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MULTIPLICITY OF NONTRIVIAL SOLUTIONS TO
PERTURBED SCHRODINGER SYSTEM
WITH MAGNETIC FIELDS

HUIXING ZHANG AND WENBIN Liu

ABSTRACT. We are concerned with the multiplicity of semiclassical solu-
tions of the following Schrédinger system involving critical nonlinearity
and magnetic fields
—(eV +iA@))*u + V(w)u = Hu(u,v) + K(@)|uf>’ ~2u, = € RV,
—(eV + iB(2))%0 + V(2)v = Hy(u,v) + K (@)[o* 20, o € RN,
where 2* = 2N/(IN — 2) is the Sobolev critical exponent and i is the

imaginary unit. Under proper conditions, we prove the existence and
multiplicity of the nontrivial solutions to the perturbed system.

1. Introduction

This paper is motivated by some works that have appeared in recent years
concerning the nonlinear Schrodinger equation with critical nonlinearity and
magnetic fields of the form

e (V 4+ iA@)%) + Wk — K@) [0l 26 — ha, [,

2
(1.1) ih %= om

where A is Planck’s constant, ¢ is the imaginary unit, 2* is the critical exponent,
2" = 28 for N >3, A(z) = (Ai(z), A2(z),..., An(2)) : RY — RV is a real
vector potential with magnetic field B = curlA and W(z) is a scalar electric

potential. Knowledge of the solutions for the elliptic equation
(1.2) —(V +id(x)*u(@) + MW (z) — E)u(x) = MK (z)|u* ~2u+ Mh(z, |u|*)u

has a great importance in the study of the standing-wave solutions of (1.2),
i.e., the solutions of the type

Y, 1) = exp(—~ 2 Ju(z).
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where A\7! = %

The transition from quantum mechanics to classical mechanics can be con-
ducted by making i — 0. Therefore, the existence and multiplicity of solutions
for A small have important physical interest.

The equation in the case A(x) = 0 has been explored by many authors
including M. Del. Pino and P. Felmer [16, 17], A. Floer and A. Weinstein [14],
Y. G. Oh [14] and F. Wang [20]. For much more results, we refer the reader to
[1, 2, 8, 9, 11] and the reference therein.

As far as the equation (1.2) in the case of A(x) # 0 is concerned, we recall
P. L. Lions [13], G. Arioli and A. Szulkin [3], S. Cingolani [7] and the works of
[4, 6, 10, 18, 19, 21].

Among the works mentioned above, the corresponding authors have obtained
many valuable results. However, many results have only been established in
subcritical case by using various methods.

Motivated by the results just described, a natural question is whether the ex-
istence and multiplicity of results occur for the following perturbed Schrodinger
system with critical nonlinearity and magnetic fields as follows

(1.3) { —(eV +iA(x)?u+ V(z)u = Hy(u,v) + K(z)|ul* "2u, = € RV,
' —(eV +iB(x))?v + V(x)v = Hy(u,v) + K(x)[v]* v, z € RN,

To my knowledge, there seems some work on the existence of solutions to
(1.2), but to the system (1.3), there is few work on the existence and multiplicity
of solutions.

By using the similar ideas of [12, 22], we will establish the two main results
to (1.3).

Firstly, we make the following assumptions throughout the paper.

(Vo) V € C(RN,R), V(0) = inf,cg~ V(x) = 0 and there is a constant b > 0
such that the set v* = {x € R : V(x) < b} has finite Lebesgue measure;

(Ag) A(z), B(x) € C(RN,RN), A(0) = B(0) = 0;

(Ko) K(z) € C(RY), 0 <inf K <sup K < oc;
(H1) H € CY(RT x RT,R), Hs(s,t) = o(|s| +t]) and Hy(s,t) = o(|s| + [¢|);
(Ha) imyg) 41t 00 % =0 for some 2 < o, f < 2* — 1;
(H3) There exist ag > 0, p,q > 2, 6 € (2,2*) such that H(s,t) > ao(|s|? +
[t|9) and 0 < OH (s,t) < sHs(s,t) + tH(s,t) for all s > 0,¢ > 0.

Next, we show the two main results.

