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AN IDENTITY ON THE 2m-TH POWER MEAN VALUE OF
THE GENERALIZED GAUSS SUMS

FENG Liu AND QUAN-HUI YANG

ABSTRACT. In this paper, using analytic method and the properties of
the Legendre’s symbol, we prove an exact calculating formula on the 2m-
th power mean value of the generalized quadratic Gauss sums for m > 2.
This solves a conjecture of He and Zhang [On the 2k-th power mean value
of the generalized quadratic Gauss sums, Bull. Korean Math. Soc. 48
(2011), no. 1, 9-15].

1. Introduction

Let ¢ > 2 be an integer and x be a Dirichlet character modulo ¢. For
any integer n, the classical quadratic Gauss sums G(n;¢q) and the generalized
quadratic Gauss sums G(n, x; ¢) are defined respectively by

G(niq) =) e (%GQ) ,

a=1

and

I na?
G(n,x;q) =Y _ xl(a)e (—) :
a=1 q
where e(x) = 2™,
The study of G(n, x; ¢) is important in number theory, since it is a general-
ization of G(n,q). In [4], Weil proved that if p > 3 is a prime, then

|G (n, x; p)| < 2v/p.
In fact, Cochrane and Zheng [2] generalized this result to any integer. That is,
for any integer n with (n,q) = 1, we have

|G(n, x;q)| <299/,
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where w(q) is the number of all distinct prime divisors of g.

Beside the upper bound of G(n,x;q), the power mean value of |G(n, x;q)]
had also been studied by some authors. W. Zhang (see [5]) proved that if p is
an odd prime and n is an integer with (n,p) = 1, then

Y. G xp)! Z{(p_l)[3p2_6p_1+4(%) VPl ifp=1 mod 4;

x mod p (p—1)(3p* —6p—1), if p=3 mod 4
and
> G xip)® = (p—1)(10p° — 25p* —dp—1), if p=3 mod 4,
x mod p

where (%) is the Legendre symbol. For p =1 mod 4, it is still an open problem
to calculate the exact value of - 4, |G(n, x;p).
In 2005, W. Zhang and H. Liu [6] proved that if ¢ > 3 is a square-full number,

then for any integer n, k with (nk,q) = 1,k > 1, we have

Z |G(nakax;q)|4 ZQ'¢2(Q)H(k,p—1)2 . H M’

x mod g plg plg

where ¢(g) is the Euler function and G(n, k,x;q) = >.¢_, x(a)e (%“k)

Recently, Y. He and W. Zhang [3] proved the following result.
Let odd number ¢ > 1 be a square-full number. Then for any integer n with
(n,q) =1 and k = 3 or 4, we have the identity

D (G, x; @) = 4TI gl g2 (g).,
x mod g

Besides, they conjectured the above identity also holds for k > 5.
In this paper, we prove this conjecture in the following theorem.

Theorem 1. Let odd number ¢ > 1 be a square-full number, m > 2 be an
integer. Then for any integer n with (n,q) =1, we have the identity

> G, ;)P = AR gl g2 (g).

x mod g

2. Proofs

Lemma 1 (See [1, Theorem 9.13]). If p is an odd prime, then we have

(S(2)(2) = ()

a=1

Lemma 2. For any odd prime p, we have

G*(1;p) = (%)p-
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Proof. This is a corollary of Lemma 1 in [3]. O

Let p > 3 be a prime, and let k, n, a be three integers with 1 < k < n. Write

T,(n, k,a) = pipi Z (551902?%5%)

r1=1xz2=1 rn=1
r14x2+--+xr,=a mod p

In order to prove Theorem 1, we need a lemma on the value of T, (n, k, a).

Lemma 3. Let p > 3 be a prime, and let k,n,a be three integers with 1 < k <
n. Then we have

(1)

(k—1)/2 .
(—1)n- k( )pw 1)/2(p) . if 24k and pta;
0, if2tk andp | a

T,(n, k,a) = k/2
p(nv aa) (_1)n+1—k (*71) p(k—2)/2 , if 2 | k cmdp)[a;

ki 1y (=) k2)2 ~
(=) p-1) (5 P ,  if2|kandp|a

and

SR G-1" =0 e, ilpta
@ 22 ;_1 =L T e,

w1+z2+ +zn—a mod p

Proof. For any 1 < k < n, we have

p—l1 p—! T1To " Tk
Tp(n, k,a) = Z ...... Z —

r1=1 rp=1
r14+T2++2xp=a mod p

]1)”21 ...... Z( )Z( s e )

" S =) B )
SO () () () (%)

Case 1. p| a, 2t k. Then by (3) we have

1

o= S (E6)6)) (£(2))-
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Case 2. p|a, 2| k. Then by Lemma 1 and (3), we have

R s A
T,(n,k,a) = ——— — P
» ) 2 ( p )

app () e

Case 3. pta, 2tk. Then by Lemma 1 and (3), we have
Tp(n, k,a)

() § (o) <p><izj<z>e<z>>’“
1;" SEEIE)T
s () (2 ><

Case 4. pta, 2| k. Then by Lemma 1 and (3), we have

Ty(n,k,a)
1
_ (—1)nk (__1)k/2pk/2 pz e(—ma)
P P =\ p

k/2
_ (_1)nt1—k -1 / (k—2)/2
= (1) 5 p :

Next, we shall prove the equality (2) in Lemma 3.

