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A HARDY INEQUALITY ON H-TYPE GROUPS

YINGXIONG XIAO

ABSTRACT. We prove a Hardy inequality related to Carnot-Carathéodory
distance on H-type groups based on a representation formula on such
groups.

1. Introduction

The Hardy inequality in RY states that, for all u € C§°(RY) and N > 3,

N —2 2 2
(1.1) / |Vul*dz > (7)/ U—de.
RN 4 RN [2]

Inequality (1.1) has been generalized to Heisenberg group H,, and other nilpo-
tent groups by several authors ([5, 6, 7, 8, 10, 11, 21]). Especially, the following
Hardy inequality holds for 1 < p < 2n and u € C§°(H,,) (see [5], Theorem 3.3),

2n—p\* [ |u?
1.2 / VrulP > <—> / =
(1.2) Hnl | , @

where d is the Kordnyi-Folland non-isotropic gauge. We note there is another
distance, called Carnot-Carathéodory distance on Hl,, and this distance plays
an important role in the study of hypoelliptic heat kernel (see [1, 9, 12, 13, 15,
16, 17]). Since dcc(§) > d(§) for all £ € H,, (see [18], Lemma 5.1), inequality
(1.2) imply the following

2n—p\* [ |u
1. P> _— = .
(13) I _( ; )/Hd

n

However, the constant in (1.3) is not sharp.

The aim of this paper is to give a new proof of Hardy inequalities associated
with d.. on H-type groups G, a remarkable class of stratified groups of step
two introduced by Kaplan [14]. To do so, we prove a representation formula
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associated with de, following the idea of Cohn et al. ([3, 4]) and Zhu ([22]).
Furthermore, the constant we obtain seems sharp (see Remark 4.3).

To state our result, we need some notations (for details, see Section 2). We
denote by V¢ the horizontal gradient on G. Let Q = m+2n be the homogenous
dimension of G. To this end we have:

Theorem 1.1. Let 1 < p < Q — . There holds, for all f € C§°(G),

Vel . (Q=p=a\’ [ LfP
o0 [Rate (55 L

2. Notations and preliminaries

Recall that a H-type group G is a Carnot group of step two in which the
group law has the form (see [2])

I $i+$/i, 1=1,2,....m
@) @h)e )= (tj+t;+%<U(j>x,x’>, j=1,2,...,n)"

where the matrices U, U®) ... U™ have the following properties:

(1) U(j) is a m x m skew symmetric and orthogonal matrix for every j =
1,2,...

(2) U(l)U(J) +UDU® =0 for every i,5 € {1,2,...,n} with i # j.
An easy computation shows that the vector fields in the algebra g of G =
(R™*7 o) that agree at the origin with %(j =1,...,m) are given by

i (5

and that g is spanned by the left-invariant vector fields X1, ..., X

6 +—- The horizontal gradient is the vector given by

1 0 1 9
: = (X1, X)) =V, 4 -UD 1w
(2.2) Vo = (Xiyo s Xon) = Vo 5UWage 4 SUMa g
with
0 o)
x=(x1,...,2,m) and vm(%’”"%)'

We call a curve v : [a,b] — G a horizontal curve connecting two points
&n e Gif y(a) =&, v(b) = n and §(s) € span{Xy,...,X,,} for all s. The
Carnot-Carathéodory distance between &, n is defined as

dec(€,1m) 1nf/ VK ))ds,

where the infimum is taken over all horizontal curves v connecting £ and 7. It
is known that any two points £, 7 on G can be joined by a horizontal curve of
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finite length and then d.. is a metric on G. With this norm, we can define the
metric ball centered at origin e and with radius p by

Bec(e, p) = {n : decle,n) < p}

and the unit sphere ¥ = 9B..(e,1). For simplicity, we write d..(£) = dc.(e, ).

For each real number A > 0, there is a dilation naturally associated with the
group structure which is usually denoted as 6y (x,t) = (Az, A?t). The Jacobian
determinant of §y is A9, where Q = m + 2n is the homogenous dimension
of G. For simplicity, we use the notation \(x,t) = (\z,\?t). The Carnot-
Carathéodory distance d.. satisfies

dec(M(x, 1)) = Mdec(z,t), A >0.
Given any £ = (z,t) € G, set z* = et = m and &* = (z*,t*) if

dee(x,t) # 0. The polar coordinates on G associated with d.. is the following
(cf. [20]):

T rdt = - 25 NN do 1 .
/Gf( t)dadt /0 /Ef()\( DA Tdod, f e LNG)

Set
2 —sin2p

()  (-m,m) 5 R.