Theorem 1. Assume that (Vo), (Ao), (Ko), (H1)-(H3) hold. Then, for any

o > 0, there exists e, > 0, such that € < ¢, the perturbed Schrodinger system

(1.3) has one least energy solution (ue,ve) satisfying

0—2
20

Theorem 2. Let (Vp), (Ao), (Ko) and (Hy)-(Hs) be satisfied. Moreover, as-

sume that H(u,v) is even in (u,v), then, for any m € N and o > 0, there is

(1.4) (Ve 2+ (Ve ) + V(@) (Jue* + ve]?) < oe™.
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Ao > 0, such that the system (1.3) has at least m pairs of solutions (ue,v.)
which satisfy the estimate (1.4) whenever A > Ap,o.

The two results above mentioned are complement for the ones in [12]. Ob-
serve that though the method used in this paper is similar to the one of [12],
the procedure of the main results is not trivial. We must face our problem
with complex-valued functions, at the same time, we need much more delicate
estimates for the appearance of magnetic potentials A(x) and B(z).

This paper is organized as follows. In Section 2, we describe some pre-
liminaries. Section 3 contains the behavior of (PS) sequences and technical
Lemmas. Section 4 includes the proofs of the main results.

2. Preliminaries

Let A\ = ¢~2, we think about the following equivalent system
(2.1)
—(V 4+ iVAA()2u + AV (@) = AHy, (u, v) + MK (2)|u]> ~2u, z e RV,
—(V +iVAB(2))*0 + AV (2)v = AH, (u,v) + AK (2)|v]* v, z € RV,
In order to prove Theorem 1, we need only prove the following result.

Theorem 3. Assume that (Vo), (Ao), (Ko), (H1)-(Hs) hold. Then, for o > 0,
there exists Ay > 0 such that if A\ > A,, the system (2.1) has at least one least
energy solution (uy,vy) which satisfies

0—2

29 RN(|V|U/\||2 + [V|uall? + AV (@) (Jur > + [oal?) < e

Similarly, if we can prove the multiplicity of nontrivial solutions to (2.1),
Theorem 2 will be obtained.

For the convenience, we quote the necessary notations.

Let Vau = (V+ivVAA)u, Vv = (V+ivVAB)v, Ex a(RY) = {u € L?(RV) :
Vau € L2(RM)} and Ey p(RY) = {v € L*[RY) : Vv € L*(RM)}. Tt is
obvious that E) 4 is the Hilbert subspace under the scalar product

(u,v)x,4 = Re/ (V au, V av) + AV (2)uD),
RN
the norm induced by the product (-,-) is

o= [ (Vau + V@)

It is easily known that E 4 is the closure of C§°(RY, C). For E) g, there exists
the similar results to E 4 .

Remark 2.1. We have the following diamagnetic inequality (see [13]):
Vau(@)| = [Vu(@)l], u € BxaR"),
[Vpo(@)| = [V[v(@)]], v e Exp(RY).



1314 HUIXING ZHANG AND WENBIN LIU

Indeed, since A, B is real-valued, we have

IV|u(z)|| = [Re(Vui)| = [Re(Vu + ivVAAu) | < |[Vu+ ivVAAu| = |V au(z)|

[ul Tul

and
V]o()|] = Re(Vu)| = Re(Vo + iVABv) | < [V +ivVABu| = |Vpou(a)|

(the bar denotes complex conjugation). These facts mean if u € Ey 4(RY),
v € Eyp(RY), then |u|,|v] € H*(RY) and therefore u,v € LP(RY) for any
p € [2,2%), ie., if u, = uin Ex o (v, — v in E) g), then u,, — uwin L} (RY)

loc
for any p € [2,2%) (v, — v in L} (RY)) and u,, — v a.e. in RN (v, — v a.e. in
RY).

Remark 2.2. In general, Ex 4(RY) ¢ HYRN) and HY(RY) ¢ E, 4(RY).
However, it is proved by Szulkin that if 2 is a bounded domain with reg-
ular boundary, then, the spaces Ej 4(Q2) and H'(Q) are equivalent, where
Exa(Q) ={ue L*Q): Vau € L*(Q)} with the norm

el o = /quAuP T Juf?).

From Remark 2.1, for each s € [2,2*), there is ¢; > 0 (independent of A) such
that, if A > 1, we have

1

([ow) e[ wme) e ([ 9ml) <cluls.
RN RN RN

Set Ex = Ex a x Exp and [|(u,v)[|3 = llul]3 4 + [[v]]3 5 for (u,v) € Ex. The
energy functional associated with (2.1) is defined by

1
I\ (u,v) = 5/ (IVu 4 ivVAAu|? + Vo + iV ABu|?
RN

V@)l + o) =2 [ Glaun)

1
Sz =2 [ Gleuw) for (o) € By,
RN

where G(x,u,v) = @(MQ* + |v]?7) + H(u,v).