. :%Il_lxz_l Inz_:lmz_:le(m(xljxfrp + na))
Ly (=) (Se())
LS ()

If p | a, then the right side of (4) becomes ((p - 1)" —|— (p—1)(=1)") /p; if
pta, then the right side of (4) becomes ((p —1)" ") /p.
This completes the proof of Lemma 3. (]
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Lemma 4. Let p > 3 be a prime, > 2, a and n be three integers with
1<a<p®—1and (n,p)=1. Ifp*~ ! | a® — 1, we write a = rp®~1 + &, where
1<r<p-1ande= =1, then we have

p” 20,2 0, if p*~tta® —1;
' (nb (aa 1)) _ pa—l[(%%)G(l;p) —1] ., it e - 1
b=1 p o(p®) , ifp® | a®—1.
Proof. See the proof of Lemma 4 of [3]. O

Lemma 5 (See [6, Lemma 6]). Let m,n > 2 and u be three integers with
(myn) =1 and (u,mn) = 1. Then for any character x = x1X2 with x1 mod m
and x2 mod n, we have the identity

G(u, x;mn) = x1(n)x2(m)G(un, x1;m)G(um, x2; n).

Lemma 6. Let p > 3 be a prime, o > 2, m > 2 be two integers. Then for any
integer n with (n,p) =1, we have the identity

Z |G(n’ X;Pa)|2m = 4(m—1) . ¢2(p0<) ,p(m—l)a.

x mod p®

Proof. By the definition of G(n, x;p®), we have

x mod p®
p*  p” p” m P
R (maE )
= 2 X xayan) [T 2 e :
x mod p® x1=1z2=1 Tym=1 i=1 \yi=1 p
@ (o3 (o3 @
p p 20,2
7

Then by Lemma 4 we have

) > et rPn =66y () Am b,

x mod p& k=0
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where
a a a o «
p m p 2/ .92
’ ’ ’ ’ ’ ny?(x? — 1)
A(mvk): E § E E E 6(1(72
pOé
x1=1 rp=1 Tpy1=1 Tm=1 1=1 \y;=1
P Hlei-1 p e —1pe el -1 p%led -1

z1T2Tm=1 mod p™
Now, in order to prove Lemma 6, we need to calculate A(m, k).

A(m, k)

o o o o o

P p p m P

/ oS :  (mita? - 1)
Z T Z Z e Z H Z € {e%
z1=1 zp=1  zppi=1 Tm=1 i=1 \yi=1 p
;Cllfz 7-[/'11072 Tr4+1= (;Um; 1= Yi=
P Hlei=1  p* e —1p*|zi,, -1 PYw,—1

r1x2-Tm=1 mod p®

Tpp1=1 Tm—1=1 =1

z1=1
a—1.2
z7—1

a—1),.2 2 2
P Hikflpa‘zwd_l p*las, -1
T1T2Tm—1=1 mod p*

= 2¢(p")A(m — 1,k).
Hence, by induction on m, we have
(6) A(m, k) = 2" g™ (p*) A(k, k).
Next, we shall calculate A(k, k). By the definition, we have

P

pﬂ/ pa/ k pﬂ/ ny?(;g? — 1)
akm= Y T ()
1=1 k=1 =1 y;i=1 p
T Hlzi -1 *Hlag -1

Tr1x2--Txp=1 mod p

Write z; = rip® ! +¢e;(1 <r; <p—1,6; = 1) for i = 1,2,...,k. Then by
Lemma 4, we have

A(k, k)
p—1 p—1 p—1

— pkle=D) ZZZ ﬁ<<2n5 Tl)g(l;p)l)

ri=lre=1 re=1 =1
e1riteara+---4exrr=0 mod p
8182"'8k:1

pon S8 () )

T = 1’)“2 1 TE=

ri+re+-+ry=0 mOdP
g1€9- =1

_ gh—Lpk(a—1) pil pil pil I1 <<27;”> G(1;p) — 1)

ri=lro=1 rp=1 i=1
r1+r2+---+rr,=0 mod p




AN IDENTITY ON THE 2m-TH POWER MEAN VALUE 1333

-1 p—1 -1
_ 2k71pk(a71) . pz pz pz <(1)k
ri=1lre=1 re=1

r1+r2+---+rr,=0 mod p

X .
4 on\’ . R
o) () eun(0)
— i) \p P
=
By Lemma 3, the above equality becomes

Ak, k)

= gk-lpkla=1)(_q)k <]13 (> =D+ (- 1)(=1)")

S (5) (2) e () poe- )

By Lemma 2, we have

A(k, k)
/2]
_ 2k—1pk(a—1)—1 ((_1)k(p _ 1)k + (p _ 1) + Z (2j)p2j (p _ 1))

= DT (L1 (p = D)F o+ (p = 1) ((p+ 1) + (1= p)F) /2)
= 22D ()L —p)f + (- Do+ DY)
Hence, by (6) we have
Al k) = 272 @ DL (DR + D)(p = )™ + (p = 1) (p+ DY),
Finally, by (5) we have
> G M)

X mod p*
— (o . M\ om—2 m(a—1)—1
o013 ()2
(D e+ DE -1+ - 1"+ 1))
= oz - Y () -

k=0
ayom—2, m(a—1)—  (m m—
+p(p™)2mPpmie Y 1Z(k)(p—1) M p+1)"
k=0

=0+ ¢(p™)2m2pm =D (p — 1) (2p)™
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_ 4m—1¢2(pa>poz(m—1).
This completes the proof of Lemma 6. (]

Proof of Theorem 1. Since g is an odd square-full number, let

Y (q)

q=DpI'P5"  Dylyy
we have a; > 2,1 =1,...,w(q). For any integer n with (n,q) = 1, by Lemma
5 and Lemma 6, we obtain

w(q)

> Gl =TI Do 1Gma/p x:pf)
x mod g fﬁ x mod p;?
p; 19

2m

w(q)

[T (et em)

ol
p; " llq

— 4(m—1)w(q) . qm—l . ¢2(q) ]
This completes the proof of Theorem 1. O
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