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ABSTRACT

Set covering has widely been accepted as a staple tool for feature selection in data mining. We present a generalized
version of this classical combinatorial optimization model to make it better suited for the purpose and propose a surrogate
relaxation-based procedure for its meta-heuristic solution. Mathematically and also numerically with experiments on
25 set covering instances, we demonstrate the utility of the proposed model and the proposed solution method.
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1. INTRODUCTION

Let us define a general set covering problem (hen-
ceforth, (gSC)) with multiplicity & as the problem of
covering each of the m 0-1 constraints & times at mini-
mum cost. That is, we consider

(gSC) min {ch :Ax >k, x € {0, 1}”} ,
where ¢ is a positive integer vector of order n, A is a
matrix of Os and s, and k' = [k, k, -, k], where k is an
integer larger than or equal to 1.When k£ = 1, (gSC) re-
duces to a standard set covering (SC) problem, which
has been extensively researched in the literature. When
ke R and c € R, (gSC) generalizes to a problem known
as the multi-covering problem (e.g., Dantzig, 1954; Hall
and Hochbaum, 1979).

In data mining, a need arises for identifying a small
subset of the features, called support features, that de-
scribes the data on hand without contradiction. In brief,
the features in data mining take the role of decision vari-
ables when the classification problem is formulated as
an optimization problem. Therefore, the degree of diffi-
culty associated with finding an accurate classification

theory is closely related to the number of support fea-
tures used. For support feature selection, which is a
combinatorial optimization problem in nature, set cover-
ing has widely been accepted as a staple tool (e.g.,
Boros et al., 1997; Boros et al., 2000), and the common
practice is to apply SC k& times in succession to ensure
selecting small but enough number of features for an
accurate analysis of data on hand (e.g., Boros et al.,
2000; Kim and Ryoo, 2008; Ryoo and Jang, 2009). In
short, support features are the building blocks of a clas-
sification theory and, therefore, the quality of a classifi-
cation theory can be said to be only as good as the qual-
ity of the features selected for use. We refer the reader
to Boros et al. (1997) for the importance and a more
background on feature selection in data mining and the
utility of SC for this combinatorial optimization problem.

Since the introduction in Dantzig (1954), multiset
covering has received little attention from the OR soci-
ety. As seen, however, (gSC) selects support features
based on combinatorial interplay among all variables,
hence is better suited for the purpose of support feature
selection in data mining than the standard approach of
using SC k times successively (e.g., Boros ef al., 2000;
Kim and Ryoo, 2008; Ryoo and Jang, 2009).
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In this short paper, we propose (gSC) for support
feature selection and illustrate its utility over the stan-
dard approach (henceforth, (sSC)) in Section 2. For
solving (gSC), we propose the standard subgradient op-
timization scheme, based on surrogate relaxation tech-
niques, and show that the surrogate dual provides tighter
lower bounds than the Lagrangian counterpart in Section
3. In Section 4, with experiments on 25 set covering
instances from the OR Library (e.g., Beasley, 1990),we
demonstrate the utility of (gSC) over (sSC) and also the
use of the surrogate relaxation-based solution method
for solving (gSC).

2. UTILITY OF (GSC) FOR FEATURE
SELECTION

Support feature selection in data mining is a com-
binatorial optimization problem (e.g., Boros et al., 1997).
In this section, with two small examples, we illustrate
the usefulness of (gSC) for support feature selection, in
comparison with (sSC), the standard approach in the
literature (e.g., Boros et al., 2000; Kim and Ryoo, 2008;
Ryoo and Jang, 2009).

2.1 Optimal vs. Non-optimal Solutions

Consider the feature selection instance in Table 1
with k£ = 2 and the unicost vector ¢=1.