Under the assumptions of Theorem 1, standard arguments [22] indicate that
Jx € CY(Ey,R) and the critical points of J) are weak solutions of (2.1).

Moreover, for convenience, let us recall the definition and some properties
of the Krasnoselski genus [5].

The concept of the index theory is most easily explained for an even func-
tional E on some Banach space X with symmetry group G = Z = {id, —id}.

Define

A={Ac X | Aisclosed and A =—A}

to be the class of closed symmetric subsets of X.
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Definition 2.1. For A € A, define the Krasnoselskii genus of A, denoted by
i(A), as
0) A = ¢’
i(A) = ¢ inf{m;3h € C°(A,R™/{0}), h(—u) = —h(u)},
oo, if {m;3h € CO(A, R™/{0}), h(—u) = —h(u)} = 6.

It is easy to see that i(A) = oo, if 0 € A.
Moreover, the Krasnoselskii genus has the following properties.

Lemma 2.1. (1) i(4) >0, i(A) =0 < A=10);

(2) (Normalization) i(A) =1 if A contains only a pair symmetric points;

(3) (Monotonicity) For any A,B € A, if AT B, then i(A) < i(B);

(4) (Subadditivity) i(AU B) <i(A) +i(B), VA, B € A;

(5) (Super-variant) For any continuous odd map ¢ : X — X and set A € A,
there holds i(A) < i(pA);

(6) (Continuity) For any A € A, if A is compact, there exists a symmetric
neighborhood N of A such that i(N) = i(A); Furthermore, if A is compact and
0€ A, then i(A) < oo;

(7) Suppose X1 is a m-dimensional subspace of X and S is the surface of
unit ball in X, then i(X1NS) = m;

(8) Suppose X = X7 ® Xo, dim Xy =m, if A,B € A and i(A) > m, then
ANX,y #0.

3. Technical lemmas
We call a sequence {(u,,v,)} C Ey is a (PS). sequence, if
Ix(tn,vn) = ¢, J;\(un,vn) —01in E;l.

Jy is said to satisfy the (PS). condition, if any (PS). sequence contains a
convergent subsequence.

Similar to the proof of Lemma 3.1 in [12], the following result can be ob-
tained.

Lemma 3.1. Assume that the assumptions of Theorem 38 hold and {(un,v,)}
is a (PS). sequence for Jx. Then, ¢ > 0 and {(un,vn)} is bounded in E).

Proof. By (Hjs), we have

1.
J)\(unavn) - EJ)\(UnaUn)(una’Un)

= (3 — M, 0) 3+ (5 - 2—1*))\/RN K@)l + [oaf?)

+ )\/RN(%(unHu(un, Un) + Vo Hy (Un, vp)) — H(Up, vy))

1 1

2 (5~ g)ll(un,vn)l\i = 0.

So {(un,v,)} is bounded in Ey and ¢ > 0. The proof is completed. O
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By Lemma 3.1, (PS). sequence {(un,v,)} is bounded in F\. So we can
assume (un,v,) — (u,v) in Ey. By Remark 2.1, passing to a subsequence,
Up, — U, Uy, — v in LY (RY) for any p € [2,2%) and u,, — u,v, — v a.e. in

loc
RN Tt is standard that (u,v) is a critical point of Jy, namely a weak solution

of (2.1).

Lemma 3.2. Let s € [2,2%). Then there is a subsequence {(un;,vn;)} such
that for any € > 0, there exists r. > 0 with

limsup/ [tn; |* + o, |° < € forall v > re,
Bi\B

i—00
where B, :={x € RN : |z| < r}.

Proof. From u, — u and v, — v in L (R™), we have

loc

/ |un|s+|vn|5%/ |u|® + |v]® asn — oco.
Bi Bi
Thus, there exists n; € N such that

| s 1 o
/(|unj|s—|u|5)+(|vnj| ) <3 forallmg = At j=12,.