2sin? o
Then p is a diffeomorphism of the interval (—m, ) onto R (cf. [1]). We de-
note by p~! the inverse function of . The Carnot-Carathéodory distance d..
satisfies (cf. [9])

sifgp|$|’ z#0,t#0,
(2.3) dee(z,t) =< ), t=0,

VAarlt|, x =0,

where
m

1 (Al .
o=p"" <|—2|) . 2P = Zx? and |t|* = Zt?
2] j=1 j=1
Let Z = {(x,t) € G : x = 0} be the center of G and Z' = {(z,t) € G : t = 0}.
Since the function 4 is of class C> in G\ (Z|JZ'), the Carnot-Carathéodory

||

distance d.(z,t) is of class C* in G \ (Z|JZ’). Therefore (cf. [20])

Vadee(z,t) =1, (z,t) € G\ (2| JZ).

3. Geodesics in a H-type group

In this section we shall give a parametrization of G using the geodesics. We
refer to [19] the analogous parametrization of Heisenberg groups. Recall that
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the Kokn’s sublaplacian on the H-type group G is given by

2
2e=30x0 =3 (2 )3 (vt ) )

j=1 Jj=1 k=1 =1
=A, + 1|z|2At + iw(’% vgi
4 — ’ oty

where
m a 2 n a 2
=3 (5) 2=2(5n)
j=1 k=1

The associated Hamiltonian function H(z,t,&,0) is of the form

m n m 2
H(x,t,6,0) =Y <§j + % > <Z U;’?xi) 9k>

j=1 k=1 \i=1
1 n

112 1 2102192 (k)

= [6F + ZlaP’6F + 300 a6,

where

0 0 0 0
62(615'-'56771): (%a"w%)a 9:(91;7971): (a_tlaaa_tn)

It has been proved by Eldredge ([9]) that geodesics in G are solutions of the
Hamiltonian system associated with Hamiltonian function H(z,t,&,6). For
simplicity, we introduce the notation My = >7_, 0,U (k). Properties of the
matrices {UM, UR), ... UM} give us the following results.

Lemma 3.1. Let I be the identity matric. Put My =, _, 0, U*) and suppose

6] # 0
(1) M = —Mp, MG =01, My' =—|0|>M;
(2) exp(sMg) = cos(s[0]) - I + sin(s|6]) - 15t

Proof. (1) By Theorem 2.1,

n T n
M} = <Z okU<k>> == 0.UY = —My;
k=1 k=1

n

n 2
M} = <Z gkU(k)> — gi(U(k))Q + Z 9i9j(U(i)U(j) + U(j)U(i))
k=1 k=1 i<j

== 6r-IT=—6-1.
k=1

So My = —|0]~2Mj.
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(2) Since Mg = —|0|? - I, we have

exp(sy) = 30 UM _ 5~ (M2 +i o -

o n! o (2n+1)! =
(0D & k(5|9|)2k
-1 - I
=9 ji: en+1r -r%é%( CTAT

= 0)) -1 01)
cos(s|d]) - I + sin(s|6)]) - |9| .

Hamiltonian function H(z,t,&,6) may be denoted by
1
H(x,t,€,0) = | + 7|10 + (Mo, &)

= (¢ + %ng,§ + 1]\4930> = (¢, (),

where ( = £ + %M z. The corresponding Hamilton’s equations for a curve
x(s),t(s),&(s),0(s)) take the form
i(5) = G = 2(6),
: OH
£(s) = o = My((s),
x
(3.1) . oH _
ti(s) = = = (C(s), UDx(s)), j=1 ,
00y,
OH
(S) - _E =4y, e, 9(8) _9(0)5

Assume (2(0),%(0)) = (0,0). We solve the Hamiltonian system explicitly bel-
low. By (3.1), 0 is constant, and we take it to be the free parameter. The
equations (3.1) imply that:

) ) 1.

(s) = (5) + L Myik(s) = 20y (s).

