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ISOMETRIC REFLECTIONS IN TWO DIMENSIONS AND
DUAL L!-STRUCTURES

FrANcisco J. GARCIA-PACHECO

ABSTRACT. In this manuscript we solve in the positive a question infor-
mally proposed by Enflo on the measure of the set of isometric reflection
vectors in non-Hilbert 2-dimensional real Banach spaces. We also refor-
mulate equivalently the separable quotient problem in terms of isometric
reflection vectors. Finally, we give a new and easy example of a real Ba-
nach space whose dual has a non-trivial L-summand that does not come
from an M-ideal in the predual.

1. Isometric reflection vectors in 2-dimensional spaces

The concept of isometric reflection vector seems to have been officially in-
troduced by Skorik and Zaidenberg in [13].

Definition 1.1 (Skorik and Zaidenberg, [13]). Let X be a real Banach space.
A vector e € X with |le]| = 1 is said to be an isometric reflection vector if
there exists a closed, maximal subspace M of X such that X = Re ® M and
[[Ae +m|| = ||Ae — m|| for every m € M and every A € R. We will denote by
pe : X — X the surjective linear isometry so that p. (Ae +m) = Ae — m for
every A € R and every m € M.

Several results of [13] can be summarized into the following one.
Theorem 1.2 (Skorik and Zaidenberg, [13]). Let X be a real Banach space.

The following are equivalent:

(1) X is a Hilbert space.
(2) The set of isometric reflection vectors is dense in the unit sphere.

In [3] the authors generalize the previous theorem as follows.

Theorem 1.3 (Becerra-Guerrero and Rodriguez-Palacios, [3]). Let X be a real
Banach space. The following are equivalent:

(1) X is a Hilbert space.
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(2) The set of the isometric reflection vectors has non-empty interior in
the unit sphere.

In [2] it is provided a shorter proof of the previous result. The key of
this shortening relies on restricting to 2-dimensions. In Fall 2004, when the
author of this manuscript was a graduate student at the Math Department of
Kent State University, Per Enflo and the author had a conversation about this
shortening, moment at which Enflo asked the author the following question:

Question 1.4. Let X be a finite dimensional real Banach space. Consider on
the unit sphere of X a Borel probability measure p such that p ({x}) = 0 for all
x € X such that ||z|| = 1. Assume that the set of isometric reflection vectors
has positive p-measure. Is then X a Hilbert space?

We would like to let the reader notice that the set of isometric reflection
vectors is closed, and hence it is a Borel subset of the unit sphere. Therefore,
the previous questions is well formulated. Before presenting any results on the
previous question we would like to remark a couple of things.

Remark 1.5. Given a real Banach space we will let Bx (x,r) denote the (closed)
ball of center = and radius r. As expected, Bx and Sx will denote the (closed)
unit ball and the unit sphere of X, respectively. On the other hand, let |||,
and ||-||; be two equivalent norms on X. The map

S X[ — S 1.
(1.1) (X HUJ)E - (l1h)

[l

is an homeomorphism.

Next, we will show an example, on any finite dimensional real Banach space
X, of a Borel probability measure p on Sx such that p ({z}) = 0 for allz € Sx.

Example 1.6. Let X be an n-dimensional real Banach space. Choose an
isomorphism 1 : R” — X. This induces an homeomorphism between the unit
sphere S”~! in R™ and Sy as follows:

o : sl Sx

(@)
z = 6(2) = ey

This homeomorphism also defines a Borel probability measure on Sx as follows:
p(A) = psnr (671 (4))

where A is a Borel subset of Sx and pgn—1 is the standard measure on S™~!.

Notice that p depends on the choice of .

As a partial positive answer to Question 1.4 we will prove the following:

Theorem 1.7 (Isometric Reflection Dichotomy Theorem). Let X be a 2-
dimensional real Banach space. Only one of the following two possibilities
holds:
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(1) X is a Hilbert space.
(2) The set of isometric reflection vectors is empty or finite.

Before moving into the details of the proof of the previous result we will
need the following lemma.