Let n;4+1 > n; and for n; = n; + i, we have

/ (lun, [* = fu]”) + (lon, [* =
B;

Observe that there exists r. > 0 satisfying

/ [ul® + |v|® < % for all r > r.
RN\B,

X 1
[v])) < = foralln;=n;+14, i=1,2,....
i

Therefore,
[y (S ey (VR
Bi\B, B; Bi\B, B,
1 .
R L
? RN\ B, B,
<e asti— .
The proof is completed. O
, if t <1 and

Let n € C*°(R™) which satisfy 0 < n(t) < n(t
n(t) = 0, if ¢ > 2. Define @;(z) = n(2|z|/j)u ( ) '17 ( ) =
u; — uin By 4 and v; — v in By p.

) =
77(2|96|/J) (), then

Lemma 3.3.

(3.1) lim / (Hu(unj,vnj) — Hy(wn; —Uj,0n; — ;) — Hu(ﬂj,ﬂj)) (p’ =0,
J—0 | JrRN

(3.2) ‘lim / (Hv(unj,vnj) — HU(’LLnj — ﬂj, 'Unj — ?J']) — Hv(ﬁj,ﬂj)) ’lb} =0
J—0 | JrN
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uniformly in (p,) € E1 with ||(v, V)| g, < 1.

Proof. Note that u; — v in Ey 4 and u; — w in Eq 4, the local compactness
of Sobolev embedding implies that, for any r > 0,
lim / (Hu(unj,vn].) — Hy(tn; —tj, v, —0j) — Hu(ﬂj,ﬁj)) gp' =0
j—=oo | )B,

uniformly in ||¢]|1,4 < 1. For any € > 0, there exists 7. > 0 such that

limsup/ ;| < / |u]* <e for all > re.
i~oo  JB\B, RN\ B,

It follows from Lemma 3.2 (for s = 2, + 1,8+ 1) that

lim / (Hu(un].,vnj) — Hy(tn; — Uj,vn; —0;) — Hu(ﬂj,ﬁj)) @‘
RN

j—o0

= lim
j—oo

/ (Hu(un].,vnj) — Hy(Un, —j,vn; —0;) — Hu(ﬂj,ﬂj)) ©
Bj\Br

IN

1 limsup / (Itim, | + [om, | + 151 + 551l
Bj\Br

j—oo

+ ¢ limsup / (Itm, 12 + fom, ° + [51° + 155191l
B;\B,

j—o0

IN

¢y limsup({un, || L2(8,\5,) + |vn; | L2(8,\B,)
j—oo

+ lwillz2B,\B,) + 10l L2(B;\B.)IPll L2

o (hmsup(nunj Gy + N3Gyl o
Jj—o0

+ lim sup([|vg, ||§ﬂ+1(3 \B) T ||5j||§ﬂ+1(3j\Br))||<P||Lﬂ+l)

o 8
< 635% + cgeatt + c5eBHT
which implies the conclusion is correct. Similarly, we have that
/ (H’U(un]‘7v’nj) - Hu(unj - aj?’u’nj - :Jj) - Hu(ajﬂ:ﬁj)) "/)' = 0.
RN

The proof is completed. O

lim
Jj—o0

Lemma 3.4. One has along a subsequence
In (U, — Uy, vy, — Up) = ¢ — Ja(u, ),
i (= T, 0n — Tp) — 0 in B

Proof. Since u; — u in Eq 4, v; — v in Eq g and (u;,v;) = (u,v) in E, one
has

J/\(Un - ﬂn;vn - 571)
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= J/\(Un;vn) - J)\(ﬂnv’ﬁn)

A . e o
+§ K(x)(lun|2 _|“n_“n|2 _|“n|2 )
RN
A . e o
+§ K(x)(lvn|2 _|Un_vn|2 _|Un2 )
RN

+ A H(tn,vn) — H(Up — Upy Uy, — 0n) — H(Up, Un) + o(1).
RN

Along the lines in proving the Brezis-Lieb lemma, it is easy to check that

lim K(z)(|un|2* - |un - an|2* - |an|2*) 0,
n—oo RN
lim K@) (Jon|* = |vn —@nl® = [8.)*) =0

n—oo RN
and

lim H(up,vyn) — H(up — Uy Uy, — Up) — H(Up,, 0p,) = 0.
n—oo RN

Note that Jy(un,v,) = ¢ and Jy (U, 0y) — Ja(u,v), we get
In(Un — Up, Up — V) = ¢ — Ja(u, ).
For any (¢,v) € E\, we have
T3 (U = T, v — ) (0, )
= T3 (un, va) (0, ¥) = I3 (U, Vn) (9, ¥)