Table 1. SC Matrix for Example in Section 2.1

Xy | X2 | X3 | X4 | X5 | Xe | X7 | Xg | Xo | Xio
Const. 1| 00| 0| 0] 1 1 1 110]0
Const.2 | 1|1 |0|1|0]O0O|1]0|0]O0
Const. 3 | 1 110j0|1(0]0]0]1 0
Const.4 | 0 | 1 1 rjojojojf1r{ofo
Const. 5|0 (0| 1]0]0]1 1101 1

When the corresponding (gSC) instance is solved,
we obtain an optimal solution x, = x3 = x5 = x; =1 with
the objective value 4.To help the reader with under-
standing, x; = 1 indicates that feature j is selected. When
(sSC) is used, the SC instance with the right-hand side
vector of 1s is solved the first time with all features con-
sidered. For this SC instance, we obtain x, = x¢ =1 as an
optimal solution. When the SC instance is solved the
second time, only the columns 1, 3,4, 5,7, 8, 9 and 10
are considered, and we obtain x; = x3 = x; =1 as an op-
timal solution. Now, putting the two solutions together,
we obtain via (sSC) a solution x; =x, =x3=xs =x7=1
with the objective value 5, which is just a feasible solu-
tion for (gSC). From this, and also comparing the solu-
tions by (gSC) and (sSC) while paying close attention to
the dissimilarity between them, one notes that the stan-

dard feature selection approach in data mining is not
truly combinatorial optimization-based and can easily
see the benefit of using (gSC) for support feature selec-
tion in data mining.

2.2 Feasibility vs. Infeasibility

Consider the instance in Table 2 with the objective
coefficient vector ¢"=[2111111] and k=2.

When the corresponding (gSC) instance is solved,
we obtain x; = x, = x3 = x4 = x5 = X = 1 with the objec-
tive value 7. When (sSC) is used, we obtain x, = x3 = x4
=1 from the first instance of SC but find that the second
SC instance without these three columns admits no fea-
sible solution.

Table 2. SC Matrix for Example in Section 2.2

X X, X3 Xy Xs Xg X7
Const. 1 1 0 0 1 0 0 0
Const. 2 1 0 0 1 0 0 0
Const. 3 0 1 0 1 0 0 0
Const. 4 0 1 0 0 1 0 0
Const. 5 0 0 1 0 0 1 0
Const. 6 1 0 1 0 0 0 1

In summary, the two examples of this section illus-
trate the utility of (gSC) for feature selection in data
mining well.

3. LAGRANGIAN AND SURROGATE
RELAXATIONS

3.1 Review and Duality Results

The Lagrangian and surrogate relaxations are re-
spectively defined for (gSC) for any A e R as

L) =min{(e’ —A"A)x+A'k: x€{0,1}"}
and
S(A) =min{(c"x: ATAXx > A"k, x € {0, 1} }.

For any AeR7, L(}) is fast solved by examining
the signs of (¢"-A"A) and fixing x;=1if (cj—kTN) <0and
0 otherwise, where A’ denotes the column in A corre-
sponding to x;. S(A) is also fast solved by fixing columns
in the increasing order of cj/kTAj values until the condi-
tion ATAx > A"k is satisfied (e.g., Beasley, 1990; Lorena
and Lopes, 1994). Therefore, any of the two relaxations
can be used for (gSC).

After a close examination, however, one notes that
S(A) handles (gSC) more relevantly than L(A) for the
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general case k£ > 1. In short, when L(A) is used for (gSC),
the same columns are selected and fixed at 1 regardless
of the value of k, as (¢"-A"A) is not affected by the value
of k. This is not the case with S(A) as additional columns
are needed to satisfy the feasibility condition A'Ax >
A"k when a larger value of & is used. This shows that the
surrogate relaxation is better suited for (gSC) than the
Lagrangian relaxation.

Furthermore, it is well-known that the surrogate re-
laxation provides tighter lower bounds than the Lagran-
gian counterpart (e.g., Greenberg and Pierskalla, 1979).
To see this, let v(s) denote the optimal value of an op-
timization problem « and define the Lagrangian dual of
(gSC) as

V(L) = max{L(A): AR} }
and the surrogate dual of (gSC) as

v(S) =max{S(rh): AeRT}.
Proposition: For any A e RT, S(A) > L(4).
Proof: We have

L(A) = min {c¢"x+A"(k-Ax)}
< min {¢'x+A"(k-Ax): A"(k-Ax) <0}
<min {¢'x: A"(k-Ax) < 0}
=S()

for (gSC) that is in minimization form. |

Corollary: The surrogate dual provides a tighter lower
bound for (gSC) than the Lagrangian dual; that is, v(S)
>v(L).

