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ABSTRACT

The problem of jointly determining a robust optimal bundle of price and order quantity for a retailer in a single-
retailer, single supplier, single-product supply chain is considered. Demand is modeled as a decreasing power function
of product price, and unit purchasing cost is modeled as a decreasing power function of order quantity and demand.
Parameters defining the two power functions are uncertain but their possible values are characterized by ellipsoids.
We extend a previous study in two ways; the purchasing cost function is generalized to take into account the econo-
mies of scale realized by higher product demand in addition to larger order quantity, and an exact transformation into
an equivalent convex optimization program is developed instead of a geometric programming approximation scheme

proposed in the previous study.
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1. INTRODUCTION

The purpose of this short note is to revisit and ex-
tend the work of Lim (2008) which proposes a robust
pricing and lot-sizing model and a solution method based
on geometric programming (GP) approximation. We ex-
tend his work in two ways; the purchasing cost function
is generalized to take into account the effect of econo-
mies of scale realized by higher product demand in addi-
tion to larger order quantity, and an exact transformation
of the model into an equivalent convex optimization pro-

gram is developed instead of the GP approximation scheme.

We consider a two-stage supply chain that consists
of a single-retailer and a single-supplier in which the
retailer seeks to maximize its own profit by determining
an optimal order quantity and unit selling price of a sin-
gle product. The product is assumed to be commodity-
like so that its demand is stable (but not constant) and
can be boosted by lowering its unit selling price; the
lower the price, the higher the demand. This consump-
tion-side relationship can be modeled by describing de-
mand for the product as a decreasing power function of

unit selling price. It is also assumed that the supplier
offers continuous all-unit quantity discounts schedule to
the retailer; the larger the order quantity, the lower the
unit purchasing cost. Furthermore, higher demand con-
tributes to the economies of scale in production and helps
reduce the manufacturer’s production costs. This in turn
effectively reduces the retailer’s purchasing cost. Con-
sidering these two effects, unit purchasing cost can be
modeled as a decreasing power function of both order
quantity and product demand. Note that Lim (2008)
does not consider the effect of product demand on unit
purchasing cost.

There have been many studies which investigated
the problem of jointly determining an optimal bundle of
price and order quantity described above. For some of
those, we refer the reader to Abad (1988, 1996, 2003),
Dye (2007), Goh and Moosa (2002), Jergensen and Kort
(2002), and Viswanathan and Wang (2003). However,
to the best of our knowledge, there are few studies
which deal with uncertainties involved in the model’s
parameters. This is in part due to the fact that EOQ-type
lot-sizing models are very insensitive to the variation of
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parameters (Yu, 1997). While this is true for parameters,
such as ordering cost, inventory carrying cost rate,
which are coefficients of linearly added cost terms, any
uncertainties in the exponents of the demand and unit
purchasing cost functions can have a significant impact
on the model’s optimal solution. This necessitates a de-
velopment of relevant models like one in a recent study
of Lim (2008), and we intend to extend his work.

This short note is organized as follows. We first in-
troduce our model in Section 2, followed by its trans-
formation into an equivalent convex program in Section
3. Section 4 concludes the paper by providing some re-
marks.

2. MODEL

The retailer’s profit (7(P, Q)) per unit time is de-
fined as revenue minus ordering cost, inventory holding
cost, and purchasing cost:

(P, Q):PDfsgfic%ch )

where P and Q are the decision variables representing
unit selling price and order quantity, respectively, s is
ordering cost, i is inventory carrying cost rate per unit
time, ¢ is unit purchasing cost, and D is demand for the
product per unit time.

Product demand is assumed to be a decreasing func-
tion of product price with constant elasticity; i.e., D=
kP, where k> 0 and o > 0 are parameters. Unit pur-
chasing cost is also assumed to be a decreasing function
of both demand and order quantity; i.e., c=rQ "D,
where » > 0, f > 0 and x4 > 0 are parameters. Since
D =P, the unit purchasing cost function can be re-
written as ¢ =rQ k" P" =wQ °P", where w>0, >0
and y > 0 are parameters. Although a certain choice of
parameter values may make the problem of maximizing
the retailer’s profit unbounded (see Lee (1993)), such a
choice is assumed to be avoided. Except for the assump-
tion of constant demand and constant unit cost, the same
assumptions of the classical economic order quantity
(EOQ) model are made: instantaneous replenishment, no
stock-outs, and a fixed ordering cost.