A [ K@) (Jun)? "2un — tn — nl? "2 (un — Un) — |Un
]RN

+A [ K@) (vnl> 20 — |vn —
]RN

+)\/ (Hu(unavn)_Hu(un_anavn_an) _Hu(ana,ﬁn))(p
RN

> _217n)50

*_2(1’71 — V) — |5n|2*_25n)7/)
2

+)\/ (H'U(unavn) _Hv(un _anavn _571) _Hv(ana;an)) 1/]
RN

It is standard to check that

lim K (2)(|un|? ~2un — [tn — n|? “2(tn — Up) — |Un|> "2Un)p =0
n— oo RN
and
lim K (2)(|vn]? ~20n — [vn — 0n|?> "2 (0 — Tn) — |[0a]* “200)0 = 0
n—oo RN

uniformly in |[(¢,9)||x < 1. Therefore, the conclusion required holds by Lemma
3.3. The proof is completed. O
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S

Let ul = up — Up, vl = v, — 0y, then u, —u = ul + (U, —u),v, —v =
vl + (0, —v). So (un,v,) — (u,v) in Ey if and only if (u},v}) — (0,0) in Ej.
Note that

J/\( Unp s n)i_‘]/\( Unp s 'rlz)(u}mv}z)

o1 /’K

“/RN(QW H (b, 0d) + v Hy(uh 0h) — H(ud, o))

A
N

where Ky = inf,cpy K(2) > 0. Hence by Lemma 3.4, we get
N(c — Jx(u,v))
- AK min
Now, we determine the energy level of the functional Jy below which the (P.S)
condition holds.
Let Vy(z) = max{V (), b}, where b is the positive constant in the assumption

(Vo). Since the set v has finite measure and u’, v} — 0 in L2 (RY), we have

/ V(@) (jul? + [0} ?) = / Vi (@) (il + [0} 2) + o(1).

By (H3) and (Hs), there exists Cj, > 0 such that

Tl

RN

(3.3) g 13- + llo 13- +o(1).

K(z)(Ju* + [v*") + uHy(u,v) + vH, (u, v)

RN
< b(llull3 + 10113) + Co(llull3- + [vl3:).

Let S be the best Sobolev constant satisfying

Slul|3. < / |Vul?  for all u € H*(RN).
RN

Lemma 3.5. Under the assumptions of Theorem 3, there is a constant cg > 0
(independent of X) such that, for any (PS). sequence {(un,vn)} C Ey for Jy
with (U, vn) — (u,v), either (Un,v,) — (u,v) or ¢ — Jx(u,v) > apAl==

Proof. Assume that (u,,v,) - (u,v), we have

hm1nf||( ub,vp)|Ix >0 and ¢— Jy(u,v) > 0.

By the Sobolev inequality, we obtain
Slupll3- + llonll3-)

< / (|V|u711||2+|V|Ui||2+>\V(fE)(|U711|2+|v,11|2))*/ AV (@) (g |* + |vn]?)
RN RN

< / Vul +iAul [ 1 [Vol 1Bl 2 4 AV (2)(|ul]? + oL )
]RN
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- / AV ()(Jul 2 + [0 ?)
RN

= A [ K@) (un® + o) + g Ha (s vy) + 0 Ho(ug, 0,)

n»vn
RN

= [ V@)l 12 + o)

< Ab(lunll3 + [lonl13) + CorlllunlI3: + lopl3-) = Ab(llunI3 + lonl3) + o(1)

= ACh([lunll3= + l[onl[3) + o(1).
Meanwhile, it is easy to show that
L 12" 12"
hnnl}gf llunllz- + llvgllz- > 0.
Thus, by (3.3), we get
S < ACH(llub 3 + 03137 + o(1)
N(c— Jx(u,v)), 2
< )\Cb(%)ﬁ +o(1)
—2 N =2 2
= A TNCy (=) (¢ — Ia(u,v)) ¥ +o(1).
N
Therefore, apA!™2 < ¢ — Jy(u, v) + o(1), where ag = S%Clj 2 N-1K in. The
proof is completed. (I

Since HY(RN) < L?>"(RN) is not compact, Jy does not satisfy the (PS).
condition for all ¢ > 0. But Lemma 3.5 implies that Jy satisfies the following
local (PS). condition.

Lemma 3.6. Under the assumptions of Theorem 3, there is a constant ag > 0
(independent of \) such that, if a sequence {(un,vn)} C E\ satisfies

In(tn,vn) = ¢ < ao)\l_% and J:\(un,vn) — 0 in E;l,
then, {(un,vn)} is relatively compact in E\.