Lemma 1.8. Let X be a 2-dimensional real Banach space X. Let a,b € Sx
with a # +b. Denote

ta+(1—1t)b }
Ny L SO LA (TR
o0 = { ety t< 01
Then
(1) [a,b] € Bx (a,[la—0]]).
(2) If f € X* is the unique functional such that f (a) = f(b) =1, then
la,b] € f~'[1,+00)NSx.
(3) The equality holds above if and only if [a,b] is a mazimal segment in
Bx.
Assume, in addition, that b is an isometric reflection vector. Then
(4) po (La,b]) = [b, pb (a)].
(5) a,b] N [b,py(a)] = {b}.
(6) a,b] U |b,pp(a)] is connected.
(7) If lla —bl| <1, then a,b] U [b, py (a)] = |a, ps (a)].
Proof.

(1) Tt is a direct consequence of [7, Lemma 3.1].
(2) For any t € [0,1] we have that |[ta + (1 — ¢) b|| < 1, therefore

ta+ (1—1)b ) _ 1 X
f (||m+<1t>b|| EEEnD
(3) Assume that

la,b] = f~'[1,+00)NSx.
If [a, b] is not a maximal segment in By, then there exists a number ¢ €
(—00,0)U(1, 00) such that ta+(1 — t) b € Sx. Obviously, ta+(1 —t)b €
f71[1,+00)NSx, but ta+ (1 —t)b ¢ |a,b]. Conversely, assume that
[a,b] is a maximal segment in Bx. Let # € f~1[1,4+00)NSx \ |a,b].
The convexity of Bx forces a, b, and = to be aligned, therefore the
segment containing them is in the unit sphere and hence [a,b] cannot
be maximal.
Assume that b is an isometric reflection vector:

(4) If t € [0, 1], then

( ta+(1—1t)b ): tpy (a)+ (1 —1t)b
"\lta+0=68ll) ~ Titps () + (1= 1) 8]

since pp is a surjective linear isometry that fixes b.
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(5) Write pp (a) = vb + da with 7,0 € R. Notice that, since a and b are
linearly independent, we have that both § and ~ are different from 0.
Besides, a = vb + dpp (a) and hence

1
ob(a) = —%b—i— 5

As a consequence, § = —1. Assume that there exist ¢,s € [0,1) such

that
tb+(1—t)a _ sb+(1—s)py(a)
[to+ 1 —t)a] ~ Jlsb+(1—s)pp ()]’

Q

Then
st -saa-n
P = T+ =D
[[sb+ (1 —s)al| t 3 s
(1-s) (|tb+(1t)a| ||Sb+(15)a||>b'
Therefore

[sb+ (1 —s)a|l(1—1)
(1—s)|tb+(1—t)al]
which is impossible.
(6) a,b]U b, pp(a)] is the union of two connected sets whose intersection
is non-empty.
(7) If la—0b|| < 1, then |ja — pp (a)]] < 2. Then |a,b] U |b,pp(a)] is a
connected set in Sx joining a and pp (a) and not containing —a or
—py (a). Thus [a,b] U [b, py (a)] = |a, py (a)]. O

In virtue of the previous lemma we have the following short, but not less
important, remark. We spare the details of the proof to the reader.

Remark 1.9. Let X be a 2-dimensional real Banach space. Let eg,e; € Sx be
isometric reflection vectors. We define the following recursive sequence:

€n = pe,_, (€n—2) for all n > 2.

Notice the following;:

e For every n > 2 we clearly have that e, is an isometric reflection vector
of X. Indeed, simply take into consideration that p., , is a surjective
linear isometry on X for n > 2, and surjective linear isometries map
isometric reflection vectors into isometric reflection vectors.

e For every n > 1 it is clear that

llen —en-1ll = Hpenfl (en—2) = Pen_s (6n71>H

Hen—l - en—2H

= |ler —eoll -
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e If eg # +teq, then it is also clear, in virtue of the previous item and the
fifth item of Lemma 1.8, that

Sx = Jlen ent1] € | Bx (en, llex — eoll) -

n>0 n>0

e The sequence (e,), oy might be a periodic sequence. For instance:
(1) If eg = e1, then e, = eq for all n > 0.
(2) If g = —ey, then e, = e if n is even and e,, = —eq if n is odd.
(3) If eg and ey are in isometric reflection, that is, X = Reg®Re; and
[IAeo + ver|l = [|Aeo — ver|| for all A,y € R, then
€y = —€p, €3 = —€1, €4 = €0, . ...
Observe that in this case we have that

Sx = leo,e1] U ler,e2] U lea, e3] U |es, eq]
simply because ey # tej.