3.2 Proposed Algorithm

Based on results of the previous subsection, we pro-
pose the surrogate method for (gSC). For comparative
experiments of the following section, however, we
sketch two algorithms based on the Lagrangian as well
as surrogate relaxations for lower bounding but with the
same subgradient optimization framework and a primal
heuristic procedure for building a cover (a feasible solu-
tion to (gSC)) on the dual solution provided by the two
relaxation methods. These algorithms are summarized
below.

procedure Lagrangian and surrogate (proposed) method
- initialize UB = +o0, LB=-0and ) =min_, fcj /‘ I, ‘}
Vi
- set iteration counter to 1.
while (UB-LB > 1 or iteration time < 5,000) do
- solve L(A) or S(A).
- if L(A) or S(A) is larger than LB, update LB.
- construct a cover with by the primal-heuristic.
- if the cover found provides a lower UB, update UB.

- update A by the subgradient method.
- increase the iteration counter to 1 larger.
end while

In the algorithms above, UB and LB indicate the
upper and lower bounds on the optimum of (gSC), J;
denotes the index set of the features that covers con-
straint 7, and /; denotes the index set of the constraints
that selecting feature j (that is, setting x; = 1) covers. The
initialization scheme for L owes to Beasley (1987) and
Caprara ef al. (1999), and the primal heuristic we use is
(a simple modification of) the textbook greedy heuris-
tic(e.g., Chvatal, 1979; Nemhauser and Wolsey, 1999)
that selects additional columns one at a time by the
minimum ratio of ¢/(I; N M,) until every constraint is
covered at least k£ times, where M, denotes the index set
of currently uncovered constraints. For more details on
the Lagrangian and surrogate duals and/or the subgradi-
ent optimization, we refer the reader to the aforemen-
tioned references. Last, we recall that, when £ = 1,
(gSC) reduces to the standard SC model, hence the pro-
cedure above become one for solving SC instances.

4. NUMERICAL EXPERIMENTS: PRELIMI-
NARYRESULTS AND DISCUSSIONS

In this section, we demonstrate the efficacy of (gSC)
over (sSC),the standard feature selection approach in the
literature, and compare the performance of the Lagran-
gian and surrogate methods for (gSC).For experiments,
we used 25 small to medium size test SC problems from
Beasley (1990); namely, scp41-scp410, scp51-scp510 and
scp61-scp65.We randomly chose and used & = 2 for (sSC)
and (gSC) in these experiments and solved all instances
of SC (for (sSC)) and (gSC) on an Intel i5 2-core note-
book with 2.6 GB of memory. C++ was used for all im-
plementations. We refer the reader to Beasley(1990) for
more information on the 25 SC problems.

4.1 (sSC) vs. (gSC)

Table 3 summarizes the results of by the surrogate
method for (sSC) and (gSC) and presents the better of
the two results by the two set covering approaches for
UB and the gap (UB-LB) for each instance in bold
numbers for easy referencing.

In this table, ‘Iter’. indicates when the best solution
yielding the UB was found, ‘Gap’ is the difference bet-
ween the best UB and LB, and ‘Time’ is the CPU seconds
spent for solving the corresponding problem. Here, we
mean by ‘solving” when the gap is closed or the maxi-
mum 5000 iteration limit is reached for the problem.