Next, we consider A > 1. By the assumptions of Theorem 3, we can see that
J has the mountain-pass structure.

Lemma 3.7. Under the assumptions of Theorem 3, there exist ayx, px > 0 such
that

In(u,v) >0, 0<[[(w,v)||]x < pr; In(u,v) > ax, if [|(u,v)]|x = pa.
Proof. By (Hi)-(Hs), for § < (4\C3)~1, there exists Cs such that

.
3)-

/RN G(z,u,v) < 5([[ull3 + [[v]|3) + Cs(|lull3- + [[v
Thus

1 . .
Ia(,0) 2 Sl v)IX = Ad(full3 + [[ol3) = ACs ([[ull3- + [[v][5.)-
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Observe that [|ul|3 + [|[v]|3 < Ca||(u,v)||3, we have
g* )a

which implies that the conclusions required hold. The proof is completed. [

1 .
Ia(u,v) = 2w, v)[X = ACs ([ful3- + [lv

Lemma 3.8. Under the assumptions of Theorem 3, for any finite dimensional
subspace F' C E), we get

In(u,v) = —o0 as (u,v) € F, ||(u,v)||x = 0.
Proof. By the assumptions of Theorem 3, one has
1
In(u,v) < §H(u,v)||§\ — )\ao(|u|£ + |v|g) for all (u,v) € Ej.

Since all norms in a finite dimensional space are equivalent and p,q > 2, we
easily obtain the desired conclusion. ([

Define the functional

1
Dy (u,v) = 5/ ([Vu + iV A Aul? + Vo + iV ABu|?
RN

+AV (@) ([uf* + [v]*)) - aoA/ Jul” + [o]*.
RN

It is obvious that ®y € C1(E)) and Jy(u,v) < ®x(u,v), (u,v) € Ey.
Note that

wr{ [ V6P o € CREY R, ol =1} =0
RN
and

wr{ [ 190 6 € CR@Y R Jull, = 1} =0,

For any & > 0, there exist ¢s,15 € C5°(RY,R), with ||¢s]/, = ||¢s]q = 1, and
suppes, suppys C By, (0) such that [[Ves|13, Vs[5 < 0.

Let ex(x) = (¢s(vVAx),vs(v/Az)), then, suppey C B 1 (0).
For t > 0, we have ’

t2
x(ter) = llealls *aoktp/ |65 (V)P — aoktq/ |5 (VAz)|9
RN RN

= Ali%]}\(tgb(;a t’l/}g),

where

D) = 5 [ (V4 + V0P + (A0 + V) (uf + o)

—ao [ (P o)
RN
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Obviously, we get

max I\(tos, tis)

c_p=2 { / IV adsl? + (AN 2a)? +v<mx»|¢5|2}
2p(pao) 72 Lz

q—2 _1 _1

# 2 sl (A VOl
2q(qag) ™= (R~

Recall that A(0) = 0, B(0) = 0, V(0) = 0, supp¢s, supptps C By, (0). There-

fore, there exists As > 0 such that, for all A > A,, we get

-2 P -2 q N
(34) max J)\(t(b(;,t’(/}(;) S (1)72(55)ﬁ + q72(55>q_2> )\177.
#20 2p(pag) =2 2q(qao) 2

Lemma 3.9. Under the assumptions of Theorem 3, for any o > 0, there exists
Ay > 0 such that for each X > A, there is €\ € Ey with |[€x|lx > pa, Ja(€x) <
0 and

max Jy (tey) < O')\l_%,

t>0

where py is defined form Lemma 3.7.

Proof. This proof is similar to Lemma 4.3 in [12], it can be easily obtained. O

For any m € N, we can choose m functions ¢% € C§°(RY) such that suppgin
suppqﬁg =0, i+#j, |¢ill, =1 and ||[V¢§||3 < 4. Similarly, one can also get
m functions i € C5°(RN) with suppyi Nsuppyl = 0, i # 4, [[¢ifl, = 1
and ||[Vyi[|3 < 6. Let ™ > 0 be such that supp(¢h, %) C Bign(O) for i =
1,2,....m.