Now we are ready to prove the Isometric Reflection Dichotomy Theorem:

Proof of Theorem 1.7. Assume that there is an infinite sequence (a,,), oy C Sx
of isometric reflection vectors. Since Sx is compact, we can assume that the
previous sequence is actually convergent. Our aim is at proving that the set
of isometric reflection vectors is dense in Sy, which will be sufficient in virtue
of either [13] or [3]. Fix an arbitrary 0 < e < 1. There are n,m € N such
that ||a, — am|| < e. We may rename a, and a,, as ep and e; respectively.
According to Remark 1.9, there exists a sequence of isometric reflection vectors
(en)p>o C Sx such that |le,, — ep—1| < € for all n € N and

Sx C | Bx (ene).

n>0

Since ¢ was arbitrarily fixed, we conclude that the set of isometric reflection
vectors is dense in Sx. [l

Corollary 1.10. Let X be a 2-dimensional real Banach space. Let p be a Borel
probability measure on Sx such that p({x}) =0 for all x € Sx. If the set of
isometric reflection vectors has positive u-measure, then X is a Hilbert space.

Remark 1.11. The Isometric Reflection Dichotomy Theorem fails in any di-
mension strictly higher than 2. Indeed, let X be any real Banach space of
dimension strictly higher than 2. We will equivalently renorm X to fail the
Isometric Reflection Dichotomy Theorem. It is easy to understand that X is
isomorphic to a space of the form (3 ©., M, where M is a non-zero real Ba-
nach space. Now observe that the unit sphere of £2 ®., M has infinitely many
isometric reflection vectors but £2 ©., M is not a Hilbert space.
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2. Applications to the separable quotient problem

The separable quotient problem is an old and famous problem originally
stated by Pelcynzki. However, it was Rosenthal who was the first one to state
it in its best known form (see [11]). We refer the reader to [10] for a recopilation
of recent results about this problem.

Problem 2.1 (Rosenthal, [11]). Let X be an infinite dimensional, real Banach
space. Does X admit an infinite dimensional, separable quotient?

The main result in this section is strongly motivated by the following equiv-
alent form of the separable quotient problem (see [12]). We first remind the
reader a couple of things:

e A barrel in a real topological vector space is a closed, absolutely convex
subset.

e A real topological vector space is said to be barrelled if every barrel
has non-empty interior, or equivalently, is a neighborhood of 0.

Theorem 2.2 (Saxon and Wilanski, [12]). Let X be an infinite dimensional,
real Banach space. The following conditions are equivalent:

(1) X admits an infinite dimensional, separable quotient.
(2) There exists a non-barrelled, dense subspace Y of X.

The idea is to reformulate the previous theorem in terms of isometric reflec-
tion vectors. Notice that the previous result states that if an infinite dimen-
sional Banach space X admits an infinite dimensional separable quotient, then
X has a non-barreled dense subspace Y, that is, a dense subspace Y with a
barrel that has empty interior in Y. We will go a little further on this and
we will show that if X has an infinite dimensional separable quotient, then X
has a dense subspace Y with a bounded complete barrel that has empty inte-
rior in Y. For this we will make use of the concept of Markushevich basis: A
pair [(e;),e; C X, (€});c; C X*] is said to be a Markushevich basis when it is
biorthogonal (e} (e;) = d;; for all 4, € I), total (span{e} : i € I} is w*-dense
in X*), and fundamental (span{e; : ¢ € I'} is dense in X).

Lemma 2.3. Let X be an infinite dimensional, separable, real Banach space.
Let [(en),en C Sx (€5),en C X*| be a Markushevich basis for X. The linear
operator

fi — X
(tn)neN — Zzozl tnen
maps w*-closed, bounded subsets of £1 to sequentially w-closed subsets of X. As
a consequence, the set

(2.2) {itnen : () pen € Bgl}

(2.1)
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is closed in X, and therefore it has empty interior in X if and only if it has
empty interior in its linear span.

Proof. Let A be a w*-closed, bounded subset of £;. Let (;),.y be a sequence
in the image of A under the operator (2.1), and assume that (2;);cy is w-
convergent to some xg € X. For every ¢ € N, we can write

o
_ i
Tr; = E t,en,
n=1

where (7,), .y € A. For every n € N, we will denote e}, (o) by t),. If we fix
n € N, then

Jim ), = lim e, ;) = e, (20) = 1,.