Therefore,

((s) = e*Me¢(0)
and by Lemma 3.1,
(3 2)

)= 2 / cr 7HC(s) = C(0) = My (I — e=2Mo)¢(s)
= M, ' (e**M0 — T)¢(0) = (cos(2s]0]) — 1) - M, '¢(0) + sin(2s]6)]) - <)

= (1 — cos(2s/6])) - Aﬁ%ﬁg ) sin(2s|6]) - |§T)
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We now describe the ¢-components of a geodesic curve. By (3.1) and (3.2)

(33) i1(s) = (C(s), UPa(s))
= i), ()
= (Ri(s), SUWMGT — =20 (s)
- <%:'c(s), %U WMy NI — e Mo )i (s))

A simply calculation gives us

(3.4) UBM; (e>Mo — ) =UB Mt - U® pytem2sMo

=UP M —U® My (cos 25]0] — % sin 25|6))
= (1—cos2s|0)U® M, — Siné's'@'
By Lemma 3.1,
M = oMy = 1623 6,00
and we obtain, by (3.4),
(3.5) UR M (Mo 1)
= (1 — cos2s|6)) U™ M, Sméfw
_ (- (l‘,;|s22s|9| 0 Z 0. sin|(29,|s|9| 0
_ 1= (l‘,;|s225|9|9k I (l‘,;|s22s|9| 29 010 s1n|2,|s|9|U

i#k

Properties of the matrices {UM, U, ... UM} imply UMNU® (i # k) is also
a m x m skew symmetric and orthogonal matrix. Therefore we get, for i # k,

(UPUDg(s),@(s)) =0

and also
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Thus, by (3.3) and (3.5),

Fu(s) = “;Off“‘”om(s),:b(s»
(3:6) _ %Wek<e25”fec<0>, e25Ma(0))
— = Hc0.con.
Integrating equations (3.6) we obtain, for k = 1,...,n,
0(6) = s (5= T3t ) (€000,

Taking the initial date (x(0),¢(0)) = (0,0) and (¢(0),6(0)) = (A, ¢/2) =
(A1,..., A, &1/2,...,0,/2), we find the solutions

z(s) = (1 — cos(s |¢|)? |¢|2
t(s) = ¢ 'MVLA%

R
where My, = > _, ¢, U, Letting |¢| — 0+, we get the Euclidean geodesics
(z(s),t(s)) = (¢(0)s,0)
and hence the correct normalization is (¢(0),¢(0)) = >0, A? = 1.
Set

2 4 sin(slol) - |¢|

Q={(A4,¢,p) eER™" xR"xR: |A]> = ZAQfl 0< |glp < 2m, p>0}.

j=1

and define @ : Q — G by ®(A4, ¢, p) = (x(A, ¢, p),t(A, @, p)), where
MyA
z(A, ¢, p) = (1 — cos(|g]p)) - |¢|2 + sin(|¢|p) -

6 1dlp—sin(lélo)
1A, 0:0) = 31 PE

and My = Y1, orU®) . We note the range of ® is G and the center Z is
just the set of points ®(A, ¢, p) with |p|p = 27 and the set Z' is just the set of
points ®(A, ¢, p) with |¢| = 0. Furthermore, if one fixes p > 0, equations (3.7)
parameterize dB..(e, p).

By (3.7),

A
(3.7) [l

2 2 191 .
2" = (1= cos((91p))* - 1757 + sin’(6]0)

1 21— cos(l6]o))
o2 FR

and

(o) = 4 _ 10l —sinlolp) _ 6lo —sin(lolp) _ (@)
R T T cos(9lp) | 2em?(l2) 2 )
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Therefore,

(3.8) o= jolp < 0.2

since p is a diffeomorphism of the interval (—m,7) onto R.

4. The proof

For any 6 > 0, set Zs = (—0,0)™ x R", Zi = R™ x (=4,0)" and X5 =
Y\ (Zs U Z§). Note that Zs and Zj are open sets that contain Z and Z’,
respectively. Now we prove the following representation formula. The proof is
similar to that of [3, 4] and [22].