By incorporating the demand function and the pur-
chasing cost function into (1), we get the following un-
constrained optimization problem for the retailer who
seeks to maximize its profit:

max 7= kP —skP°Q ™' —0.5iwQ "' P" 2)

_kWP—aJr', Q—d

Because of its negative coefficients in the objective, this
optimization problem is in its current form a signomial
program, which is nonconvex and may require an ex-
haustive search to secure a globally optimal solution.

However, since the signomial function in (2) involves
only one positive coefficient, it can be transformed into
a geometric program assuming all the variables are posi-
tive as follows (Duffin et al., 1967):

min 7'
7,P,0
st sPT'Q7' 4+ 0.5iwk Pt ?3)

+wP 'O + kT 'wP T <1

Note that model (3), via a transformation into a convex
program, can be solved to global optimality efficiently
and reliably using interior-point methods (Boyd and
Vandenberghe, 2004).

We now proceed to incorporate an uncertainty of
the parameters &, a, w and y defining the demand and
purchasing cost functions into model (3). Note that we
assume that the other parameters, such as s, i, f, have
certain values. In particular, it is not unrealistic to as-
sume that the value of f is certain since it is usually dic-
tated by the quantity discounts offered by the supplier.
We further assume that the uncertainty of the parameters
can be characterized by ellipsoids as follows:

log k
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where M =R and H € R** are real symmetric posi-

logk] and

-‘er:Hszgl, ve%zj “)

+Hu:HuH2§1, ue%z} %)

log w
® | are con-

5
stant vectors defining the centers of the ellipsoids, F and
G, respectively. A justification of ellipsoidal representa-
tion of the parameter uncertainties will be given in the
next section. Then, a (worst-case) robust optimization
version of the problem can be formulated as follows:

tive definite matrices, and
«

min 7'

w,P,0

st. sP'O7' 4+ max (k'wP*! 6)
(log k,a)eF
(log w,7)eG

+0.5iwk ' Pt
+wP'0 ") <1

Note that it is implicitly assumed that the decision
variables take on positive values. Model (6) is the prob-
lem of our interest and, to make it tractable, a special
treatment is needed, the details of which will be pre-
sented in the next section.

3. ESTIMATION OF PARAMETERS AND
THEIR UNCERTAINTIES

Although it is a generally accepted approach to use
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power functions for modeling the demand and purchas-
ing cost functions under continuous quantity discounts
and price-sensitive product demand, it is not practically
simple how to obtain the values of these functions’ pa-
rameters. A convenient approach for getting the parame-
ter values is to run a regression analysis on past sales (D
and P) and production data (Q, P and ¢) and obtain least-
squares estimates. Two monomial fittings are required;
one is for the demand function D= kP and the other is
for the purchasing cost function ¢ = wQ’P”. Monomial
fitting can be done via linear regression after taking loga-
rithm on the underlying function. Suppose we are given
price-demand data pairs (P‘”, D(’)), i=1, -, n The
goal is to fit the data with a monomial D=#4P™". It is
needed to find £ > 0 and a so that k(P”) ™ ~ DY, i=1,
=, n. Let p? =logP", d’ =log D and replace k(P")™
~ D" with log k e”w) ~d", to get log k—ap?” ~d?,
i=1, -+, n. We can use simple linear regression to find
estimates for log & (intercept) and a (slope) based on
least squares given the data (p‘”, d“"), i=1, -, n. The
same procedure can be undertaken to get estimates for
log w and y.

While regression estimates for the parameters are
certain values for a particular sample data set, these val-
ues are subject to sampling errors. In other words, re-
gression estimators are statistics and thus random vari-
ables; different estimates can be obtained from different
sample data sets. Since small variations in the values of
parameters such as price elasticity can have a significant
impact on model solution, it is needed to take into ac-
count any statistical errors of regression estimates which
may be caused by model misfit, unconsidered factors,
observation errors, and so on. This consideration neces-
sitates the development of a way of incorporating pa-
rameter uncertainty into the model.