Since A is bounded, the Banach-Steinhauss Theorem tells us that (t%)n
and

eNGEl

(th), ex N (19), o 88 — .

Since A is w*-closed we deduce that (t)) _. € A. Finally, if zg # Y07, then,
then there is m € N such that

o0
0 e (o) £ €5 (ztzen) _0
n=1

which is impossible. (]

Lemma 2.4. Let X be an infinite dimensional, separable, real Banach space.
Let [(en),en € Sx, (€5)pen C X*] be a Markushevich basis for X . The follow-
ing statements are equivalent:

(1) The basis (en),cy 5 @ Schauder basis equivalent to the £1-basis.
(2) The operator

fi — X
(tn)neN — Z;.lo:ltnen

18 an tsomorphism.
(3) The set

(2.4) {Ztnen L (tn) pen € Bel}

has non-empty interior.

(2.3)

Proof. Assume that (1) holds. The operator given in (2.3) is onto, therefore it
is an isomorphism in accordance to the Open Mapping Theorem. Now, assume
that (2) holds. The set given in (2.4) has non-empty interior because it is
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exactly the image under the isomorphism given in (2.3) of the closed unit ball
Be,. Finally, assume that (3) holds. There exists r > 0 such that

{Zt en: ( nENGBel}

If x € X\ {0}, then

re
H95|| €Bx (0,7) {Zt en: ( neNGB&}

Thus, there exists a sequence (s,,),cyn € By, so that

In order words,

and (H:L'Hsn/T)neN € /ly. O

Lemma 2.5. Let X be an infinite dimensional, separable, real Banach space.
There exists a normalized Markushevich basis for X which is not a Schauder
basis equivalent to the {1-basis.

Proof. In virtue of Lemma 2.4, we can assume that X is isomorphic to /;.
Denote by (en), oy the canonical basis of £;. Consider the sequence (un),, oy
given by u; = e; and u, = (e, —en—1)/2 for n > 2. It is well known that
(tn), ey is a Schauder basis in /1 (see, for instance, [5]). However,

1
;E :—e1+ Z n+1 on:

Therefore, (un),, oy is not equivalent to the ¢;-basis. O

Lemma 2.6. Let X be an infinite dimensional, real Banach space. If X admits
an infinite dimensional, separable quotient, then there exists a proper, dense
subspace E of X and a bounded, complete barrel M of E with empty interior
n k.

Proof. Let Z be a closed subspace of X such that X/Z is an infinite dimen-
sional, separable Banach space. Let p: X — X/Z be the canonical projection
of X onto X/Z. By Lemma 2.5, we can find a bounded sequence (e,),, oy C X

such that (p (en)),, ey is @ Markushevich basis for X//Z contained in Sx, which
is not a Schauder basis equivalent to the ¢;—basis. By Lemma 2.3, the set

{Ztnp (en) : (tn)nEN € B&}
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is closed. And, by Lemma 2.4, the above set has empty interior in its linear
span. Now, consider

M :=¢co <{Ztnen S (tn)pen € Bel} U BZ>
n=1

and E := span (M). Note that

McCp! ({Ztnp (en) : (tn),en € Bgl}> .

Finally, since p is continuous and open, we deduce that F is a dense subspace
of X and M is a bounded barrel of ¥ with empty interior in E and closed in
X. O

Observe that, according to Theorem 2.2, the previous lemma is actually
a characterization of real Banach spaces admitting an infinite dimensional,
separable quotient. Before stating and proving the main result in this section
we will make some remarks and reminders.

Remark 2.7. Let X be a real Banach space.

e Assume that e € Sx is an isometric reflection vector of e. The only
functional e* € X* such that e* () = 1 and ker (e*) = ker (p.) is called
the isometric reflection functional associated to e. In [2] it is shown
that e* € Sx» and that it is an isometric reflection vector of X*.

e Consider a vector e € Sx and a closed, maximal subspace M of X such
that X = Re ® M. The following conditions are equivalent:

(1) |lm =+ Ae|| = |lm — Ae|| for all A € R and all m € M.
(2) For all A € R and all m € M, if Ae +m € Sx, then also m — e €
Sx.