The results in Table 3 support that (gSC) is supe-
rior to (sSC) by all measures used to compare their per-
formance. The only exception is the time; as one can see,
(gSC) requires a little more time, but the difference does
not seem to be significant, statistically.
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Table 3. Comparison of (sSC) and (gSC)

(sSO) (g80)

Data

LB UB Iter. Gap Time| LB UB Iter. Gap Time
Scp41 | 1301.56 1316 650 14 1.4 [1139.71 1150 2417 10 1.7
Scp42 | 137790 1394 3687 16 1.4 [1204.65 1205 301 0 0.2
Scp43 | 1376.76 1403 174 26 1.4 |1205.84 1215 2997 9 1.6
Scp44 | 1340.00 1360 1213 19 1.7 [1182.69 1185 983 2 1.7
Scp45 | 1415.02 1464 2941 48 1.4 [1260.53 1267 2402 6 1.6
Scp46 | 1539.51 1616 1807 76 1.7 [1343.05 1349 1257 5 1.7
Scp47 | 1277.77 1310 3428 32 1.5 |[1114.06 1115 123 0 1.0
Scp48 | 1368.60 1404 3222 35 1.7 [1210.13 1232 3548 21 1.6
Scp49 | 1608.57 1628 1423 19 1.7 [1484.02 1485 251 0 0.2
Scp410| 1522.66 1533 4274 10 1.7 [1353.41 1356 1302 2 1.6
Scp51 | 656.74 675 1449 18 3.2 | 57732 579 2875 1 3.1
Scp52 | 74579 759 1102 13 32 | 666.44 685 2519 18 3.1
Scp53 | 61449 626 3934 11 2.7 | 569.44 579 2239 9 32
Scp54 | 663.25 685 1962 21 32 | 57646 590 4148 13 3.1
Scp55 | 62721 629 186 1 02 | 54801 550 249 1 3.1
Scp56 | 633.94 642 638 8 2.7 |556.16 561 3044 4 32
Scp57 | 81034 818 3770 7 3.2 | 69133 696 1578 4 3.1
Scp58 | 739.57 754 4018 14 3.1 | 65995 664 1542 4 3.1
Scp59 | 778.75 785 1237 6 32 | 67976 690 809 10 3.1
Scp510| 729.36 747 3673 17 2.6 | 669.16 677 2200 7 3.1
Scp61 | 344.84 370 1015 25 22 (27620 283 663 6 22
Scp62 | 35944 387 1645 27 22 (29647 302 143 5 23
Scp63 | 372.08 406 1555 33 22 |30892 313 1333 4 23
Scp64 | 34536 365 1287 19 2228586 294 56 8 23
Scp65 | 390.51 419 2311 28 22 | 34643 359 1718 12 23

4.2 Lagrangian vs. Surrogate Methods

We summarize the results by the Lagrangian and

surrogate methods for (gSC) in Table 4 and indicate the
better of the results by the two relaxation methods for
LB, UB and the gap between them for each instance in
bold numbers.

Table 4. Comparison of Lagrangian and Surrogate Methods

(sSC) (gSC)

Data

LB UB Iter. Gap Time| LB UB TIter. Gap Time
Scp41 | 1137.86 1154 2267 16 1.0 [1139.71 1151 1788 11 2.0
Scp42 | 1203.44 1205 2371 1 1.1 (120459 1205 216 0 03
Scp43 | 1203.65 1213 4817 9 1.0 [1205.68 1214 726 8 2.0
Scp44 | 1181.04 1185 1234 3 1.0 [1182.70 1185 167 2 2.0
Scp45 | 125935 1267 1639 7 1.0 [126049 1267 670 6 2.0
Scp46 | 1340.58 1350 1550 9 1.1 [1343.05 1349 1694 5 2.0
Scp47 | 111259 1115 894 2 1.0 [1114.02 1115 75 0 14
Scp48 | 120893 1231 3514 22 1.1 [1210.06 1230 2451 19 2.0
Scp49 | 1482.46 1485 1203 2 1.0 [1484.12 1485 267 0 04
Scp410| 135136 1356 1179 4 1.0 |1353.18 1356 718 2 20
Scp51 | 576.86 579 1159 2 1.6 | 57732 579 1578 1 3.6
Scp52 | 665.82 683 876 17 1.7 | 66644 681 3832 14 3.5
Scp53 | 568.78 577 3552 8 1.7 | 569.34 575 1308 5 3.7
Scp54 | 576.17 588 1045 11 1.7 | 57646 590 3162 13 3.7
Scp55 | 546.79 550 684 3 14 54802 550 60 1 3.6
Scp56 | 555.84 560 2130 4 1.6 | 556.16 561 898 4 3.7
Scp57 | 690.61 695 2314 4 1.5 | 691.33 695 1049 3 37
Scp58 | 659.22 664 971 4 1.5 | 65995 664 682 4 39
Scp59 | 679.02 688 3997 8 1.6 | 679.76 687 2455 7 3.7
Scp510| 668.40 673 996 4 1.6 | 669.16 672 2082 2 44
Scp6l | 276.24 283 1785 6 19 |27620 283 287 6 25
Scp62 | 29646 302 1697 5 19 | 29646 302 104 5 35
Scp63 | 30893 313 2145 4 1.8 |30891 313 553 4 28
Scp64 | 285.73 294 4505 8 1.8 | 28586 294 299 & 28
Scp65 | 34635 354 3389 7 2.0 | 34639 354 63 7 26

