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ON THE MEAN VALUES OF L(1,x)

ZHAOXIA WU AND WENPENG ZHANG

ABSTRACT. Let p > 2 be a prime, and let k > 1 be an integer. Let x be a
Dirichlet character modulo p, and let L(s, x) be the Dirichlet L-functions
corresponding to x. In this paper we consider the mean values of
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x mod p
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1. Introduction

Let x be a Dirichlet character modulo ¢ > 2, and let L(s, x) be the Dirichlet
L-functions corresponding to x. For ¢ = p a prime, H. Walum [8] showed that

(1) Y P = p=132p-2)

12p?

x mod p
x(=1)=-1

For a general integer ¢, S. Louboutin [5] proved that

™ $°(q) 1
L)) =—- 14+-)—
> LX) TR QH(+p) 31,
x mod g plg
x(=1)=-1
where ¢(q) is the Euler function. Moreover, S. Louboutin [6] studied the mean
value of |L(1, x)|? for odd primitive Dirichlet characters. M. Katsurada and K.

Matsumoto [3] gave some asymptotic formulae for Yy mod ¢ |L(1, X)|2, where
XF#Xo

Yo is the principal character modulo q.
Furthermore, S. Louboutin [7] proved the following:

Proposition 1.1. Let ¢ > 2, k> 1 and [ > 1 denote integers. Set

o =T[(1-5)  wd o=

p
plg
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Then for any k > 1 there exists a polynomial Ri(X) = 21250 Tk X" of degree
2k with rational coefficients such that for all ¢ > 2 we have

- oo § e
w Z |L(k,X)| - 9 ((k — 1)|)2 ;Tk,l(bl(q)q .

x mod g
x(=1)=(-1)*

H. Liu and W. Zhang [4] determined the coeflicients ry ;.

Proposition 1.2. Let ¢ > 2, m > 1 and n > 1 be positive integers with m =
nmod 2. Set €, , =1 if m=n=1mod 2 and €, , =0 if m =n = 0 mod 2.
Then,

2 Y L)L)

ola) £
x(—1)=(-1)™
—1)" (2)mtn [T —m— Em,n
_ (D men') (Z i fr(q)g ™" = q1 BmBn¢m+”1(q)>’
T 1=0

where

LN m atb+1
Tmnl = Bmyn-i ZZ Bm_aBn_bM,

a=0b=0 atbtl
a+b>m+n—I
B, is the Bernoulli number, and (T) = a!(rzlia)!.

In this paper we consider the mean values of

S(p, k) = Z X(Qk”L(LX)lQa

x mod p
x(=1)=-1

and give some identities. The main results are the following.

Theorem 1.1. Let p > 2 be a prime, k > 1 be an integer, and define

p—1

.7 p_1
gp(C) = Z 1 — T,

a=1
2ta+ Ry (ac)

where Ry(n) denotes the unique r € {0,1,...,p—1} withr =n (mod p). Then
S(p,0) is given by (1.1),

m(p—1)*(p - 5)
24p? ’

S, )= > x@ILLX)P =

x mod p
x(—1)=-1
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and for k > 2, the mean values of S(p, k) can be determined by the recursion
formula

5 2(p—1)gp(2F!
S,k = 25k~ 1)~ S(p k) ¢ TLTIBE) sy
p
By the recursion formula we immediately get the following corollary.

Corollary 1.1. Let p > 2 be a prime, and let k > 1 be an integer. Then we
have

(1) (p* —bk(pp+4* +1)
S(p7k): 12.2k.p2 )

where bo(p) = 3, b1(p) = 6, and by(p) = 5Sbr_1(p) — 4br_a(p) —3-2F - g,(2F71),
k> 2.

From Corollary 1.1 and Lemma 2.2 (in Section 2) we get the following iden-
tities.

Corollary 1.2. Let p > 2 be a prime. Then we have
m(p—1)*(p — 17)

if p=1 (mod 4),

48p2 ’
> x@WIL = 02— 6p+ 1
)((Hll‘;)d pl ( )Elp8p 6p+ 7), Zf p= —1 (InOd 4)
x(=1)=—
and

2 2 65 .
(p— gé gp ), if p=1 (mod 8),
96 2 ) - )
— —30p+65)
)(( n’;;)d p1 (p )(56 3 P ), ’Lf p= 3 (InOd 8),
XMm== 2 2P
™ (p—1 — 18p + 65 .
(p )(§6p2 P ), if p= -3 (mod 8).

Furthermore, from Corollary 1.1 and Lemma 2.2 we can give the following
conjecture.