Theorem 2.8. Let X be a real Banach space. Let e € Sx and e* € Sx« such
that e* (e) = 1. If X admits an infinite dimensional, separable quotient, then
X can be equivalently renormed so that

e ¢ is an isometric reflection vector and e* is the isometric reflection
functional associated to e.
e span(((e*)"1(1) N Bx) —e) is a proper dense subspace of ker (e*).

Proof. Note that ker (¢*) also has an infinite dimensional, separable quotient.
Therefore, by Lemma 2.6, there exists a proper, dense subspace E of ker (e*)
and a bounded, complete barrel M of E with empty interior in E. Observe
that we can assume without any loss of generality that M C Byey(ex). Now, X
can be endowed with the equivalent norm whose unit ball is

B =0 (Byer(er) U (M +e) U (M —e)).
(1) The reader may notice that co (Bker(e*) U {e, fe}) has non-empty in-

terior and so does B. Thus, B is indeed the unit ball of an equivalent
norm on X.
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(2) e € bd (B) (the boundary of B) because e* (¢) = 1 = supe* (B).
(3) If ¢ € X*, then the linear function ¢ : X — R defined as ¢ (v + Xe) =
@ (v — Xe) for all v € ker (e*) and all A € R verifies that

sup ¢ (B) = sup ¢ (B) .
Indeed, it suffices to observe that if ¢,s,7 € [0,1] with ¢t +r + s = 1,
m,m’ € M, and b € Byey(ex), then

tb+s(m+e)+r(m—e),tb+r(m+e)+s(m—e)eB
and
Ytb+r(m+e)+s(m —e))=¢(tb+s(m+e)+r(m —e)).
(4) e is an isometric reflection vector of X endowed with the B-norm.
Indeed, we will rely on Remark 2.7. Let v € R and z € ker (e*) such
that ve + z € bd (B). There exists ¢ € X* such that 1 = sup¢ (B) =

¢(ve+2). Defineyp : X > Rasyp(v+Ae) = ¢(v—Ae) for all v €
ker (e*) and all A € R. Simply observe that

suptp (B) =1= ¢ (ve+2) = (2 —e).
As a consequence, z — ve € bd (B).

(5) span(((e*)~1(1)NB)—e) is a proper dense subspace of ker (e*). Indeed,
it will be enough to show that ((e*)~(1)NB) —e = M or, equivalently,
that (e*)”" (1) N B = M + e. On the one hand, we trivially have that
M + e C (e*)"" (1) N B. On the other hand, let z+ e € (¢*) ™" (1) N B
with z € ker (e*). There exist sequences (tn),cx s (5n)pen s (Tn)pen C
[0, 1], (Mn),en > (My) ey € M, and (by),, ey C Bier(er) such that ¢, +
sp + 1, = 1 for all n € N and (t,b, + s, (Mp +€) 470 (M7, — €)),cny
converges to z + e. Because of the product topology, we can deduce
(by passing to subsequences if necessary) that (Sn)neN converges to 1
and that (t,), oy and (1), both converge to 0. Therefore, (my),, oy
converges to z. Since M is complete, we have that z € M. 0

Remark 2.9. Observe that given a real Banach space X with an isometric
reflection vector e € Sy and isometric reflection functional e* € Sx-, the set

((e*)*1 (1)N BX) i

is a bounded, complete barrel of its linear span. Indeed, by [6, Theorem 2.2]
the above set is absolutely convex, thus it must be absorbing in its linear span.
As a consequence, by considering again Theorem 2.2, we have that Theorem
2.8 is in fact a characterization of real Banach spaces admitting an infinite
dimensional, separable quotient.

To finish this section, we present the following question (which is actually an
equivalent reformulation of the separable quotient problem in virtue of Theorem
2.8 and Remark 2.9).
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Question 2.10. Let X be a real Banach space. Can X be equivalently
renormed to have an isometric reflection vector e € Sx such that

span (((e*)_1 (Hn BX) - e)
is a proper dense subspace of ker (e*)?

In [6] we presented the following two results that could be considered as an
approach to a positive answer to Question 2.10.