Set e} () = (¢5(VAz), ¥5(VAz)) = (f{,9}), i = 1,2,...,m, then, suppe} (z)
Cc B, _1,(0).
AT 2rgt
Let F% = span{e},€3,...,e"}. For each
(w,v) =Y kiel € F33,
i=1
we get

/ <|vAu|2+|va|2>:Z|ki|2</ Vafi? + / Vagil?),
RN Pl RN RN

L@ <o) = SB[ V@IRE+ [ V@i,

1
2* JpN

K@)l + 1) = 3 S ([ K@IBF + [ K@lhF)

f2_-
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and .
o)=Y [ Hbf ).

Therefore .

Ia(u,v) =D Ja(kie})

i1

and ' .

Ia(kiel) < oa(kie)).
Set Bs := max{||(¢%, 4|3 : i =1,2,...,m} and choose some A,,5s > 0 such
that

- )
V(A?z) < g forall o] <77 and A = Aus.
s
Similar to the proof mentioned above, we can acquire the following inequality

-2 p -2 q 2-N
(3.5) max Jy(u,v) < Lz(55)ﬁ + m(qiz)(&;)ﬁ AT
(U’U)EFQS 2p(pa0)ﬁ 2q(qa0)tr_2

By using the estimate, we can get the following result.

Lemma 3.10. Under the assumptions of Lemma 3.7, for any m € N and
o > 0, there exists Ay > 0 such that for each N\ > A5, there exists a m-
dimensional subspace F satisfying

2—N
max_Jy(u,v) <oA2
(u,v)EF

Proof. Choose o > 0 so small that
m(p — 2 _p_ m(q— 2
<(72)(55)” + (7;
2p(pao) 7> 2q(qao) "2
and take F' = F}}. By (3.5), we get the conclusion as required. O

(55)0L2> <o

4. Proof of the main results

Proof of Theorem 1. By Lemma 3.9, for any 0 < 0 < ag, there exists A, > 0,
such that for each A > A,, we have ¢y < oA~ %, where

— inf T (y(t
ox = Inf max A((t)),

Iy ={y € C([0,1], Ex) : 7(0) = 0,7(1) =ex}.
In virtue of Lemma 3.5, Jy satisfies the (PS).,
mountain pass theorem, there exists (ux,vy) € FE) satisfying J:\(uA,vA) =
0 and Jy(ux,vx) = cx. Therefore, (uy, vy ) is a weak solution of (2.1). Moreover,
it is well known that (uy,v)) is a least energy solution of (2.1).
Note that Jy(ux,vy) < O’)\l_%,J;(U)\,’U,\) =0 and

condition. Hence, by the

1 .
Ia(ux,va) = Ix(ur,vn) — EJ,\(U)\;'U/\)(UA;'U/\)
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1 1 1 1 . .
G~ Pl + G =307 [ K@k +of)
1
+ )\/N(E(UAHU(U,\, ’U,\) + ’U,\HU(U,\, ’U,\)) - H(u,\, ’U,\))
R
1 1
> (5= )l o
So, the diamagnetic inequality implies that
0—2 _N
—— | (VIaall? + Vol ? + AV (@) (lual* + [ox]”)) < oA 77
20 Jp~
The proof is completed. O

Proof of Theorem 2. By Lemma 3.10, for any m € N and o € (0,ap), there
exists A,,, such that for A > A,,,, we can choose a m-dimensional subspace
F with max ®(F) < oA!~2. By Lemma 3.8, there is R > 0 (depending on A
and m) such that ®»(u) < 0 for all u € F|Bg.

Denote the set of all symmetric (in the sense that —Q = Q) and closed
subsets of F\ by X. For each Q € ¥, let gen(Q2) be the Krasnoselski genus and
set

i(A) :== min (h(Q) N 0B,,),

hel'y,
where T';,, is the set of all odd homeomorphisms h € C(FEy, Ey) and p, is the
number of Lemma 3.7. Then ¢ is a version of Benci’s pseudoindex [5]. Let
cx. = inf sup Jh(u), 1 <j<m.
YT @25 e A(w) ’
Since Jx(u) > ay for all u € 0B,, (see Lemma 3.7) and i(F) = dim F' = m,
we have

N
ax<en <o, <o <an, < osup Ja(u,v) <o e
(u,v)EFTY

In connection with Lemma 3.6, we know that J satisfies the (PS)CM condition
at all levels cy,. By the critical point theory, all ¢y, are critical levels and Jy
has at least m pairs of non-trivial critical points. Finally, as in the proof of

Theorem 1, we easily get these solutions are the least energy solutions. (]

Acknowledgements. The authors thank the anonymous referee for precious
comments and suggestions about the original manuscript.
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