Lemma 4.1. Let Ry > Ry >0 and f € C(G)NCYG\ (Z\UZ')). There holds

Ro>
(4.1) Sy — [ jme) do= [ [ (Ve Vade)dodp
s

Ry J%s
Proof. We have, for £* € X,
Ro

f(Rot*)d — f(RIE") = / dipﬂpg*)dp

Ry

_ /RR <<vxf(§>, g—i> + <th(§), 2_;>) i.
f(Rzﬁ*)da—— f(Rl«E*)da—

- /25/ _f p€")dpdo
L (o 2 e )

where = (z,t) = p€*. By (3.7) and (2.2),
(4.2)

<me(€)a g—;> ¥ <vtf<£>, g—;>

Therefore,

= sin M—A cos i . 1= cos(jolp) cos(¢lp)
= (7.1, sinllel) [ (ol A) + (Vir(e) 5 - =l 2)
—(Ter(©). sinfolp) - 52+ cos(olo)a)
I~ (0 1=cos(l0) /o, ool . MoA L o of
+221(|¢| S = (U sin(olp) - o coslolA) ) i
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Again using (3.7), we have, since U®) and UR UV (j # k) are m x m skew
symmetric matrixes,

(4.3)
(k)x sin ——— + cos
<U sinlolp) - 228+ <|¢|p>A>
= — CoS w sin U(k)A —A oS
—<<1 (o1 Tt + sinllolp) L2 sinol) 1 + <|¢|p>A>
a- cos<|i|$> S0910) 170074 o (cos(|¢|7§3 |sm<|¢|p> 44
(1= cos(élp) cos(élp)  (sin(6lo) Y , o
+( FE PE )<U Mo, 4)
cos([9]p)

= S — (UM, 4, 4)

_ 1 —cos(|¢lp) cos(|glp) — 1 *)770)
- URTD A, Ao,
oF T er 2 /%
_ 11— cos(lglp)
2R
Therefore, we have, by (4.2) and (4.3),

D

f(R2§*)dU - f(le*)do

_ / 5 / <va ), sin(|6lo) W+cos<|¢|p>A>dpda.

To finish the proof, it is enough to show

Vodeo(o.t) = sin(ol) TE= + cos(olp) A, (1) € G\ 22,

This is just the following Lemma 4.2. The proof of Lemma 4.1 is now completed.
O

Lemma 4.2. There holds, for (x,t) € G\ (ZU 7,

Vadee(z,t) = Sin(|¢|ﬂ)w + cos(|¢|p) A

Proof. Recall that if (z,t) € G\ (Z|JZ'), then

p _1 ((Alt]
dcc(xat) = Sin(p|$|’ =K ! (W .

Though a simple calculation, we have

, 28111307250(30890
() =
sin® ¢
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1 —8|t|x
VT W) Tl
4|t|z sin® o
Tzt sing — pcose’
N
W TP
2t sin® o

Cz2lt] sing — gpcoscp;

Vedee(z,t) = (Smw| |)

pCos @ — sin ©
S T
sin? %) sing |z
_ dsinglt]x T
a |[? SimP ||
= —u(p)sing -+ L.
ja] " sin” ]
=cosp-—;
||

sin ¢ 2

CcoS ¢ — sin 2 sin t
thcc(x,t)vt< L |x|> :w| IV, _ oy ot
sin® ¢ lz| ]t

Therefore, we obtain, by (2.2) and (3.7),

1 2 8dcc (z t)
Vdee(w,1) = Vadeo(w, ) + 5 z_: —H
T  singp 7 (k)
= L =y
0 Lt T\ 2 )
k=1
=Ccosp - — M i%U(k) T
Y [
k=1
z .
:cos<p~m+smgp | || |

On the other hand, by (3.7),

_Ja- o 9P sin’(0lp) |20~ cos(lolp)) _ 2sin(‘52)
'"”C"\/(1 s (g Top ‘\/ oF Dl

and

z _ (L cos(|9lp)MoA | sin(lélp) , _ sin(5) A+COS(|¢|p)
L |o] - QSln(W’)) 251n(‘¢‘p) el v
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Thus,
ngcc(l‘ t)
. My
= cosgp - sin -
| | []lg]
in(Ll2le
= cosyp - sin( )M¢A+COS (|¢|p)
|#]
. . lelp
L sing. sin(15 )M§A+cos(|¢|p)M A
|l 9]
sin(142) £l
= cosyp - M¢A+cos( )
|#]
+ 222 _sin(l5 )|¢| A+ cos (|¢|p) MyA | (by Lemma 3.1)
| |1
i 1lp
= cos <<,0 + W) A+ 7811&(90';_' 2 )M¢A
= cos(lolp)a + I M. (by (39)
This completes the proof of Lemma 4.2. O