Theorem 2.11 (Garcia-Pacheco, [6]). Let X be a real Banach space. Let
e € Sx be an isometric reflection vector. Then
(1) span(((e*)~1(1) N Bx) —e) C ker (e*). Conwversely, if m € ker (e*) is
so that X # 0 can be found verifying that ||e + Am| = 1, then m €
span(((e*)"*(1) N Bx) —e).
(2) span(((e*)~1(1) NBx) —e) = ker (¢*) if and only if (e*)~' (1) N By is
a smooth face of Bx.

Theorem 2.12 (Garcia-Pacheco, [6]). Let X be an infinite dimensional, real
Banach space. Then X can be equivalently renormed to have an isometric
reflection vector e € Sx such that span(((e*)~1(1) N Bx) — e) is a closed,
mazimal subspace of ker (e*).

3. L'-summand vectors in dual spaces

A particular case of isometric reflection vectors are the so called L'-summand
vectors (see [4]).

Definition 3.1 (Behrends, [4]). Let X be a real Banach space. We say that
a vector € Sx is an LP-summand vector of X (1 < p < o0) if there exists a
closed maximal subspace M of X such that X = Rz @, M.

Combining results from [1] and [6] we have the following theorem, that
expresses the differences between L'-summand vectors and isometric reflection
vectors in 2-dimensions and in higher dimensions as well.

Theorem 3.2 (Aizpuru and Garcia-Pacheco, [1]). Let L be an uncountably
infinite discrete topological space. Denote by L the one-point compactification
of L and by 1 € C(L) the constant function on L equal to 1. Then
(1) If Y is a 2-dimensional subspace of C(E) containing 1, then 1 is an
Ll-summand vector of Y, and thus it is an isometric reflection vector
of Y and a strongly exposed point of By .
(2) 1 is not an exposed point of Be)-
(3) 1 is not an isometric reflection vector of C(L).

The aim of this section is actually at dealing with L'-summand vectors in
dual spaces. Taking a look at either [4] or [8] one can quickly realize that if
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1 < p £ oo, then an LP-summand vector of a dual space must be a norm-
attaining functional which attains its norm at an L%-summand vector of the
predual space, where ¢ is the conjugate exponent of p. More generally, if
1 < p < o0, then an LP-summand subspace of a dual Banach space must be
w* closed and thus it is the dual of an L9-summand subspace of the predual
space (in [8] L!-summand subspaces are called L-summands and L°°-summand
subspaces are called M-summands). Precisely in [8, Example IV.1.8] it is shown
the existence of a Banach space without non-trivial M-ideals such that X* has
a non-trivial L-summand. This example is based on the Theory of Banach
Algebras. Here we will show an easy way to find L'-summand vectors in dual
spaces that are not norm-attaining functionals at L>°-summand vectors without
using techniques of the ring theory or polynomial algebra. We will rely on the
following result (see [9]).

Theorem 3.3 (Jameson, [9]). Let X be a non-reflexive real Banach space. Let
e X**\ X. Then

) . |7 (")
Bx~ : — <1
{x €Bx "+ =0 <
Clw* (Bker(z**))
{z* € Bx» : |2 (z")] < 2dist (™, X)}.

N 1N

In addition
(1) If X = co, then

) ] |27 (z7)]
Bx- : 2 <1 = el (Brer(aer

for all x** € X**\ X.
(2) If X = ¢4, then

el (Brer(ar)) = {a” € B+ 27 (a)] < 2dlist (%, X)}
for all x** € X**\ X.
Based upon the previous theorem we find the following definition.

Definition 3.4. Let X be a non-reflexive real Banach space. Then
(1) We say that X is of ¢ dual type if

. . |z** (x")]
By- : A VA S (= S
{x €Bx- o ”+dist(x**,X) = el (Bier(a))

for all z** € X**\ X.
(2) We say that X is of ¢; dual type if

clos (Brer(z=s)) = {&* € Bx+ ¢ [z (¢%)] < 2dist (z**, X)}
for all z** € X**\ X.
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Utilizing plain techniques of the linear algebra and convex geometry we will
show the existence of L!-summand vectors in dual spaces that are not norm-
attaining functionals at L°°-summand vectors in their predual.