It is well known that the least-squares estimators
for intercept and slope in a simple linear regression are
jointly normally distributed random variables and there
exists a non-positive correlation between them, when
the sample size is sufficiently large (See Lim (2008) and
statistics texts for a more detail). For a pair of two join-
tly normally distributed random variables, it is quite na-
tural to represent their uncertainty with ellipsoids. When
we plot lots of randomly generated incidences of the two
random variables, it can be easily observed that an ellip-
soidal shape is formed. For a more discussion of ellip-
soidal representation of parameter uncertainty, refer to
Lim (2007).

Now take a look at the ellipsoids F and G, given in
log w
i
can be replaced by regression estimates for the corre-
sponding parameters obtained from a particular sample
data set. These two constant vectors determine the cen-
tral locations of the two ellipsoids, and any functional
dependency between £ and w (a and y) is taken into ac-
count by this. On the other hand, Mv and Hu represent

and

>

(4) and (5). The constant vectors, [Ing
«

any statistical errors of regression estimates incurred in
the two (independent) monomial fittings, respectively.
Therefore, within the two ellipsoids F and G, the two
log k log w
&% and [ g
o v
ered to vary independently with each other. This consid-

eration provides a logical support for the main results
presented in the subsequent section.

parameter vectors can be consid-

4. MAIN RESULTS

In this section we show that model (6) can be trans-
formed into an equivalent convex optimization program.
First let us examine the maximization part in the con-
straint of model (6), which can be rewritten as follows:

max kP (m 4+ twP?) 4 zwP? 7
(log k,a)eF
(log w,7)EG

where t:=0.5/0 """ and z:= P'Q"? are constants. Let-
ting f"(P):= max k' P! and ¢"(P):=max,, .,

wP", we get the following lemma adapted from Lim
(2008).
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Proof: By applying logarithm, log(/"(P)) can be de-
termined by solving the following equivalent problem:

log(f"(P)) = max (a —)log P—log k

log k
sit. [Og _ |logk +M[V']
a v,

(¢4
. <1

Substituting the equality constraint into the objective func-
tion, we get

log(f"(P)) = max (—1 logP)|'°® k]

vl
+(—1log P)M| "|—log P

V2

s.t. HVHZ <1
the optimal value of which is
. logk ~1
log(/"(P) = (~1 logP)| "% |4 |as” “log P,
a log P X

hence the result. The case for g'(P) can be derived in
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the same way. [ | e TDpfatitloemy (10)
—1
Observe that the maximizations of £ 'P*' and wP” M T[ <x
in (7) can be done independently due to the fact that Pl
and G are independent as claimed in the previous sec- o 1 <
tion. Therefore, model (6) reduces to the following mo- gl — 4
2

del (8) due to Lemma 1.

min 7
7,P,0

st sPT'Q7 4 (1 4 0.5i0 ) (8)
+P*1Q*rielog(g*(l’)) <1

Proposition 1: Model (8) can be transformed into an eq-
uivalent convex optimization program.

Proof: First ¢V @ and "“%¢ ) can be rewritten as
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where k' =¢ ™ and w=¢"t". By introducing two new

eerl, g S s

. . log P log P
variables, x and y, for replacing ¢/ "% and ' ™*

respectively, in the objective, we get the following
model (9) which is equivalent to model (8):
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By change of variables, p .= log P, g :=log O, ¢ =
log w, x :=log x, ¥ =1log y, model (9) is transformed
into model (10):

min —¢
P> 4,05 X:9
—p—q+1 a-p+¢ logk ™"
s.t. log(e prqtlogs 4 (@ )ptodtxtlog

+e(a+771)p+(—3+1)q+x+u+log(0.5iW’l? b

The first inequality in (10) is a so-called log-sum-
exp function which is known to be convex and the sec-
ond and third constraints are second-order cone con-
straints which are also known to be convex (see Boyd
and Vandenberghe (2004)), hence the result. |

5. CONCLUDING REMARKS

We have investigated the problem of jointly deter-
mining a robust optimal bundle of price and order quan-
tity for the retailer with significant uncertainties in-
volved in the parameters defining the demand and pur-
chasing cost functions. We have shown that the problem
can be transformed into an equivalent convex optimiza-
tion program, which can be efficiently and reliably
solved to global optimality using interior-point methods.
High-quality convex optimization software such as cvx
(Grant and Boyd, 2010) is available, and it is a fairly
easy task to solve model (10). As a short note, this paper
lacks an extensive computational experiment to investi-
gate the model’s behavior and leaves it for a possible
further research topic.
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