Conjecture 1.1. Let p > 2 be a prime, and let k > 1 be an integer with
2% < p. Then we have

m2(p—1) (p2 —br(p)p + 4% + 1)

S(p,k) = o 2 2 ;
where bo(p) = 3, bi(p) = 6, and
bk(P) = 5by—1(p) — 4bk—2(p) +3- 257 (Lor(p) = 1), k=2,
and LQk(p denotes the unique r € {1 — 271 ... —1,0,1,...,2*"1 — 1} with

) den
p (mod 2).
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2. Some lemmas
Lemma 2.1. Let p > 2 be a prime, and define

p—1

fple) ==
a=1
2ta+ Ry (ac)
where R,(n) denotes the unique r € {0,1,...,p—1} withr =n (mod p). Then
we have
p—1 2p

fole) = =5 20— D x(@) (5 —2x(2) - 2x(2)) [L(1, )"

x mod p
x(=1)=-1

Proof. Let b be the inverse of b modulo p with 1 < b < p — 1 and bb =
1 (mod p). By using the properties of character sums we get

1 p—1p—1 B
o = 3 X3 (1-u)
a=1b=1
abc=1( mod p)
;| poip-! 1 p—iptd _
— — 1—= -1 a+b
L& tr LY Y
abc=1( mod p) abc=1( mod p)
p— 1 1 p—1 p—1 B
= T*m Z X(C)Z(*l)GX(G)Z(*l)bx(b)
p x mod p a=1 b=1
p— 1 1 p—1 p—1
it eI M) WEIMO HEDED
p x mod p a=1 b=1
p—1 1 i, ’
- - x(c —-1)x(a
Now if x(—1) = 1, then
p—1
> (=1)x(a) =0,
a=1
while if x(—1) = —1, then
p—1 (r=1)/2
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By [2] we know that for any odd character x mod p, we have
(p=1)/2

(1—2x(2 Zcx p > xle).

c=1
On the other hand, from Theorem 12.11 and Theorem 12.20 of [1] we also
know that if y is an odd character modulo p, then

—be (O)L(L, %),

) = §x<a>e (%)

is the Gauss sum. Therefore

where

p—1 . 0,' if x(-1)=1,
2 =1de) :{ 21— @) T LT, i A1) = L

Then we have

fle) = 5= = 3 (e L= 2@ L
x mod p
x(=1)=—1 (I

Since fp(p+¢) = fp(c), we only need to study fp(c) for ¢ < p.
Lemma 2.2. Let p > 2 be a prime. Then we get

p—1
=S 1-0
a=1
2ta+a
Furthermore, for 2¢ < p we have
-1
p—, if p=1 (mod 2k+1),
2 2k — 1
. 7*(2* ), if p=2F—1 (mod 2~+1),
—_— if p=—1 (mod 2~F*1),
2 1—2F
%, if p=1-2F (mod 2FF1).
Proof. For k > 1 and 2F < p, we get
2k p—1 k p—1
BEY=> > 1=x X 1
j=1 a=1 j=1 a=1
(1—-1)p<2ka<jp (1—1)p<2ka<jp

2ta+Rp(2Fa) 2ta+2ka—(j—1)p
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2~ p—1 k p—1
j=1 a=1 j=1 a=1
(G=1)p<2*a<jp U= cqcip
2fats 2fa+j
2k _1

-|1x > [+

j=1 G-Dp—R, ((i—1)p)
22k +1<a< ok

2|atj

S O VI EE >

iP—R, (ip) (2k—1)p—R2k((2k—l)p)

ok

>

+1<a<p—1
2|a

2|b4 U=1p=1) 4

j=1 1<b<p+R2k((j_1:cp)_R2k (3p) 1<b<p+R2;;;(—P)_
- - 2 - - 2
G=Dp—Ryp, (G—Dp) +R,p (—p)
ol ST (G0 opy— 22k C1)
If Rox(p) = 1, we have
2k_1 2k _1
k
fp(2%) = E E L+ E 1=
J=1 1<b< 2t 1<b< gt Jj=0
2/b+ (1*1;£P*1)+j 24b— p+§:71
p—1 - k+1
—5 if p=1 (mod 2°T1),
- —(1=2% .
1%, if p=1-2% (mod 2F+1).

While if Rox (p) = 2% — 1, then

2k —1
fo(2%) SN+ Y 3 1
1<h< Bl —1 j=2 1<p< 2t
2[b+1 2lb U=DGHD |5
2
1
p_—;— , if p=—1 (mod 2F+1),
- — (28 -1

L (2 )it p=2%—1 (mod 26+1).

This proves Lemma 2.2.
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Corollary 2.1. Let p > 2 be a prime. Then we have

p%l’ if p=1 (mod 4),
fp(2) = p+1 ) _

5 if p=-—1 (mod 4).

-1

pT, if p=1 (mod 8),

1%3, if p=3 (mod B8),
fr(4) = pFt1 ] -

LI i p=—1 (mod 8),

]%3, if p=-3(mod 8).

It is natural to give the following conjecture.

Conjecture 2.1. Let p > 2 be a prime, and k > 1 be an integer. For 2% < p
we have I )
p—Loi(p
2ty = Lo ®)
where Lox+1(p) denotes the unique r € {1 —2%,...,—1,0,1,...,2F — 1} with
r =p (mod 21,

3. Proof of Theorem 1.1

By Lemma 2.1 we have

p—1 2p
fp(l): 9 - 7T2(p—1) (55(]?,0)*45(]?,1)),

which, together with (1.1) and Lemma 2.2, show the formula for S(p,1). We
also have for k > 2

fp(2k71> = p; ! - ﬂ_g(;p_ 1) (5S(pak - 1) - 2S(p7k) - 2S(p7k - 2))5

which, together with (1.1) and Lemma 2.2, proves the recursion formula.
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