First, we see in this table that the surrogate method
provides better lower bounds for 23 (gSC) instances and
better upper bounds for 7 (gSC) instances while the La-
grangian method provides better UB for 3 instances.
When the gaps are compared, the surrogate method per-
forms better or equally well on all but one instance.
Mathematically, we showed in Section 3.1 that the sur-
rogate relaxations provide tighter lower bounds than the
Lagrangian counterparts. The numerical evidence in
Table 4 supports this and illustrates other advantages of
the surrogate method that are related to this.

In terms of CPU time, the Lagrangian method
seems to be about twice more efficient than its counter-
part with an exception of the four instances for which
the surrogate dual closed the gap, hence terminated early.
As for the time efficiency of the Lagrangian method, we
wish to numerically investigate it in our future research.

In terms of CPU time, the Lagrangian method seems
to be about twice more efficient than its counterpart with
an exception of the four instances for which the surro-
gate dual closed the gap, hence terminated early. As for
the time efficiency of the Lagrangian method, we wish
to numerically investigate it in our future research.

Another advantage of the surrogate dual is that it
reduces the gap between the upper and lower bounds
much faster and after a much smaller number of itera-
tions. To show this, we plot in Figure 1~Figure 3 the
gap against the number of iterations for instances scp46,
scp54 and scp65 by the two relaxation methods. Note in
Table 4 that the gap was smaller for the surrogate
method for scp46, smaller for the Lagrangian method
for scp54 and the same for both for scp65. In short, re-
gardless of which relaxation performed better, the sur-
rogate dual seems to bring the gap closer much faster
than its counterpart. This may indicate that, by means of
a more effective use of the surrogate relaxation and/or,
perhaps, by using it as a prelude to using the Lagrangian
relaxation, one may develop a scheme that can solve the
(general) set covering problems more efficiently. This
investigation makes up an interesting topic of study for
our future research.

1200
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900
G | Lagrangian Method |
a 600 £
p ] / | Surrogate Method |
300 - f
0
1 1001 2001 3001 4001 5001

Iteration Time
Figure 1. Reduction in the gap for scp46 by Lagrangian
and surrogate methods
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Figure 2. Reduction in the gap for scp54 by Lagrangian
and surrogate methods
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Figure 3. Reduction in the gap for scp65 by Lagrangian
and surrogate methods

5. CONCLUSIONS

Set covering has extensively been studied in the lit-
erature for its applications in real-life decision. In par-
ticular, in data mining, the selection of a small number
of important features (variables) holds a key to a suc-
cessful analysis of the data on hand, and set covering
has been accepted as a staple device for this purpose.

In this paper, we considered a generalized version
of set covering called the general set covering and
showed that it can be usefully used for feature selection
in data mining. Next, we developed a surrogate relaxa-
tion-based method for meta-heuristic solution of the
general set covering problems and illustrated the utility
of the general set covering and the proposed meta-

solution procedure both mathematically and numerically.

As for future research, we will investigate how the
surrogate relaxation may be used as a stand-alone
method or within a Lagrangian scheme to develop a
more efficient and effective meta-solution procedure for
general set covering problems.
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