Proof of Theorem 1.1. Let € > 0 and set f. := (|f|> + €2)P/? — €?. f. has
the same support as f and hence f. € C§°(G). Since de.(z,t) € C(G) N
CHG\ (Z\JZ)), we can replace f with f.d% =% in Lemma 4.1 and obtain,
for R, > R; > 0 and any § > 0,

Ra
(@-p—qa) / fed2 P Ydodp

Ry s

- RQ_p_a fe(R2u*)dU + R?_p_a fe(Riu*)do

35
= _p/ / |f|2—i_6 (= 2)/2f<va decc> p_adUdp
X5

< p/ / (|f|2 +62)(p72)/2|f| . |ch|d§;p7°‘dadp
Ry J%s

Ry
S I R e A e
R: Jxs

Letting § — 0 yields

R>
@Q@—p—a) / / 1,427 dgdp
Rq >
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- R?ip*a / fe(Rou™)do + R?fpfa / fe(Riu™)do
) )

Ro
<p [ [+ 30T sla2 dodp.
Ry b
Letting Ry — +o00 and R; — 04, we obtain,
@-p-a) [ [ fd@r " tdody
0 >

=P / / (If1? + )P~ D2V fldL P~ *dodp
0 >

_ (fP+ )P D2 Ve f]
- p/G _

+a—1
dee

By dominated convergence, letting ¢ — 0+ yields

-1,
(QPO‘)/Gﬁ <p P Vel|

+ Fa-1
dgc ¢ G dgc ¢

By Holder’s inequality,

I FP\T ([ IVaflP\?
@-r-o [ Jmo([ )T (L)

Canceling and raising both sides to the power p, we obtain (1.4). [

Remark 4.3. We fail to prove that the constant is sharp in Theorem 1.1.
The reason is that we do not know whether the radial function F,(d..) =
ge(dec)P(dec) can be approximated by the functions in C§°(G) since d.. is not
differentiable in Z|JZ', where

p e~ (Q@-p=a)/p g, <e
9e(dee _{ dC—C(Q—p—a)/p, dee > €,

and ¢(-) € C§°([0,+00)) is a cutoff function satisfying ¢(t) = 1if0<¢ <1
and ¢(t) =0 if ¢ > 2. Since d.. is a Lipschitz function, so does F.. Therefore,
for all ¢ € C§°(G) (see [20], pages 351-352),

/Xer(dcc(z,t))ga(z,t)dxdt
G

= —/ F (dee(z,t) Xj0(z, t)dadt, j=1,2,...,m,
G

which means the distribution derivatives {X;F. : j = 1,2,...,m} exist. It is
easy to check that F. is a differentiable function on {(z,t) € G : & # 0,z #
0,dec(x,t) # €}. So the distribution derivatives

X,F (dee(z,t) = F' - Xjdee(2,t),
(x,t) € {(z,t) e G:x # 0,2 #0,dec(z,t) # €},
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for 5 =1,2,...,m. We compute

and

VaF.|P 2 e
| EEEE i [ iror
0

(o3
dCC

! 2
1 [ o edp 151 [ 1Ep vy
c 1

Q-p—a)’ 2 e
(T e il [ iR
1

|F.|? 2 S
e =2 |EL(p)|Pp@ P~ dp
cc 0

€ 1
-y / g (PP 2P dp + 5] / g (PP P2 P dp
0 €

2
+|E|/ |Fe(p)|Pp? =P~ dp
1

2
— = |¥|lne+ |2 / F.(p)|Pp@~t=P=2dp,
pr7a|| ||1|(|

where |X| = [, do. Since ff |F!(p)|Pp@~1=%dp and ff |F.(p)|Pp@~1=P=%dp are
independent of €, we have

Vg Fe|?
i Je =& <Qpa>p
F.|l» :
e—0 fG (ljgjl" P

If the function F.(d..) € C§°(G), then the constant in Theorem 1.1 is sharp.
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