Remark 3.5. Let X be a real Banach space.

o If (i);c; is a net in Bx and f € Sx- is a norm-attaining functional
such that (|f (2:)]);c; is convergent to a number 0 < k < 1, then we
can find another net (2;),.; € Bx such that (|f (2i)|);c; is convergent
to k, |f (z:)| > k for all i € I, and (z; — 2;);c; converges to 0. Indeed,
we may assume that k > f (x;) > 0 for all ¢ € I and then it is sufficient
to take

_ k—f(:ci)zjL 1-k
L= f(zi) 1= f(zi)
for all ¢ € I, where z is any element in Sx such that f(z) = 1.

e One could easily realize that the situation above still holds if f is not
norm-attaining, but it would obviously require a much more elaborate
proof.

e However, the situation above does not remain true if we ask k = 1.
Indeed, assume that X is a real rotund Banach space whose unit sphere
contains a point z that is not strongly exposed on the unit ball. There
are then f € Sx- and a sequence (z,,),.y C Sx such that f(z) = 1,
(f (zn)), e converges to 1, but (z,),y does not converge to z. If
(#n)neny C Bx is another sequence such that |f (z,)| > 1 for all n € N,
then for all n € N we have that either z,, = z or z, = —z, and hence
(T — 2n), ey cannot converge to 0.

Zi - Ly,

Remark 3.6. Let X be a non-reflexive real Banach space. The Bishop-Phelps
Theorem allows us to deduce that the set of norm-attaining functionals on X*
is dense in X**. Therefore, many z* € Sx« and z** € Sx«« can be found such
that 2** (z*) =1 and 0 < dist (z**, X) < 1.

Theorem 3.7. Let X be a non-reflexive real Banach space of ¢y dual type. Let
x* € Sx» and x** € Sx«« such that z** (z*) = 1 and 0 < dist (2™, X) < %
The equivalent norm on X* given for all y* € X* by

ly*[ly = [=™ ()| + [ly* — 2™ (y*) «"||
is a dual norm.

Proof. Let (y;),c; be anet in X* such that [|y;[|; <1 and assume that (y;),.;
is w* convergent to some y* € X*. We may assume that (|z** (y;)|),c; is
convergent to some number 0 < k < 1. Observe also that if & = 1, then
y* = 2* and thus |ly*||; = 1. So, assume that k& < 1. Notice that in virtue
of the previous remark we may assume that |«** (y;)| > k for all ¢ € I. Since

lyr —a** (yF)a*|| <1—|z* (y7)| <1—kfor all i € I, we deduce that

y; — ™ (yz‘)w*)
- 1 1. g Bker(z**)
( 1—k iel
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is a net w* convergent to

1-k
By hypothesis,
y* — ka” [z (y*) — K|
2 <l1.
H & |77 1k °

In other words,
g™l = = () + [ly™ — =™ (y*) 2"
<lly™ = ka™[[ +2]a™ (y") — k[ + &
<1. O
Corollary 3.8. Let X be a non-reflexive real Banach space of co dual type.

Then X can be equivalently renormed so that its dual has an L' -summand vector
that is not a norm-attaining functional at an L°°-summand vector in X.

To finish the manuscript we will show that the hypothesis of ¢y dual type in
the previous result is necessary.

Remark 3.9. Let X be a real Banach space. Consider a # b € X \ {0} and
assume that [|a]| > ||b]]. The triangular inequality tells us that |ja]| — ||b]| <
|la — b]|. Take a look at the following:

a _ ol b flafl — (bl a—b
lall— llall flo] llall - llall = lio]
If ||a]| — ||6]| = |la — b]|, then we deduce that
L [ b a-b ] cs
TPl AT ATERTP AT X-
llall — LlI®l " lla —bll
Theorem 3.10. Let X be a non-refiexive real Banach space of ¢1 dual type. Let
x* € Sx» and ™ € Sxw \ X such that ©** (x*) = 1. Consider the equivalent
norm on X* given by
g™l == 1= () + lly™ — 2™ (y7) 27|
for all y* € X*. If x* is a rotund point of Bx~, i.e. x* does not belong to any
non-trivial segment of Sx~, then ||-||; is not a dual norm on X*.
Proof. Take y* € Sx+ such that
0 < 2™ (y*) < min {1, 2dist (™, X)} .
By hypothesis, y* € cly« (Bker(z**)). However, according to the previous re-
mark and by assumption, we have:

g™l = 2™ (™) + lly™ — 2™ (y7) 27|

> [ () + ly*l = [l2™ (y7) 27|
=1.

Therefore, ||-||; is not a dual norm on X*. O
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