjk

∥∥∥ = ‖p− Tp‖ = 0.

Hence p ∈ F (T ). From (3.9) and Lemma 2.2 it follows that lim
k→∞

‖xn − p‖ = 0.

This completes the proof. �
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Corollary 3.3. Let E be an arbitrary Banach space and K a nonempty convex
subset of E. Let T : K → K be an uniformly L-Lipschitzian asymptotically
demicontractive mapping with a sequence {kn} ⊆ [1,∞), such that lim

n→∞
kn = 1.

For arbitrary x1 ∈ K, let a sequence {xn} be generated by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1,

where {αn} is a real sequence in [0, 1] satisfying (i)
∑∞

n=1 αn =∞, (ii) lim
n→∞

αn =

0. Then {xn} converges strongly to some fixed point of T in K.

Corollary 3.4. Let E be an arbitrary Banach space and K a nonempty convex
subset of E. Let T : K → K be a k-strictly asymptotically pseudo-contractive
mapping with F (T ) 6= ∅ and a sequence {kn} ⊆ [1,∞), such that lim

n→∞
kn = 1.

For arbitrary x1 ∈ K, let a sequence {xn} be generated by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1,

where {αn} is a real sequence in [0, 1] satisfying (i)
∑∞

n=1 αn =∞, (ii) lim
n→∞

αn =

0. Then lim
n→∞

inf ‖xn − Txn‖ = 0.

Proof. Following Igbokwe [3], we obtain

‖(I − Tn)x− (I − Tn)y‖ ‖x− y‖

≥ 1

2
[(1− k) ‖(I − Tn)x− (I − Tn)y‖2 − (k2n − 1) ‖x− y‖2]

=
1

2
[
√

1− k ‖(I − Tn)x− (I − Tn)y‖

+
√
k2n − 1 ‖x− y‖] · [

√
1− k ‖(I − Tn)x− (I − Tn)y‖ −

√
k2n − 1 ‖x− y‖]

≥ 1

2
[
√

1− k ‖(I − Tn)x− (I − Tn)y‖]

[
√

1− k ‖(I − Tn)x− (I − Tn)y‖ −
√
k2 − 1 ‖x− y‖].

Hence
1

2

√
1− k[

√
1− k ‖(I − Tn)x− (I − Tn)y‖]−

√
k2 − 1 ‖x− y‖ ≤ ‖x− y‖ .

Thus

‖(I − Tn)x− (I − Tn)y‖ ≤ [
2 +

√
(1− k)(k2n − 1)

1− k
] ‖x− y‖ .

Furthermore,

‖Tnx− Tny‖ − ‖x− y‖ ≤ ‖(I − Tn)x− (I − Tn)y‖

≤ [
2 +

√
(1− k)(k2n − 1)

1− k
] ‖x− y‖ .

Hence we get

‖Tnx− Tny‖ ≤ [1 +
2 +

√
(1− k)(k2n − 1)

1− k
] ‖x− y‖ .
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Since {kn} is bounded, kn ≤M, ∀n ≥ 1 for some M . Then

‖Tnx− Tny‖ ≤ [1 +
2 +

√
(1− k)(M2 − 1)

1− k
] ‖x− y‖

≤ L ‖x− y‖ ,
where

L = 1 +
2 +

√
(1− k)(M2 − 1)

1− k
.

Hence T is uniformly L-Lipschitzian. Since F (T ) 6= ∅ and T is asymptotically
demicontractive, the result follows from Lemma 3.1. �

Corollary 3.5. Let E be an arbitrary Banach space and K a nonempty convex
subset of E. Let T : K → K be a k-strictly asymptotically pseudo-contractive
mapping with F (T ) 6= ∅ and a sequence {kn} ⊆ [1,∞), such that lim

n→∞
kn = 1.

For arbitrary x1 ∈ K, let a sequence {xn} be generated by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1,

where {αn} is a real sequence in [0, 1] satisfying (i)
∑∞

n=1 αn =∞, (ii) lim
n→∞

αn =

0. Then {xn} converges strongly to some fixed point of T in K.

Corollary 3.6. Let E be an arbitrary Banach space and K a nonempty convex
subset of E. Let T : K → K be a k-strictly asymptotically pseudo-contractive
mapping with F (T ) 6= ∅ and a sequence {kn} ⊆ [1,∞), such that lim

n→∞
kn = 1.

For arbitrary x1 ∈ K, let a sequence {xn} be generated by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1,

where {αn} is a real sequence in [0, 1] satisfying (i)
∑∞

n=1 αn =∞, (ii) lim
n→∞

αn =

0. Then {xn} converges strongly to some fixed point of T in K.

Remark 2. Theorem 3.2 improves the results of Igbokwe [3], Liu [4], Moore
and Nnoli [6] and Osilike [7].
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